Journal of Computational Analysis and Applications
VOL. 31, NO. 4,2023

10.48047/jocaaa.2023.31.04.70
Coupling Index of Some Algebraic Graphs

'A. Revathi
Research Scholar (Reg.No:19211272092014), Department of Mathematics,
St. John’s College, Palayamkottai 627 002, revathimphil@gmail.com

2D. Christia Jebakumari

Assistant Professor, Department of Mathematics,
Sarah Tucker College(Autonomous),Tirunelveli 627 007, christiajeba@gmail.com

3J. Vijaya Xavier Parthipan
Associate Professor, Department of Mathematics,
St. John’s College, Palayamkottai 627 002, parthi68@rediffmail.com

12,3, Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli 627 012, Tamilnadu,India
Received: 09.10.2023 Accepted: 27.11.2023 Published: 20.12.2023

Abstract:

Consider the (p,q) simple connected graph G = (V, E). The length of the shortest path between any
two vertices is added to the total number of vertices on the path to get the coupling distance among
any two vertices. The objective of this study is to examine the coupling index of identity graphs and
zero-divisor graphs I'(R)of commutative rings using group theory, graph theory, and applications. In

this study, the identity graphs /(Z}) connected to the group (Z,, +) and a few classes of zero-divisor

graphs T'(R) of the commutative ring R are examined.
Keywords: Zero-Divisor Graphs, Identity Graphs, Coupling Index

1. Introduction:

In this study, connected, finite graphs are taken into consideration. The graph theory distance idea
has been illustrated to be helpful in designing software. Some indispensable graph theory parameters,
including eccentricity, radius, diameter, even metric dimension, have been established using this
distance conception. The length of the shortest x —y path in a graph is the geodesic distance, or d(x,
y), between any two vertices. In a graph, x and y are neighboring if and only if d(x, y) equals unity,
whereas x and y are not neighbors if and only if d(x, y) > 2. Detour distance outcomes varied and

were compared to geodesic distance [4-5]. The length of the shortest path between any two vertices
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is added to the total number of vertices on the path to get the coupling distance among any two

vertices.

Beck [2] first raised the possibility of a graph relating to the zero divisors of a commutative ring in
1998. The zero divisor graph (R) is a simple graph with vertex set Z(R)", the set of all non-zero
divisors in R, and any two different vertices x and y are adjacent if xy=0. It was modulated by
Anderson D.F. and Livingson P.S. [1] after that.

Vasantha Kandasamy W.B. first proposed the concept of groups as graphs [6]. Identity graphs are
graphs J (Zp) associated to group Z, and J (Zp) is defined as (V,E)where V=V(Z,), and two
elements x,y € Z,, are adjacent iff x.y = e or x = e or y = e. For graph-theoretic parlance one
may refer Harary [3]. In this study, we examine the quotient energy of a few zero-divisor commutative

ring graphs I'(R) and identity graphs of groups.

2. Coupling Index of Zero-Divisor graph
2.1 Definition: Let be a (p, q) graph. The coupling matrix is

Cd(s,t) ifs#t
(@) ={

0 otherwise

And the Coupling index is

1
5(6) = Z (s, t)
{s,t}cev(e)

2.2Theorem: € (F(Zzp)) = §[5p — 9] + 2 for p > 2 where p is a prime.

Proof: For any prime p>2,V (F(Zzp)) = {vl, Vs, ...,vp} ={24,..,2(p—1),p} and

E (F(Zzp)) = {vivp/l <i<p-— 1}. As there is p-1 pendant vertices, these p-1 vertices are of
distance 1 from central vertex with degree p-1.
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Therefore, €d(vy,v;) =3,1<i<p-—1.

Also among those p-1 pendant vertices, one can reach to another pendant vertex by distance 2. So,

there is a path of distance 2 among all p-1 pendant vertices.

Therefore, Old(vi, vj) =3,1<i,j<p-—1,i+#j. Then the corresponding Coupling matrix € of

0 3J1xp-1

I'(Z,, ) is of the ft C= (
( ZP) 150 © ot 3]p—1><1 SUp—l_ p—l)

), where | and I denotes the matrix of ones and

identity matrix, respectively.

