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Abstract 

The purpose of this paper is to study the effects of thermal and diffusion phase lags due to axisymmetric 

heat supply in a ring. The problem is formulated within the framework of dual-phase-lag heat transfer 

(DPLT) and dual-phase-lag diffusion (DPLD) models. The upper and lower surfaces of the ring are 

traction-free and subjected to an axisymmetric heat supply. The solution is obtained using Laplace and 

Hankel transform techniques. Analytical expressions for displacement, stresses, chemical potential, 

temperature, and mass concentration are obtained in the transformed domain. A numerical inversion 

technique is applied to recover the results in the physical domain. The numerically simulated results are 

presented graphically. The effects of thermal and diffusion phase lags on various field quantities are 

discussed. Some particular cases are also deduced from the present investigation. The results obtained 

may be useful in analysing axisymmetric thermodiffusive responses in geophysical, material-processing, 

and industrial systems involving coupled thermal and mass diffusion effects. 

 Keywords: Thermoelastic diffusion; Dual phase lags; Laplace Transform; Hankel Transform; 

Axisymmetric problem. 

1. Introduction 

Classical Fourier heat-conduction theory assumes that a thermal disturbance propagates with infinite 

speed, which is physically unrealistic in problems involving short time scales, small dimensions, rapid 

heating, and high-frequency thermal loading. This limitation becomes particularly important in 

generalized thermoelasticity, where thermal, mechanical, and diffusive fields interact with one another. 

To remove the paradox of infinite thermal-wave speed, Lord and Shulman [1] introduced a generalized 

thermoelasticity theory by incorporating a thermal relaxation time into the heat-conduction equation. In 

this single-relaxation-time model, the heat flux does not respond instantaneously to changes in the 

temperature field, and thermal waves propagate with finite speed when the relaxation time is non-zero. 

Green and Lindsay [2] further extended this framework by introducing two distinct relaxation parameters 

associated with the temperature and stress fields, thereby providing greater flexibility in modelling 

thermoelastic responses. 

A more general description of non-Fourier heat transport was later proposed by Tzou [3], who introduced 

the dual-phase-lag heat-conduction model. In this model, two distinct delay times are considered: the 

phase lag of the heat flux and the phase lag of the temperature gradient. The heat-flux phase lag 

represents the delay caused by thermal inertia during fast transient processes, whereas the temperature-

gradient phase lag accounts for the delay associated with microstructural interactions. This formulation 

provides a bridge between microscopic and macroscopic heat-transfer descriptions and includes several 

classical and generalized heat-conduction models as special cases. Quintanilla and Racke [4] investigated 

stability aspects of dual-phase-lag heat conduction and compared mathematical hyperbolic formulations 

associated with this model. Rukolaine [5] later discussed possible unphysical effects of the dual-phase-lag 
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model, emphasizing the need for careful selection of phase-lag parameters and thermodynamically 

consistent formulations. 

The dual-phase-lag model has been applied to several thermal and thermoelastic problems involving rapid 

heating, layered media, laser irradiation, and wave propagation. Abdallah [6] used an uncoupled 

thermoelastic model based on the dual-phase-lag theory to study the thermoelastic response of a semi-

infinite medium subjected to ultrashort pulsed laser heating. Chou and Yang [7] analysed two-

dimensional dual-phase-lag thermal behaviour in single-layer and multilayer structures using the 

conservation-element and solution-element method. Zhou, Zhang and Chen [8] proposed an axisymmetric 

dual-phase-lag bioheat model for laser heating of living tissues, demonstrating the applicability of phase-

lag heat conduction in cylindrical and axisymmetric configurations. Liu, Cheng and Wang [9] analysed 

thermal damage in a laser-irradiated tissue based on a non-Fourier heat-conduction model. Ying and Yun 

[10] developed a time-fractional dual-phase-lag heat-conduction equation and the corresponding bioheat-

transfer formulation, extending phase-lag theory to fractional-order heat-transport processes. 

In thermoelastic media, phase-lag effects significantly influence wave propagation, deformation, and 

stress distributions. Kumar and Mukhopadhyay [11] investigated the propagation of harmonic waves in 

thermoelastic media using a theory involving three phase lags. Kumar, Chawla and Abbas [12] examined 

the effect of viscosity on wave propagation in an anisotropic thermoelastic medium under the three-phase-

lag model. Sharma, Sharma and Bhargava [13] studied the role of viscosity in thermoelasticity and 

showed that dissipative effects can strongly modify thermoelastic responses. Sharma, Sharma and 

Bhargava [14] further analysed wave motion in electro-microstretch solids, contributing to the 

understanding of wave propagation in complex continua. Sharma and Kumar [15] investigated plane 

waves in a thermoviscoelastic medium. Sharma and Bhargava [16] studied thermoelastic plane waves at 

an imperfect boundary, showing the influence of boundary imperfections on reflected and transmitted 

waves. 

Thermoelastic diffusion theory provides a framework for analysing the interaction of thermal, elastic, and 

mass-diffusion fields. Diffusion is the spontaneous transport of particles from a region of higher 

concentration to a region of lower concentration under the influence of a concentration gradient. In elastic 

solids, thermodiffusion arises from the coupling among temperature, strain, mass concentration, and 

chemical potential. Nowacki [17] first developed the theory of thermoelasticity with mass diffusion 

within the coupled thermoelastic framework; however, this formulation retains the classical limitation of 

infinite propagation speeds for thermoelastic waves. Sherief, Saleh and Hamza [18] developed the theory 

of generalized thermoelastic diffusion, which predicts finite speeds of propagation for both thermoelastic 

and diffusive waves. Kumar and Kansal [19] derived the basic equations of generalized thermoelastic 

diffusion in the Green–Lindsay framework and investigated Lamb-wave propagation in a transversely 

isotropic thermoelastic diffusion plate. Sharma [20] studied boundary-value problems in generalized 

thermodiffusive elastic media and highlighted the importance of diffusion effects in coupled deformation 

problems. Sharma [21] analysed deformation due to an inclined load in a generalized thermodiffusive 

elastic medium. Sharma, Kumar and Ram [22] investigated interactions in generalized thermoelastic 

diffusion caused by inclined loading, further establishing the relevance of diffusion effects in 

mechanically loaded thermoelastic solids. 

