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Abstract
A range of fields, including chemistry, economy, gadgets, business analysis, social sciences,
and medical, will always benefit from different topological indices. The computation of the
graph coupling index and coupling distance characteristics are the focus of this study. Various
methods for computing coupling index been illustrated. This study derives an expression for
the coupling index of graphs regarding coupling diameters. Relation between coupling radius,
eccentricity and diameter along with lower and upper bounds for coupling index has also been
demonstrated. On coupling index, several related theorems have been developed. The Coupling
strength of graphs has further been suggested.
Keywords: Geodesic, coupling distance, coupling eccentricity, coupling index.
AMS Classification: 05C12
1. Introduction

Only non-trivial, finite simple and connected graphs are taken into consideration in this
research. Simply consult Harary [1] for definitions of ambiguous terms. The distance notion
has grown in significance as networks in graph theory have progressed substantially. The graph

theory distance idea has been illustrated to be helpful in designing software. Some
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indispensable graph theory parameters, including eccentricity, radius, diameter, even metric
dimension, have been established using this distance conception. The aforementioned
parameters are connected, and the radius along with diameter was determined under certain
constraints [1]. The length of the shortest x — y path in a graph is the geodesic distance, or
d(x,y), between any two vertices. In a graph, x and y are neighboring if and only if d(X,y)
equals unity, whereas x and y are not neighbors if and only if d(x,y) = 2. Detour distance
outcomes varied and were compared to geodesic distance [2—4].

One of the first and most extensively researched distance-based molecular structure
descriptors is the Wiener index [5—6]. There have been several reports of its chemical uses [7-
8]. The Wiener index's mathematical features are very well understood (see publications [9—
11], as well as [12—17] and the references referenced therein). In [18], several limits in the
sense of diameter together with radius were studied.

The total of the diversion and the geodesic distance is the round distance. Circular
distance reaches metric over all of the graph's vertices. Results on the relationships between
the diameters and radius of the graphs analyzed [19].

In this research, we create the coupling index for graphs along with investigate its
characteristics. The length of the shortest path between any two vertices is added to the total
number of vertices on the path to get the coupling distance among any two vertices. Theorems
about the relationship between coupling distance parameters, such as coupling radius and
coupling diameter are formulated and shown.

Definition:

The coupling distance between any two vertices in a graph is defined [20] by
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Here g(s, t) indicates the geodesic distance of s and t whereas |P(s, t)| indicates the cardinality
of vertices lies the path P of g(s, t). It is obvious that the coupling distance is always odd.
Definition:

The coupling index of a graph is defined as

1
CG) = iz{s,t}EV(G) Cd(s,t) = Zgsncve)@d(s, t)

Here €d(s, t) is the coupling distance of s and t. The notations Cr and €d (i. e, €diam) refers
for Coupling radius and diameter, duly.

If €d(s|G) is defined as a distance number of s, i.e. €d(s|G) = Yiev(c) €d(s, 1), then

1
C(Q) =7 Zsev(e)Cd(s|G)

2. Methods of Computing Coupling Index

There are many methods for finding the coupling index of a graph G with restrictions on the
graphs. We shall dictate one by one.

2.1 Matrix Method

In this method, the coupling index is computed from coupling distance matrix € of the graph.
The coupling matrix is defined as

= {(Sd(s,t) ifs+#t

0 otherwise
Vg Vs
v, ® ° . °
Vs 7 Vy
Figure 2.1

The coupling matrix of Fig. 2.1 is,
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The Coupling index of Fig. 2.1 is
1
CG) = ?Z{s,t}EV(G)Gd(S: t) =69

The generalized Coupling polarity index €, (G) of a graph G is the number of unordered pair
of vertices {s, t} of G such that the distance €d(s, t) between s and t is k.
Cx(G) = |{{s,t}; Cd(s,t) = k,s5,t € V(G)}
For G with diameter €diam = d,
C(G) = Znevie)Cd(s,t) = Zi<ked KC(G)
2.2 Generalized Coupling Polarity Index:
The Coupling index is computed using generalized Coupling polarity index.
€, (G) = 0,6;2(6) = 0,6,(G) = 0,64(G) = 0,
C3(G) = [{(vy,v2), (v2,v3), (V2,V5), (V3,V4), (v3,Ve), (V4, v5)}| = 6
Cs(G) = [{(vy,v3), (v1,v5), (v2,va), (V2,V6), (V3,V5), (V4, ve)} = 6
C7(G) = [{(vy,va), (v, Ve), (Vs,V6)} = 3
C(G) = Zicker KCi(G)
C(G) =3.€3(G) +5.C5(G) + 7.€,(G) =18 + 30 + 21 = 69
2.3 Transmission Method
The Coupling index using transmission method for Fig.2.1:
The transmission T;(s) of a vertex s € V(G) is
Ta(s) = Ziev(c)Cd(s, t)