Therefore the Coupling Index of F(Z Zp) 1s,

¢(1(Zp)) = %[6(p ~ 1) + 10 (p 5 1)]

p?—3p+2
2

=%[6(p—1)+10<
1
=§[6p—6+5(p2—3p+2)]

1
=§[5p2 —9p + 4]
Hence,

[Sp—9] + 2

€ (I(Z)) =

NS

2.3 Theorem:C (F(ng)) = g(Sp — 3) + 4 for p > 2 where p is a prime.

Proof: For any prime p > 3,V (F(Z3p)) = {ul,uz,vl, vy, ...,vp_l} where u; = p,u, = 2p and
vp=3iforl1<i<p-—1. And E (F(Z3p)) ={wv,uv;,1 <i <p -1} . Then

|V (1(23))| = p + 1and |E (1(25,) )| = 20 — 1.
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Here d(uy,u,) = d(v;,v) = 2.
=~ Cd(uy,up) = Cd(v;,v) =5
Also, d(u;,vj) =1Vv<i<2;1<j<p-1.
« Cd(u;,v;) =3

5(]2 - 12) 3]2><p—1

, where
3]p—1><2 5(]17—1 - 1p—1)> W

Then the corresponding coupling matrix is of the form € = (

J and I denotes the, matrix of ones and identity matrix, respectively.

Therefore the coupling index of F(Z 3p) is,

€ ((Zs)) = %l3(4p —4)+10 <<p 5 1) + 1)]

Now, (P71) +1 = —pz_sz

Therefore,

1 p>—3p+4

¢(r(zs)) =5 IlZp ~12+10 <T>l
1 2
=E[12p— 12 + 5p* — 15p + 20]
L s

=5 [5p" —3p + 8]

Hence,

6 (1(25)) =S —3) +4
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2.4 Theorem:C (F(Z5p)) = g(Sp +9) + 23 for p > 2 where p is a prime.

Proof: For any prime p > 3,V (F(Zsp)) =V, UV,, where V; = {uy,uy, us, us} = {p, 2p, 3p, 4p}
and V, = {vy, vy, ...,vp_l} = {5,10,...,.5(p — 1)} and E (F(Zsp)) = {w v, Uy, Us v, Uy, 1 <
i <p—1}. Then |V (T'(Zs,) )| = p + 3and |E (I (Zs,) )| = 40 - D).

Here, d(u;, ) = d(vg,v,) =2;1<i,j<4and 1 <s,t <p—1,suchthati #jands # t.
Also, d(u;, vs) = 1. Hence, Cd(u;, ) = Cd(vs,v,) =5 & Cd(u;,v5) = 3.

5Ua—1a) 3Jaxp-1 )

The corresponding coupling matrix is of the form G(F(ZSp)) = < 3/ 5(] I ) ’
p—1x4 p—-1~ Ip-1

where J and I denotes the matrix of ones and identity matrix, respectively.

so that,

6 (1(2s)) = [(8)(3)<p—1)+(2><6+(p2 ))(5)]

1 2_3p+14
=5 [(8)(3)@ ~1D+@) (%) (5)]

1
= 5[24}9 — 24 + 5p% — 15p + 70]

[5p2 + 9p + 46]

NIH

Hence € (F(ZSp)) B (5p +9) + 23.

2.5 Theorem: € (F(qu)) = % [5(p? +q?) — 21(p + q) + 6pq + 26] for p,q > 2 where p, q are
distinctprimes p < q.
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Proof: For any distinct primes p,q > 2, with p<gq,V (F(qu)) =V,UV,, where V; =
{ul,uz, ...,uq_l} ={p,2p,3p,..p(q -1} ; V, = {vl,vz, ...,vp_l} ={q,2q,..,q(p— 1)} ; and
E (F(Zpq)) = {wivjui € Vi, vy € V31 <1< q—1,1<i < p—1}.Then
IV (r(2,4))| = pa - p — q + 1and |E(1(2,))| = 2(a - D).
The corresponding coupling matrix is of the form

G = (5(]p—1 - Ip—l) 3]p—1><q—1

, where | and I denotes the matrix of ones and identity matrix,
3]q—1><p—1 5]q—l

respectively.