Several authors have extended thermoelastic diffusion theory by incorporating additional physical 

mechanisms such as fractional parameters, two-temperature effects, variable transport properties, and 

phase-lag diffusion. Atwa [23] studied generalized thermoelastic diffusion with the effect of a fractional 

parameter on plane waves in a temperature-dependent elastic medium. Bhattacharya and Kanoria [24] 

investigated elasto-thermo-diffusion inside a spherical shell under the influence of two-temperature 

generalized thermoelasticity. Kumar and Gupta [25] considered plane-wave propagation in an anisotropic 

dual-phase-lag thermoelastic diffusion medium and introduced phase-lag effects into the diffusion 

process. Tripathi, Kedar and Deshmukh [26] analysed a generalized thermoelastic diffusion problem in a 

thick circular plate subjected to axisymmetric heat supply, showing the significance of axisymmetric 

thermal loading in diffusive thermoelastic media. Li, Guo, Tian and Tian [27] studied the transient 

response of a half-space with variable thermal conductivity and diffusivity under thermal and chemical 
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shock, demonstrating that variable transport properties can strongly influence thermal and diffusive 

waves. Kumar, Miglani and Rani [28] investigated a two-dimensional axisymmetric thermoelastic 

diffusion problem for a micropolar porous circular plate using the dual-phase-lag model. Xue, Yu, Li and 

Tian [29] examined a generalized thermoelastic diffusion bi-layered structure with variable thermal 

conductivity and diffusivity. Tokovyy [30] presented solutions of axisymmetric elasticity and 

thermoelasticity problems for inhomogeneous spaces and half-spaces, which are relevant to the 

mathematical treatment of axisymmetric thermoelastic configurations. 

Despite extensive work on generalized thermoelasticity, dual-phase-lag heat conduction, and 

thermoelastic diffusion, the coupled axisymmetric response under simultaneous thermal excitation and 

ring-type diffusive source has received limited attention. This gap is significant for transient processes in 

which both heat flux and diffusing mass flux exhibit delayed responses. Motivated by this, the present 

study formulates an axisymmetric dual-lag thermoelastic diffusion problem for a homogeneous isotropic 

medium subjected to coupled thermodiffusive sources. Using Laplace and Hankel transforms, expressions 

for displacement, stresses, temperature change, chemical potential, and mass concentration are obtained in 

the transformed domain. The influence of thermal and diffusion phase lags is analysed numerically, and 

relevant classical and generalized models are recovered as limiting cases. 

2. Basic Equations 

The basic equations of motion, heat conduction and mass diffusion in a homogeneous isotropic 

thermoelastic solid with DPLT and DPLD models in the absence of body forces, heat sources and mass 

diffusion sources are followed from the work of [25] 

(𝜆 + 𝜇)∇(∇. 𝑢) + 𝜇∇2𝑢 − 𝛽1∇𝑇 − 𝛽2∇𝐶 = 𝜌𝑢̈                                                              (1) 

(1 + 𝜏𝑡
𝜕

𝜕𝑡
) 𝐾𝑇,𝑖𝑖 = (1 + 𝜏𝑞

𝜕

𝜕𝑡
+ 𝜏𝑞

2 𝜕2

𝜕𝑡2) [𝜌𝐶𝐸𝑇̇ + 𝛽1𝑇0𝑒̇𝑘𝑘 + 𝑎𝑇0𝐶̇]                            (2) 

(1 + 𝜏𝑝
𝜕

𝜕𝑡
) (𝐷𝛽2∇2(∇. 𝑢) + 𝐷𝑎∇2𝑇 − 𝐷𝑏∇2𝐶) +

𝜕

𝜕𝑡
(1 + 𝜏𝜂

𝜕

𝜕𝑡
+ 𝜏𝜂

2 𝜕2

𝜕𝑡2) 𝐶 = 0         (3) 

and the constitutive relations are 

𝜎𝑖𝑗 = 2𝜇𝑒𝑖𝑗 + 𝛿𝑖𝑗(𝜆𝑒𝑘𝑘 − 𝛽1𝑇 − 𝛽2𝐶)                                                                            (4) 

𝜌𝑇0𝑆 = (1 + 𝜏𝑞
𝜕

𝜕𝑡
+ 𝜏𝑞

2 𝜕2

𝜕𝑡2) (𝜌𝐶𝐸𝑇 + 𝛽1𝑇0𝑒𝑘𝑘 + 𝑎𝑇0𝐶)                                              (5) 

𝑃 = −𝛽2𝑒𝑘𝑘 − 𝑎𝑇 − 𝑏𝐶                                                                                                   (6) 

Where 𝜆 , 𝜇  are Lame's constants , 𝜌 is the density assumed to be independent of time, D is the 

diffusivity, P is the chemical potential per unit mass, C is the concentration, 𝑢𝑖  are components of 

displacement vector u, K is the coefficient of thermal conductivity, 𝐶𝐸  is the specific heat at constant 

strain, 𝑇 = 𝜗 − 𝑇0  is small temperature increment, 𝜗 is the absolute temperature of the medium, 𝑇0   is 

the reference temperature of the body such that |
𝑇

𝑇0
| ≪ 1,  a and b are respectively , the coefficients 

describing the measure of thermodiffusion and mass diffusion effect respectively, 𝜎𝑖𝑗 and 𝑒𝑖𝑗 are the 

components of stress and strain respectively, 𝑒𝑘𝑘 is dilatation, S is the entropy per unit mass, 𝛽1= (3𝜆 +

2𝜇)𝛼𝑡  𝛽2= (3𝜆 + 2𝜇)𝛼𝑐 , 𝛼𝑐is the coefficient of linear diffusion expansion and 𝛼𝑡 is the coefficient of 

thermal linear expansion. 𝜏𝑡, 𝜏𝑞, 𝜏𝑝, 𝜏𝜂 are respectively phase lag of temperature gradient, the phase lag 

of heat flux, the phase lag of chemical potential, and phase lag of diffusing mass flux vector. In above 
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equations, a comma followed by suffix denotes spatial derivative and a superposed dot denotes derivative 

with respect to time. 