Te(vy) = €d(vq,v,) + €d(vq,v3) + €d(vy, vy) + Cd(vy, vs) + Cd(vy,ve) = 27
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As well as
Te(v2) = 19; Tg(v3) = 19; Tg(vy) = 23; Tg(5) = 23; Tg(ve) = 27

2.4 Result: For a graph with diameter T (s), transmission of s € G,

¢G) = 1 Zsev(c) Ta(s)
For Fig. 2.1, €(G) = %[27 + 19+ 19 + 23 + 23 + 27] = 69.
3. Main Results
3.1 Theorem: For any graph G, 3 < €d(s,t) < 2p+1
Proof: From [20], the lower bound is tight for complete graphs as every vertex are adjacent to
each other. €d(s,t) = 3. Also from [20], if d(s,t) = t, t = diam(G), then €d(s,t) = 2t + 1.
The upper bound is tight for path P,.

3p+2

3.2 Theorem: Let G be connected having p = 3. Then 3(p — 1)? — < CG) <

dp(g with left equality if and only if G = S,, and with right equality if and only if G = K.

Proof: Let u,t € V(G), then €d(u,v) < d, d = Ce(G). This equality hold if and only if G has

a u-v path so that d(u,v) = %. Thus

plp—1)\ dp(p—1)
o024 (205 0) - 2

Such equality is tight if and only if d(u,v) = % forall u,t € V(G). i.e., G = K,,.

Whereas, for any spanning tree T of G, €d(u, v|G) = 2d(u, v|T) + 1 so that €(G) >

C(T) with equality if and only if G =
2_
And that €(T) = 3(p — 1) — =22 with equality if and only if T = S,. Thus

2_
€(G) = 3(p— 1) — Z=F* with equality if and only if G = T =S,

3.3 Theorem: €d(s,t) = €d(s,w) + €d(w,t) — 1, where s, t, w € V(G), G is connected.
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Proof: LetV = {s = Xq,Xg) e W = Xpg, Xy q o Xp = t}. Let s — w and w — t be geodesic paths.
Therefore,
Cd(s,t) = g(s,t) + |P(s, )| =p—1+p—1+1=2p—-1
Now, €d(s,w) = g(s,w) + |[P(s,w)|=k—1+k—1+1=2k—1and
Cdw,t) =gw,t) + |[Pw,t)| =p—k+p—k+1=2(p—-k)+1

Consider €d(s,w) + Cd(w,t) =2k—1+2(p—k) +1 = 2k + 2p — 2k = 2p.
Thus €d(s,t) = €d(s,w) + €d(w,t) — 1 or €d(s,t) + 1 = Cd(s,w) + Cd(w, t).
3.4 Theorem: Let o(G) = a + b, such that b are pendent vertices. Then

2(@—b)+1 if stey

Cd(s,t) <<2(a—b)+5 if steX

2(@—b)+3 ifseXtey
Proof: Let X and Y be the set of pendent and non-pendent vertices of G.
Case i: Suppose s,t € Y. Then any s — t path doesnot contain any vertices from X as well as
the pendent edges. Therefore d(s,t) < a —b. So that €d(s,t) < 2(a—Db) + 1.
Case ii: Suppose s,t € X. Then any s — t geodesic path only contains vertices of Y. Therefore
d(s,t) <a—Db+ 2. Thus €d(s,t) <2(a—b+2)+1=2(a—b) +5.
Case 1ii: Suppose s € X, t € Y. Then any s — t path will originate in s. Such paths will definitely
pass the pendent edge corresponding to s and not pass the remaining b — 1 vertices of Y and
their corresponding edges. Thus, geodesic distance with maximum edges is a —b + 1. Hence
Cd(s,t) <2(a—b+1)+1=2(a—b)+3.
3.5 Theorem: Cr(G) < €d(G) < 2Cr(G) —1
Proof: It is obvious that €r(G) < €d(G). Let s,t € V(G), and €d(s,t) = p, the diameter. Let
w € G such that Ce(w) = Cr(G).