Hence the coupling index is,

c(1z) =3|@@e-n6a-n+@((*; )+, 1) o)

p2+q2—3(p+q)+4>l

1
= —p— 1) +1
2l6(pq p—q+1)+ 0< >

[5p% + 5¢% — 21p — 21q + 6pq + 26]

NI»—\

(F(qu)) =[5(* +q*) — 21(p + q) + 6pq + 26]
2.6 Theorem:C (F(Zzp) + F(Z4)) = %[ p? — 3p + 4] for p > 2 where p is a prime.
Proof: For any primep > 2,V (F(Zzp) + F(Z4)) = {ul,uz, - up_l,up,x}

= (24,..,2(p — 1), p,x}, where x = 2 € Zyand E (T(Zz,) + T'(Zs) ) = {wip ux,upx/ 1 < i <
p—1} . Then |V(I(Zy)+T(Z))|=p+1 and |E(I(Z;)+T(Z))|=2p—1 . The
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3U; = I) 3J2xp-1

, where I,
Yporxz 5Upos —Ip_1)> J

corresponding coupling matrix € is of the form € = <

denotes the identity matrix, matrix of ones, respectively.

Therefore the coupling index of F(Zzp) +1(Z,) is,

o(r(z) + 1) =3|@@0 -0+ (1)) ®)

1 2_3p+2
=El12p—6+10<i>l

2
1 2
=E[12p—6+5p —15p + 10]
Hence,
L s
€ (1(Zz) +T(Z0)) = 5 [5p% —3p + 4]
2
2.7 Theorem:C (F(Zzp) + F(Z6)> = w for p > 2 where p is a prime.

Proof: For any prime p > 2,
%4 (F(Zzp) + F(Z6)) = {ul, Up, oery Up_1, Up, X, Y, Z} ={24,..,2(p—1),p,x,y,2z} , where x=
2,y=3andz=4€Z; and E (F(Zzp) + F(Z6)) = {uiup,ul-x, WY, UiZ, UpX, UpY, UpZ, XY, YZ/

1 < i< p—1}. Then |V ([(Z) + T(Z6))| = p + 3and |E (I(Z) + T(Ze))| = 4p + 1. The

30 — ) 3)2xp-1 3J>
corresponding coupling matrix € is of the form € = | 3Joxp-1  SUp-1 —Ip-1)  3Jaxp-1 |,
3/ 3/2xp-1 52— I2)

Therefore the coupling index of F(Zzp) +T(Z) is,
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€ (1(Zz) +T(Z6)) = %[2(4;9 +1)(3) + 10 <(p 5 1) + 1>]

1[24p + 6 + 5p% — 15p + 20
@(F(Zzp)+r(ze))=zl P P P l

2
5p% +9p + 26
€ (1(Z) +T(Z6)) = .
2.8 Theorem: € (F(Zzp) + F(Zg)) = szf—pﬂo for p > 2 where p is a prime.

Proof: For any prime p > 2,

Vv (F(Zzp) + F(Zg)) = {ul,uz, s Up—1, Up, X, y} ={24,..,2(p—1),p,x,y} , where x =3 and
y=6€Zy and E (F(Zzp) + F(Zg)) = {wiup, wix, w;y, upx, upy,xy/1 < i < p—1} . Then

|V (F(Zzp) + F(Zg))l = p + 2and |E (F(Zzp) + F(Zg))l = 3p. The corresponding coupling matrix

A B

€ is of the form € = < ), where A = 33, B = 3J35p-1, C = 3Jp_1x3 and D = 5/,,_;.

c D

Therefore the coupling index of F(Zzp) +T(Z,) is,

€ (1(Zzp) +T(25)) = %[6;}(3) ‘10 (p ; 1>]

1[18p + 5p% — 15p + 10
@(F(Zzp)+l“(29))=§l PP > P l

5p%+3p + 10
2

€ (1(Z2p) +T(Zo)) =

-9p+6

2
2.9 Theorem:¢ (F(sz)) =3 > for p > 2 where p is a prime.
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Proof: Since F(sz) = K,_1, for any prime p > 2,V (F(sz)) = {ul,uz, ...,up_l}. Here each u;

and u; is of distance 1 from every vertex. ie, d(ui, uj) =1Vi+#]j.
The corresponding coupling matrix € is of the form € = 3(J,_1 — I,,—1).

Therefore the coupling index of I'(Z,,2) is,

() =3[ (", ) @)

_3p*-9p+6

€ (r(2,2)) = >
2.10 Theorem:C (F(Z_pz) + F(Z4)) = E[Sp — 9] + 2 for p > 2 where p is a prime.

Proof: Since the resulting graph of I'(Z,2) + I'(Z,) = T'(Zy,),

[5p—9] +2

N

€ (I(Zy2) +T(Z) = €(1(25)) =
2.11 Theorem:C (F(Z_pz) + F(Z6)) = %[sz + 3p + 14] for p > 2 where p is a prime.