3. Formulation and Solution of the Problem 

Consider a homogeneous isotropic, generalized thermoelastic diffusion thick plate of thickness 

2𝑏1 defined by 0 ≤ 𝑟 ≤ ∞, −𝑏1  ≤ 𝑧 ≤ 𝑏1 . Cylindrical polar coordinates  (𝑟, 𝜙, 𝑧) having origin on the 

surface 𝑧 = 0, between the lower and upper surfaces of the plate and the 𝑧-axis is assumed to be the axis 

of symmetry. Due to symmetry about 𝑧-axis all the field quantities depending only on (𝑟, 𝑧, 𝑡). The initial 

temperature in the thick plate is given by a constant temperature  𝑇0  and the heat flux 𝑔0𝐹(𝑟, 𝑧) is 

prescribed on the upper and lower boundary surfaces.  We consider chemical potential source (ring 

source) which emanates from the origin of the coordinates and expands radically at constant rate  𝑐  over 

the surface. Under these conditions, thermoelastic quantities in a semi-infinite thick circular plate are 

required to be determined. As the problem considered is plane axisymmetric, the field component 𝑢𝜃 = 0, 

and 𝑢𝑟, 𝑢𝑧, 𝑇 and C are independent of 𝜃 and restrict our analysis to the two dimensional problem with  

 𝒖 = (𝑢𝑟, 0, 𝑢𝑧)                                                                                                         (7) 

 Equations (1)-(6) with the aid of (7) take the form 

 (𝜆 + 𝜇)
𝜕𝑒

𝜕𝑟
+ 𝜇 (∇2 −

1

𝑟2) 𝑢𝑟 − 𝛽1
𝜕𝑇

𝜕𝑟
− 𝛽2

𝜕𝐶

𝜕𝑟
= 𝜌

𝜕2𝑢𝑟

𝜕𝑡2                                                     (8) 

(𝜆 + 𝜇)
𝜕𝑒

𝜕𝑧
+ 𝜇∇2𝑢𝑧 − 𝛽1

𝜕𝑇

𝜕𝑧
− 𝛽2

𝜕𝐶

𝜕𝑧
= 𝜌

𝜕2𝑢𝑧

𝜕𝑡2                                                                    (9) 

(1+𝜏𝑡
𝜕

𝜕𝑡
)K∇2𝑇 = (1 + 𝜏𝑞

𝜕

𝜕𝑡
+

𝜏𝑞
2

2

𝜕2

𝜕𝑡2) [𝜌𝐶𝐸𝑇̇ + 𝛽1𝑇0
𝜕

𝜕𝑡
𝑑𝑖𝑣 𝑢 + 𝑎𝑇0

𝜕𝐶

𝜕𝑡
]                        (10) 

(1+𝜏𝑝
𝜕

𝜕𝑡
)(𝐷𝛽2∇2𝑑𝑖𝑣 𝑢 + 𝐷𝑎∇2𝑇 − 𝐷𝑏∇2𝐶) +

𝜕

𝜕𝑡
(1 + 𝜏𝜂

𝜕

𝜕𝑡
+

𝜏𝜂
2

2

𝜕2

𝜕𝑡2) 𝐶 = 0                (11) 

and Constitutive  relations  

𝜎𝑟𝑟 = 2𝜇𝑒𝑟𝑟 + 𝜆𝑒 − 𝛽1𝑇 − 𝛽2𝐶                                                                                        (12) 

𝜎𝜃𝜃 = 2𝜇𝑒𝜃𝜃 + 𝜆𝑒 − 𝛽1𝑇 − 𝛽2                                                                                          (13) 

𝜎𝑧𝑧 = 2𝜇𝑒𝑧𝑧 + 𝜆𝑒 − 𝛽1𝑇 − 𝛽2𝐶                                                                                        (14)  

𝜎𝑟𝑧 = 𝜇𝑒𝑟𝑧 , 𝜎𝑟𝜃 = 0 , 𝜎𝑧𝜃 = 0                                                                                         (15) 

𝑃 = −𝛽2𝑒 − 𝑎𝑇 + 𝑏𝐶                                                                                                       (16) 

where =
𝜕𝑢𝑟

𝜕𝑟
+

𝑢𝑟

𝑟
+

𝜕𝑢𝑧

𝜕𝑧
 , 𝑒𝑟𝑟 =

𝜕𝑢𝑟

𝜕𝑟
 ,   𝑒𝜃𝜃 =

𝑢𝑟

𝑟
 , 𝑒𝑧𝑧 =

𝜕𝑢𝑧

𝜕𝑧
 , 𝑒𝑟𝑧 =

1

2
(

𝜕𝑢𝑟

𝜕𝑧
+

𝜕𝑢𝑧

𝜕𝑟
)      (17) 

To facilitate the solution, the following dimensionless quantities are introduced 