Now,
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p = @d(s,t) < Cd(s,w) + Cd(w,t) — 1 = Ce(w) + Ce(w) — 1 = 2Ce(w) — 1
=2Cr(G) -1
Therefore €d(G) < 2Cr(G) — 1. Hence Cr(G) < €d(G) < 2€r(G) — 1.
3.6 Remark: In the above theorem, Upper bound is tight for P, whereas lower bound is tight
for K.
3.7 Theorem: Ce(s) — Ce(t) < €d(s,t) — 1 fors,t € G.
Proof: Let s, t € V(G). Let w € V(G) such that €d(s,w) = Ce(s). Now,
Ce(s) = Cd(s,w) < Cd(s,t) + Cd(t,w) — 1
< @d(s,t) + Ce(t) — 1

o Ce(s) < @d(s,t) + Ce(t) — 1

= Ce(s) — Ce(t) < Cd(s,t) — 1
3.8 Theorem: Suppose o(G) = p and s(G) = q, here s(G) refers for size. Then C(G) =
SPP-L=% i and only if Gdiam(G) < 5.
Proof: Let G = (p,q) and Cdiam(G) < 2. Create M = {s € V;Ce(s) =3} and N={s €
V; €e(s) = 5}. So that |[M| + [N| = p.
Suppose s € M. Then €d(s|G) = 3(p — 1).
Suppose s € N. Then take N; = {t € V: €d(s,t) = 3} and N, = {t € V: €d(s,t) = 5}.
Then, €d(s|G) = 3|N;| + 5|N,|

= 3(INy| + [Nz ]) + 2|N,|
=3(p—1 +2[Ny|
=3p-D+2(pp—-1-1INs])
=5(p—1) = 2|Ny|

Cd(s|G) = 5(p — 1) — 2deg(s)

Now, €(G) =5 Xsev €d(s|G)
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1
=5[3(p = DIM[ + (5(p — 1) — 2deg(s)) INI]

N[ =

[3(;» ~ DIMI+5(p - DIN| -2 ) deg(s)]

SEN

1
: 5[3@ — (M| + IND +2(p = DIN| =2 ) deg(s) ]

SEN

1
= ]3P -1 + 20 - DE- M) -2 deg(s)

SEN

1
= —[3p(p —D+2p(p—1 —2(p—DIM| - ZZ deg(s)]

2
SEN

1
=3 [5p(p -1 -2 Z deg(s) — 2 Z deg(s) ]

SEM SEN

= %ISp(p -1)-2 (Z deg(s) + z deg(s)) ]

SEM seN

1
=3 [5p(p -1)-2 Z deg(s) ]

SeEV
1 1
= E[Sp(p —1)—-2(29)] = 5[5p(p —1) —4q]

Thus €(G) = Sp(p‘zﬁ

Conversely, Assume €(G) = w. Now, to prove €diam(G) < 5. On contrary,
let €diam(G) > 7. Take an arbitrary s € V(G). Now, define M = {s € V; Ce(s) = 5}and N =
{s € V; Ce(s) = 7}, sothat [M| + |N| = p.

Suppose s € M. Then €d(s|G) = 5(p — 1) — 2deg(s), as before.

3737 A. Revathi et al 3730-3743



VOL. 33, NO. 7,2024
10.48047/jocaaa.2024.33.07.121

Journal of Computational Analysis and Applications

Suppose s € N. Then take N; = {t € V: €d(s,t) = 3}, N, = {t € V: €d(s,t) = 5} and N3 =
{t e V: €d(s,t) = 7}. Clearly [N;| + [N,| + [N3| =p — 1.
Then, €d(s|G) = 3|Ny| + 5|N;| + 7|N;|
= 3(IN1| + IN2| + [N3|) + 2Nz | + 4|Ns]
=3(p— 1) + 2(INz| + [N3|) + 2|Ns]
=3( -1 +2(p—1—IN;s]) +2[N3]
=5(p — 1) — 2|Ny| + 2|N3|
=5(p — 1) — 2deg(s) + 2|Ng|
>5(p—1)—2deg(s) +2 (v INg| = 1)

= Ed(s|G) = 5p — 2deg(s) — 3

Now, €(G) = 3 [Zsev €d(s|G)]

1
==|) €d(s|G) + (sd(slG)]
1
2 - [(5(p — 1) — 2deg(s))IM] + (5p — 2 deg(s) — 3)IN]]
1
=5 [5(p = DIM| - 2 deg(s) IM + (5(p — 1) — 2 deg(s) + 2)IN|]

[5(p — DIM| — 2 deg(s) IM[ + 5(p — 1)|N| — 2 deg(s) IN| + 2|NI]

N =

[5(p = D(M| + [N]) — 2 deg(s) IM| — 2 deg(s) [N] + 2|N|]

N[ =

1
=5 [Sp(p -1-2 (Z deg(s) + Z deg(s) | + 2|N|

SEM SEN

) .
= Elsp(p -1) - ZZ deg(s) + 2|N|

SEV

1
= 5[5p(p —1) —4q + 2|N]]
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5p(p—1)—4
_Spe-D-4
2
5p(p—1)—-4q . .. . . . ..
> ———+ 2 as |N| > 2, Since N has minimum 2 vertices with coupling eccentricity > 7

2

as €diam(G) = 7.