Proof: For any prime > 2,V (F(Z_pz) + F(ZG)) = {ul,uz, e Up_1,X, Y, Z} ={24,..,p(p—
1),x,y,z}, where x =2, y=3and z=4 € Z,. And E (F(Z_pz) + F(Z6)) = {wx, w;y, u;z,xy,yz,/
1 < i< p-1}. Then |V (I(Z2) + T(Zo))| = p + 2and |E (I(Z;2) + T(Ze))| = 3p — 1. And

0 3J1x2 3Jixp-1
the corresponding coupling matrix € is of the form € = | 3/2x1 50Uz — I2) 3Jaxp-1 ,

3]p—1><1 3]p—1><2 S(Ip—l - Ip—l)

Therefore the coupling index of T'(Z,2) + T'(Ze) is,
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€ (I(Zp2) +T(Z)) = %l6(3p ~1) +10 ((p 5 1) + 1>-

_ 1 2-3p+2
¢(1(Z) +T(Z6)) =E[18p—6+ 10[%+ 1

L |
.|

[18p — 6 + 5p2 — 15p + 20]

N| =

= € (I(Z2) + T(Z)) ==

=¢ (r(z_pz) + r(z6)) = %[sz + 3p + 14]

2.12 Theorem:G (r(z_pz) + r(zg)) = 2[5p? + 3p + 10] for p > 2 where p is a prime.

Proof: For any prime p > 2,

V(0(Zp2) +T(25)) = {ty, g, o Uy, %, ¥} = {24, .., p(p = 1),%,y}, Where x = 3and z = 6 €
Zy. And E (T(Zp2) +r(zg)) = {wx,u;y,xy/1 < i < p—1}. Then |V(r(z_pz) +r(zg))| =

p + land |E (F(Z_pz) + F(Zg))| = 2p — 1. Then the corresponding coupling matrix € is of the form

3(]3 - 13) 3]3><p—1

3]p—1><3 5(]17—1 - Ip—l)

Therefore the coupling index of F(Z_pz) +T(Zy) is,

o (r(Z2) +1(Z)) = %l18p +10 <¢)l

[18p + 5p% — 15p + 10]

N =

€ (r(Z,2) + r(zg)) =

(i (r(z_pz) + r(zg)) = %[sz + 3p + 10]

3. Coupling Index of Identity graph 3(Z,,) of the group (Zp, +)
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3.1 Theorem: Foreven p > 2, (Z(J(Zp, +)) = %[sz —11p + 6].
Proof: For the Identity graph J(Z,) of the group (Zp, +),

V(?(Zp, +)) ={01,..,p -1} = {ul,uz, ...,up}. Then the coupling matrix of 7(Z,,+) is of the

(0 3l
form € = (3]p—1x1 T,y ), where
32— 1) 5/ 5/ 5/
( 5/ 30 — ) 5/ 5/ \
T = 5{2 5{2 3(]2‘—12) 5{2
5, 5, 55, e 302—h)
Now,

oz 0) =4o(F7=) + 0f(", ) - ()]

c(1(2,,+)) = %[3(319 —3)+10 {}9—‘;—194-3}]

€(9(Z,,+)) ==[9p — 9 + 5p? — 20p + 15]

N| =

1
= C(1(Z,+)) = > [5p? — 11p + 6]
3.2 Theorem: For odd p > 2, €(7(Z,,+)) = %[sz — 14p + 20].

Proof: For the Identity graph J(Z,,+) of the group (Zp,+), V(J(Zp,+)) ={0,1,..,p—1} =

0 3Jixp-1

, such that
3Jp-1x1 Dp-1 )

{ul, Uy, ., up}. The coupling matrix of 7(Z,, +) is of the form € = (
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3(]2 - 12) 5]2 5]2 5]2X1
( 5]2 3(]2 - 12) 5]2 5]2X1
D= 5{2 5{2 302 - L) .. 5]g><1
\ 5]2)(1 5]2)(1 5]2X1 0
Now,
1 p—1 p—2
1z +) = op +20{(", ) - (N
2 _
C(I(Z,+)) = %[619 +10 {#}l
C(9(Z, +)) = %[6;9 + 5p2 — 20p + 20]
1
= €(I(Z,,+)) = > [5p? — 14p + 20]
Conclusion:

Coupling Index of certain zero divisor graphs of ring and identity graphs of groups are evaluated in

this present article. This method can be extended to any kind of graphs as well.
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