𝑟′ =
𝜔1

∗

𝑐1
𝑟 , 𝑧′ =

𝜔1
∗

𝑐1
𝑧 , (𝑢𝑟

′ , 𝑢𝑧
′ ) =

𝜔1
∗

𝑐1
(𝑢𝑟, 𝑢𝑧), 𝑡′ = 𝜔1

∗𝑡 , (𝜎𝑟𝑟
′ , 𝜎𝜃𝜃

′ , 𝜎𝑧𝑧
′ , 𝜎𝑟𝑧

′ ) =
1

𝛽1𝑇0
(𝜎𝑟𝑟 , 𝜎𝜃𝜃, 𝜎𝑧𝑧, 𝜎𝑟𝑧) 
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(𝑇′, 𝐶′) =
𝛽1

𝜌𝑐1
2 (𝑇, 𝐶) ,   (𝜏𝑞

′ , 𝜏𝑡
′ , 𝜏𝑝

′ , 𝜏𝜂
′ ) = 𝜔1

∗(𝜏𝑞 , 𝜏𝑡 , 𝜏𝑝, 𝜏𝜂) , 𝜔1
∗ =

𝜌𝐶𝐸𝑐1
2

𝐾
 , 𝑐1

2 =
𝜆+2𝜇

𝜌
         (18) 

We define Laplace and Hankel transforms as: 

                      𝑓̅(𝑟, 𝑧, 𝑠) = ∫ 𝑓(𝑟, 𝑧, 𝑡)𝑒−𝑠𝑡𝑑𝑡
∞

0
                                                                      (19) 

                       𝑓(ξ, 𝑧, 𝑠) = ∫ 𝑓̅(𝑟, 𝑧, 𝑠)𝑟𝐽𝑛(𝑟ξ) 𝑑𝑟
∞

0
                                (20) 

Using (18) in equations (8)-(11), suppressing the primes, and then applying the Laplace transform defined 

by (19) on the resulting equations yield 

𝛻2𝑇̅ + 𝛻2𝐶̅ − (𝛻2 − 𝑠2)𝑒̅ = 0                                                (21) 

(𝛻2 −
𝜏𝑞

1

𝜏𝑡
′ 𝑘𝑠)𝑇̅ −

𝐾𝑎𝑇0𝜏𝑞
1  𝑠

𝜌𝐶𝐸𝛽2𝜏𝑡
′ 𝐶̅ −

𝐾𝛽1
2𝑇0

𝜌2𝐶𝐸𝑐1
2

𝜏𝑞
1

𝜏𝑡
′ 𝑠 𝑒̅ = 0                                                                         (22) 

𝐷𝑎∇2 𝜌𝑐1
2

𝛽1
 𝑇̅ − (𝐷𝑏

𝜌𝑐1
2

𝛽2
∇2 −

𝑠𝜏𝜂
′ 𝑘𝑐1

2

𝜏𝑝
′ 𝛽2𝐶𝐸

) 𝐶̅ + 𝐷𝛽2∇2𝑒̅ = 0                                                          (23)  

 where 𝜏𝑞
1 = 1 + 𝑠𝜏𝑞 +

𝑠2𝜏𝑞
2

2
 , 𝜏𝜂

1 = 1 + 𝑠𝜏𝜂 +
𝑠2𝜏𝜂

2

2
, 𝜏𝑝

1 = 1 + 𝑠𝜏𝑝 , 𝜏𝑡
1 = 1 + 𝑠𝜏𝑡 

  Eliminating   𝑇̅ , 𝐶̅ , 𝑒̅ from equations (21)-(23), we obtain  

(∇2 − 𝑘1
2)(∇2 − 𝑘2

2)(∇2 − 𝑘3
2)(𝑇̅ , 𝐶̅ , 𝑒̅) = 0                                                                       (24) 

The solutions of the equation (24) can be written in the form  

𝑇̅ = ∑ 𝑇̅𝑖
3
𝑖=1  , 𝑒̅ = ∑ 𝑒̅𝑖

3
𝑖=1  , 𝐶̅ = ∑ 𝐶𝑖̅

3
𝑖=1                                                                           (25) 

where 𝑇̅𝑖, 𝑒̅𝑖 ,and 𝐶𝑖̅ are solutions of the following equation  

(∇2 − 𝑘𝑖
2)(𝑇̅𝑖, 𝑒̅𝑖, 𝐶𝑖̅) = 0 , 𝑖 = 1,2,3                                                                                    (26) 

On taking Hankel transform defined by (20) on (25) and (26), we obtain 

𝑇̂=  ∑ 𝑇̂𝑖
3
𝑖=1   ,  𝑒̂= ∑ 𝑒̂𝑖

3
𝑖=1 ,    𝐶̂=∑ 𝐶̂𝑖

3
𝑖=1  

(𝐷2 − 𝜉2 − 𝑘𝑖
2)(𝑇̂𝑖, 𝑒̂𝑖, 𝐶̂𝑖) = 0   ,                                                                                     (27) 

Therefor, the solution of equqtion (27), gives 

𝑇̂ =  = ∑ 𝐴𝑖cosh(𝑞𝑖𝑧)3
𝑖=1                                                                                                 (28)    

𝐶̂  = ∑ 𝑔𝑖𝐴𝑖cosh(𝑞𝑖𝑧)3
𝑖=1                                                                                             (29)  

 𝑒̂ = ∑ ℎ𝑖𝐴𝑖cosh(𝑞𝑖𝑧)3
𝑖=1                                                                                               (30) 

where, 
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𝑔𝑖 =
𝜁33𝑞𝑖

4−6)𝜁21𝜁33𝑞𝑖
2+𝜁23𝜁31

−𝑞𝑖
2(𝜁22𝜁33+𝜁23𝜁32)+𝜁23𝜁′32 

             