5p(p—1) — 4
p(p—1) a,

=~ C(G) 2 >

2

This contradict the hypothesis of €(G) = Sp(p_TMl. Hence €diam(G) < 5. Proof attained.

3.9 Theorem: For G = (p,q) with €diam(G) = 7, €(G) = w + 2 holds. Bound is

tight if only two vertices of G has Ce three whereas rest are of Ce ‘2’.
Proof: Proof is similar to previous theorem.

3.10 Theorem: For K, 4, €r(K, 4) = 3 and €d(K,4) = 5.

p.a>
Proof: Let A; and A; be the vertex sets of K ;. Letn =p +q.

Case i. Suppose s,t € A;. Then s —w — tis a s — t geodesic path for any w € A,. Therefore
d(s,t) = 2. Implies that €d(s,t) = 5.

Case ii. Suppose a,b € A,. Thena —s —bisaa — b geodesic path for any s € A;. Therefore
d(a,b) = 2. This implies that €d(a,b) = 5.

Case iii. Suppose s € A;,a € A,. Then for any such a and s d(a, s) = 1. Therefore €d(a,s) =
3.

From cases (i-iii), €e(s) = 5 and Ce(a) = 3. Thus min{Ce(s), Ce(a)} = (Sr(Kp,q) = 3 and

max{Ce(s), Ce(a)} = Gd(Kp,q) =5.

o 5n(n—1)—4<nz—2)
3.11 Result: From theorem 3.8, it is easy that (S(Kplq) =—"

,wheren =p +q.
3.12 Theorem: For S, with p > 3, (Zr(Sg) =3 and (Zd(Sg) =7.

Proof: Let A; and A, be the vertex sets of Sg.

3739 A. Revathi et al 3730-3743



Journal of Computational Analysis and Applications VOL. 33, NO. 7,2024
10.48047/jocaaa.2024.33.07.121

Case i. Suppose s,t € A;. Thens —w — tis as —t geodesic path for any w € A,. Therefore
d(s,t) = 2. Implies that €d(s,t) = 5.
Case ii. Suppose a,b € A,. Thena —s — b isaa — b geodesic path for any s € A;. Therefore
d(a,b) = 2. Implies that €d(a,b) = 5.
Case iii. Suppose s € A;,a € A,.
Subcase (i): If a adjacent to s d(a,s) = 1 = Cd(a,s) = 3.
Subcase (ii): 1f a not adjacent to s, then a —t — b — s is a geodesic path for any such a and s.
Thus d(a,s) = 3 = €d(a,s) = 7.
From all cases, min{Ce(s), €e(a)} = €r(Sp) = 3 and max{Ce(s), Ce(a)} = €d(Sp) = 7.
3. 13 Theorem: For pP,, with p > 2, €r(pP,) = 3 and C€d(pP,) = 5.
Proof: For pP;, o(pP,) = 2p.
Casei. If s,t € E(G), then €d(s,t) = 3.
Caseii. If s,t € E(G). Since pP, is a (2p — 2)-regular graph, €d(s,t) = 5.
From both cases, it is obvious that €r(pP,) = 3 and €d(pP,) = 5.
3.14 Result: From theorem 3.8, it is easy to attain C(pP,).
4. Coupling strength of a graph
If e € E(G) is not a bridge of G, then €(G — e) is defined and €(G) < €(G — e). That is
removable of such e enhance the Coupling index. The least increase in €(G) obtained by the
removal of such e could be noted as a strength of G. Let this least increase be “Coupling
strength” of G.
If G is connected but not a tree graph, the Coupling strength of G is described as
CS(G) = min{€(G —e) — C(G) : eliesinacycle}
4.1 Examples:

CS(Kp) = 2, forall p = 3.
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5. Conclusion:

In this paper, we studied the coupling distance and coupling index of graphs. Various methods
for computing coupling index are illustrated. Upper and lower bounds on coupling distance
along with coupling index have been demonstrated. Relation between coupling radius,
eccentricity and diameter also been studied. An expression for €(G) is established in the base
of €diam(G). Cr, €e and €d of classes of graphs are computed. At last, Coupling strength of

graph has been introduced.
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