ℎ𝑖 =
−𝜁32𝑞𝑖

4+(𝜁′
32+𝜁21𝜁32)𝑞𝑖

2−𝜁21𝜁′32

−𝑞𝑖
2(𝜁22𝜁33+𝜁23𝜁32)+𝜁23𝜁′32 

  

𝑞𝑖 = √𝜉2 + 𝑘𝑖
2 , 𝜁21 =

𝜏𝑞
1

𝜏𝑡
1 𝑘𝑠 , 𝜁22 =

𝐾𝑎𝑇0𝜏𝑞
1 𝑠

𝜌𝐶𝐸𝛽2𝜏𝑡
1 , 𝜁23 =

𝐾𝛽1
2𝑇0

𝜌2𝐶𝐸𝑐1
2

𝜏𝑞
1

𝜏𝑡
1 𝑠 , 𝜁31 =

𝐷𝑎𝜌𝑐1
2

𝛽1
 ,  

 𝜁32 = 𝐷𝑏
𝜌𝑐1

2

𝛽2
 , 𝜁32

1 =
𝑠𝜏𝜂

1𝑘𝑐1
2

𝜏𝑝
1 𝛽2𝐶𝐸

  , 𝜁33 = 𝐷𝛽2    

Applying inversion of Hankel transform on (28)-(30), we get 

𝑇̅ = ∫ {∑ 𝐴𝑖 cosh(𝑞𝑖𝑧)3
𝑖=1 }𝜉𝐽0(𝜉𝑟)𝑑𝜉

∞

0
                                                   (31) 

𝐶̅ = ∫ {∑ 𝑔𝑖𝐴𝑖 cosh(𝑞𝑖𝑧)3
𝑖=1 }𝜉𝐽0(𝜉𝑟)𝑑𝜉

∞

0
                                                (32) 

𝑒̅ = ∫ {∑ ℎ𝑖𝐴𝑖 cosh(𝑞𝑖𝑧)3
𝑖=1 }𝜉𝐽0(𝜉𝑟)𝑑𝜉

∞

0
                                                  (33) 

Using (8)-(11), (18) and (31)-(33), we obtain the displacement components in the transformed domain as  

𝑢̅𝑟(𝑟, 𝑧, 𝑠) = ∫ 𝜉2𝐽1(𝜉𝑟)
∞

0
[𝐸(𝜉, 𝑠) cosh(𝑞𝑧) + ∑

𝜆𝑖

(
𝜇𝑞𝑖

2

𝜌𝑐1
2−𝑠2)

3
𝑖=1 cosh(𝑞𝑖𝑧)] 𝑑𝜉                  (34) 

𝑢̅𝑧(𝑟, 𝑧, 𝑠) = ∫ 𝜉𝐽0(𝜉𝑟)
∞

0
[𝐹(𝜉, 𝑠) sinh(𝑞𝑧) − ∑

𝜆𝑖

(
𝜇𝑞𝑖

2

𝜌𝑐1
2 −𝑠2)

3
𝑖=1 sinh(𝑞𝑖𝑧)] 𝑑𝜉                     (35)  

where 

 𝜆𝑖 = (
𝜆+𝜇

𝜌𝑐1
2 ℎ𝑖 − 1 − 𝑔𝑖) 𝐴𝑖 ,  𝐹(𝜉, 𝑠) =

𝜉2𝐸(𝜉,𝑠)

𝑞
 , 𝑞 = √𝜉2 +

𝜌𝑐1
2

𝜇
𝑠2 

Substituting the values of (31)-(35) in (12)-(15) and with the aid of (18) yield  

𝜎𝜃𝜃̅̅ ̅̅ ̅ =
2𝜇

𝛽1𝑇0
∫ 𝜉2𝐽1(𝜉𝑟)

∞

0
[𝐸(𝜉, 𝑠) cosh(𝑞𝑧) + ∑

𝜆𝑖

(
𝜇𝑞𝑖

2

𝜌𝑐1
2−𝑠2)

3
𝑖=1 cosh(𝑞𝑖𝑧)] 𝑑𝜉 +

∫ ∑ 𝜂𝑖 cosh(𝑞𝑖𝑧)3
𝑖=1 𝜉𝐽0(𝜉𝑟)

∞

0
 𝑑𝜉                                                                                        (36) 

𝜎𝑟𝑟̅̅ ̅̅ =
2𝜇

𝛽1𝑇0
∫ 𝜉3(

1

𝜉𝑟
𝐽1(𝜉𝑟)

∞

0
− 𝐽0(𝜉𝑟)) [𝐸(𝜉, 𝑠) cosh(𝑞𝑖𝑧) + ∑

𝜆𝑖

(
𝜇𝑞𝑖

2

𝜌𝑐1
2−𝑠2)

3
𝑖=1 cosh(𝑞𝑖𝑧)] 𝑑𝜉 +

∫ ∑ 𝜂𝑖 cosh(𝑞𝑖𝑧)3
𝑖=1 𝜉𝐽0(𝜉𝑟)

∞

0
 𝑑𝜉                                                                                        (37) 
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𝜎𝑧𝑧̅̅ ̅̅ =
2𝜇

𝛽1𝑇0
∫ 𝜉𝐽0(𝜉𝑟)

∞

0
[𝐹(𝜉, 𝑠)𝑞 cosh(𝑞𝑧) + ∑

𝜆𝑖𝑞𝑖
2 

(
𝜇𝑞𝑖

2

𝜌𝑐1
2 −𝑠2)

3
𝑖=1 cosh(𝑞𝑖𝑧)] 𝑑𝜉 +

∫ ∑ 𝜂𝑖 cosh(𝑞𝑖𝑧)3
𝑖=1 𝜉𝐽0(𝜉𝑟)

∞

0
 𝑑𝜉                                                                                        (38) 

𝜎𝑟𝑧̅̅ ̅̅ =
𝜇

2𝛽1𝑇0
∫ 𝜉2𝐽1(𝜉𝑟)

∞

0
[(

𝑞2−𝜉2

𝑞
) 𝐸(𝜉, 𝑠) qsinh(𝑞𝑧) + 2 ∑

𝜆𝑖

(
𝜇𝑞𝑖

2

𝜌𝑐1
2−𝑠2)

3
𝑖=1 𝑞𝑖 sinh(𝑞𝑖𝑧)] 𝑑𝜉   (39) 

𝑃̅(𝑟, 𝑧, 𝑠) = ∫ ∑ 𝜁𝑖 cosh(𝑞𝑖𝑧)3
𝑖=1 𝜉𝐽0(𝜉𝑟)

∞

0
 𝑑𝜉                                                                      (40) 

where 𝜂𝑖 = (
𝑓𝑖−𝜌𝑐1

2−𝜌𝑐1
2𝑔𝑖

𝛽1𝑇0 
) 𝐴𝑖 , 𝐹(𝜉, 𝑠) =

𝜉2(𝐸(𝜉,𝑠)

𝑞
,  𝜁𝑖 = (−𝛽2ℎ𝑖 −

𝜌𝑐1
2

𝛽1
+

𝑏𝜌𝑐1
2

𝛽2
 𝑔𝑖) 𝐴𝑖 

4. Boundary Conditions 

At the stress-free surfaces 𝑧 = ±𝑏1, the plate is subjected to an axisymmetric thermal source and a ring-

type chemical potential source of unit magnitude. The normal and shear stress components are assumed to 

vanish on these surfaces. Thus, the boundary conditions are prescribed as 

𝜕𝑇

𝜕𝑧
= ±𝑔0𝐹(𝑟, 𝑧),                                 (41)                                                                                                  

  𝜎𝑧𝑧 = 0,                                                (42)                                                                                        

  𝜎𝑟𝑧 = 0,                                                (43)                                                                                                                            

  𝑃=  𝑓(𝑟, 𝑡)                                                                            (44)               

Where 

 𝐹(𝑟, 𝑧) = 𝑧2𝑒−𝜔𝑟                   (45)                                                     

𝑓(𝑟, 𝑡)=
1

2𝜋𝑟
𝛿(𝑐𝑡 − 𝑟)               (46)        

 and   𝑔0  is constant  temperature applied on the boundary, 𝛿( ) is Dirac delta function, c is constant                       

Applying the Laplace and the Hankel transforms given by (19) and (20) to the boundary conditions (41)–

(44), we obtain 

𝑑𝑇̂

𝑑𝑧
 = 𝑔0𝐹̂(𝜉 , 𝑧)                                    (47) 

 𝜎𝑧𝑧̂  =0                                                 (48) 

𝜎𝑟𝑧̂ = 0                                               (49) 

 𝑃̂   =    𝑓(𝜉, 𝑠)     (50) 



Journal of Computational Analysis and Applications                                                                          VOL. 28, NO. 6, 2020 
   

                                                                                                                           10.48047/jocaaa.2020.28.06.18 

                                                                                                       209                                Sandeep Kumar et al 202-219 

The transformed thermal and chemical potential source functions are given by 

𝐹̂(𝜉, 𝑠) =
𝑧2𝜔

(𝜔2+𝛼2)3/2 ,                                                            (51)                                                                                                                  

𝑓(𝜉, 𝑠) =   
1

2𝜋

1

√(𝜂2𝑐2+𝑠2)
                                                                                          (52) 

 

Substitute the values of 𝑇̅,   𝜎𝑧𝑧̅̅ ̅̅   , 𝜎𝑟𝑧̅̅ ̅̅   , 𝑃̅ in (47)-(50) ,we obtain the values of unknown parameters as  

𝐴1 =
∆1

∆
 , 𝐴2 =

∆2

∆
 ,  𝐴3 =

∆3

∆
 , 𝐸(𝜉, 𝑠) =

∆4

∆
            (53) 

where   

∆11 ∆12 ∆13 0 

 

       ∆21 ∆22 ∆23 −2𝜇

𝛽1𝑇0
𝜉2𝑞𝑐𝑜𝑠(𝑞𝑏1) 

∆31 ∆32 ∆33 𝑞2 − 𝜉2

𝑞
sinh(𝑞𝑏1) 

∆41 ∆42 ∆43 0  

 

 

∆1𝑖= 𝑞𝑖 sinh(𝑞𝑖𝑏1), ∆2𝑖= (𝜇𝑖𝑞𝑖
2 + 𝜂𝑖) cosh(𝑞𝑖𝑏1), ∆3𝑖= 𝜇𝑖𝑞𝑖 sinh(𝑞𝑖𝑏1),  ∆4𝑖= 𝜁𝑖 cosh(𝑞𝑖𝑏1),   i=1,2,3   

and  ∆𝑖 is obtained from ∆, by interchanging ith column with  [𝑔0𝐹(𝜉, 𝑏1)  0     0        
1

2𝜋

1

√(𝜂2𝑐2+𝑠2)
  ]

𝑡𝑟

, 

where 𝑡𝑟 denotes transpose. 

5.  Inversion of Transforms 

Due to the complexity of the solution in the Laplace transform domain, the inverse of the Laplace 

transform is obtained by using the Gaver–Stehfest algorithm. Gaver [31] and Stehfest [32,33] derived the 

formula given below. By this method, the inverse 𝑓(𝑡) of Laplace transform 𝑓̅(𝑠) is approximated by 

𝑓(𝑡) =
𝑙𝑜𝑔2

𝑡
∑ 𝐷(𝑗, 𝐾)𝐹 (𝑗

𝑙𝑜𝑔2

𝑡
)𝑘

𝑗=1   

with 

𝐷(𝑗, 𝐾) = (−1)𝑗+𝑀 ∑
𝑛𝑀(2𝑛)!

(𝑀−𝑛)!𝑛!(𝑛−1)!(𝑗−𝑛)!(2𝑛−𝑗)!

min(𝑗,𝑀)
𝑛=𝑚   

Where K is an even integer, whose value depends on the word length of computer used. M=K/2, and m is 

an integer part of (𝑗 + 1)/2. The optimal value of K was chosen as described in Gaver-Stehfast 

algorithm, for the fast convergence of results with desired accuracy. The Romberg numerical integration 

technique [34] with variable step size was used to evaluate the results involved.  

6. Particular Cases 

∆  = 
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(i) Neglecting the diffusion effect, i.e 𝛽2, 𝑎, 𝑏 = 0, the expressions reduce to those for displacement 

components, stresses, and temperature distribution in a thermoelastic isotropic half-space. 

(ii) Setting  𝜏𝑡 = 𝜏𝑞 =  𝜏𝜂 = 𝜏𝑝 = 0  in equations (39)-(40), together with equations (51)–(53), gives the 

corresponding expressions for the classical thermoelastic diffusion model. 

(iii) Taking 𝜏𝑝 = 𝜏𝜂 = 0 in equations (39)-(40), together with equations (51)–(53), yields the 

corresponding expressions for the dual-phase-lag heat transfer (DPLT) model. 

(iv) Setting 𝜏𝑞 = 0 and 𝜏𝑝 = 0 in equations (39)-(40), together with equations (51)-(53), gives the 

corresponding expressions for the single-phase-lag heat transfer (SPLT) and single-phase-lag diffusion 

(SPLD) models. 

7. Numerical Results and Discussion 

For numerical computation, the mathematical model is evaluated using copper as the material. The 

material constants are taken from Dhaliwal and Singh [35]: 

λ = 7.76 × 1010𝑁𝑚−2, 𝜇 = 3.86 × 1010𝑁𝑚−2, 𝐾 = 386𝐽𝐾−1𝑚−1𝑠−1, 𝛽1 = 5.518 ×

106 𝑁𝑚−2𝑑𝑒𝑔−1,    𝜌 = 8954 𝐾𝑔𝑚−3, 𝑎 = 1.2 × 104𝑚2/𝑠2𝑘 ,      𝑏 = 0.9 × 106𝑚5/𝑘𝑔𝑠2 ,    𝐷 =

0.88 × 10−8𝑘𝑔𝑠/𝑚3,   𝛽2 = 61.38 × 106 𝑁𝑚−2𝑑𝑒𝑔−1, 𝑇0 = 293K,   𝐶𝐸 = 383.1 𝐽𝑘𝑔−1𝐾−1 .           

The remaining parameters are taken as        

𝑔0 =1, 𝑏1 = 1, 𝑐=0.5 

The numerical investigation is carried out to examine the effects of thermal and diffusion phase lags on 

the axial displacement uz , chemical potential P, temperature change T, and mass concentration C. In each 

case, one phase-lag parameter is kept fixed while the corresponding associated phase lag is varied. The 

results are plotted in the range 0 ≤ 𝑟 ≤ 10. The following four cases are considered: 

a) 𝜏𝑡 = 0.08 , 𝜏𝑞 = 0, 0.02 and 0.04 

b) 𝜏𝑞 = 0.08 , 𝜏𝑡= 0, 0.02 and 0.04  

c) 𝜏𝜂 = 0.08 , 𝜏𝑝 = 0, 0.02 and 0.04 

d) 𝜏𝑝=0.08, 𝜏𝜂 = 0 ,0.02 and 0.04 

In all figs, the solid line represents the zero phase-lag case, the small dashed line represents the phase-lag 

value 0.02, and the long dashed line with dots represents the phase-lag value 0.04. 

Figs. 1–4 show the variation of axial displacement uz with radial distance r for cases (a)–(d), respectively. 

Similarly, Figs. 5–8, 9–12, and 13–16 present the corresponding variations of chemical potential P, 

temperature change T, and mass concentration C, respectively, for the same four cases. 
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Fig. 1 shows the variation of axial displacement uz with distance r for different values of  𝜏𝑞, while 

keeping 𝜏𝑡=0.08. For 𝜏𝑞=0, the displacement shows a mild oscillatory variation with both positive and 

negative values. For 𝜏𝑞=0.02, a sharp negative displacement occurs near r =0, followed by oscillatory 

behaviour as r increases. For 𝜏𝑞=0.04, the displacement also varies in a wave-like manner, but with 

reduced amplitude compared with 𝜏𝑞=0.02. 

Fig. 2 presents the variation uz with distance r for different values of  𝜏𝑡, while keeping 𝜏𝑞=0.08. For 𝜏𝑡=

=0, the displacement initially has a large negative value near the origin and then exhibits damped 

oscillations with increasing r. For 𝜏𝑡=0.02, the response begins with a positive value and gradually 

changes into oscillatory behaviour. For 𝜏𝑡=0.04, the displacement remains oscillatory, but the amplitude 

and phase differ from the other two cases. 

Fig. 3 shows the variation of uz with distance r for different values of 𝜏𝑝 keeping 𝜏𝜂=0.08. It is observed 

that the axial displacement has large negative values near the loading surface for higher values of 𝜏𝑝 As r 

increases, the displacement gradually changes its trend and exhibits oscillatory behaviour. For 𝜏𝑝=0, the 

variation is comparatively smooth with smaller amplitude, whereas for 𝜏𝑝=0.02 and 𝜏𝑝=0.04, the 

displacement shows stronger oscillations near the source region. Away from the loading surface, the 

amplitudes decrease and the curves tend to oscillate about the equilibrium position. 

Fig. 4 presents uz with distance r for distinct values of 𝜏𝜂, while keeping 𝜏𝑝=0.08. It is noticed that the 

displacement is strongly influenced near the source region and then changes in an oscillatory manner with 

increasing r. For 𝜏𝜂=0, the displacement is initially negative, then increases and attains positive values in 

the intermediate region before oscillating about the equilibrium level. For 𝜏𝜂=0.02, uz  attains  a larger 

negative value near the origin and subsequently shows a rapid change with alternating positive and 

negative values. For 𝜏𝜂=0.04, the displacement also begins with a negative value, but its amplitude and 

phase differ from the other two cases over the radial distance.  

Fig.5 depicts P with distance r for different values of 𝜏𝑞 while keeping 𝜏𝑡=0.08. It is observed that P has a 

large positive value near the source region and decreases sharply as r increases. For 𝜏𝑞=0, the curve 

decreases smoothly at first and then exhibits oscillatory behaviour. For 𝜏𝑞=0.02, the chemical potential 

falls more rapidly and attains a larger negative value near r =2, followed by wave-like variations. For 𝜏𝑞

=0.04, the response also decreases initially and then oscillates with comparatively smaller amplitude.  

Fig.6 presents P with r for different values of 𝜏𝑡, while keeping 𝜏𝑞=0.08. In all cases, P starts with a high 

positive value near the origin and decreases rapidly with distance. For 𝜏𝑡=0, the chemical potential 

reaches a negative minimum near the source region and then shows damped oscillations. For 𝜏𝑡=0.02 and 

𝜏𝑡=0.04, similar oscillatory trends are observed, but with different amplitudes and phases. The 

comparison shows that variation in the temperature-gradient phase lag 𝜏𝑡 changes both the intensity and 

distribution of the chemical potential function in the plate. 

Fig.7 shows the variation of P with r for different values of 𝜏𝑝 while keeping 𝜏𝜂=0.08. It is observed that 

P has a high positive value near the source region and decreases sharply with increasing r. For 𝜏𝑝 =0, the 

decrease is comparatively smooth, followed by small oscillations. For 𝜏𝑝 =0.02 and 𝜏𝑝 =0.04, the 

chemical potential decreases more rapidly near the origin and then exhibits oscillatory behaviour with 

different amplitudes. Away from the source region, all curves tend to oscillate about the zero level with 

reduced magnitude. 

Fig.8 displays P with r for different values of 𝜏𝜂 while keeping 𝜏𝑝 =0.08. It is observed that P starts with a 

large positive value near the source region and decreases sharply with increasing r. For 𝜏𝜂==0, the 

chemical potential decreases smoothly at first, reaches a negative value, and then shows oscillatory 

behaviour. For 𝜏𝜂=0.02, the curve attains a deeper negative value near r =2 and later exhibits wave-like 

variations with relatively higher amplitude. For 𝜏𝜂=0.04, the decrease near the origin is comparatively 

less sharp than for 𝜏𝜂=0.02, and the curve follows an oscillatory pattern with smaller amplitude in the 

later region.  
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Fig.9 illustrates how T responds along the radial direction r when  𝜏𝑞  is varied and 𝜏𝑡=0.08 is fixed. Near 

the source region, all curves begin with negative temperature change, indicating an initial drop in the 

thermal field. As r increases, the profiles recover from this negative region and develop wave-like 

fluctuations. The case 𝜏𝑞 =0 shows a gradual rise followed by moderate oscillations, whereas 𝜏𝑞 =0.02 

produces a sharper recovery and a higher positive peak in the intermediate range. For 𝜏𝑞 =0.04, the curve 

also crosses into the positive region, but its oscillations are shifted in phase and remain comparatively 

restrained.  

Fig.10 presents the distribution of T with r for different values of  𝜏𝑡 with 𝜏𝑞 =0.08 . The thermal response 

is negative near the origin for all three cases, but the rate of recovery differs noticeably. When 𝜏𝑡=0, the 

temperature rises comparatively smoothly and soon enters a positive oscillatory region. For 𝜏𝑡=0.02, the 

negative zone extends over a larger radial distance before the curve gradually approaches positive values. 

In the case 𝜏𝑡==0.04, the initial cooling effect is stronger, and the subsequent oscillations appear with a 

clear phase shift.  

Fig.11 depicts T with r for different values of 𝜏𝑝 with 𝜏𝜂 =0.08 fixed. The curves begin with a negative 

temperature change near the source region, showing an initial cooling effect. As the distance r increases, 

the temperature field gradually recovers and approaches the positive range. For 𝜏𝑝 =0, the recovery is 

smooth and the curve shows mild oscillations after crossing the zero level. For 𝜏𝑝 τp=0.02, the 

temperature rises more steadily and remains close to the zero level over a larger radial interval. For 𝜏𝑝 

=0.04, the initial negative temperature change is more pronounced, followed by a delayed rise and small 

wave-like fluctuations.  

Fig.12 shows the variation of T along r for different values of 𝜏𝜂and 𝜏𝑝 =0.08 is kept fixed. The 

temperature response is strongly negative near the origin and then increases rapidly with distance. For 𝜏𝜂 

=0, the curve rises smoothly and develops low-amplitude oscillations in the later region. For 𝜏𝜂 =0.02, the 

initial drop is sharper, but the curve reaches a comparatively higher positive value in the intermediate 

region. For 𝜏𝜂 =0.04, the response shows a delayed recovery from the negative zone and then follows an 

oscillatory path with a noticeable phase shift.  

Fig.13 describes the response of mass concentration C along the radial distance r for various values of 𝜏𝑞, 

with 𝜏𝑡 =0.08 fixed. The concentration is initially large near the source and then falls rapidly as the radial 

distance increases. In case 𝜏𝑞=0, the profile reduces smoothly and later shows mild fluctuations around 

the zero line. For 𝜏𝑞=0.02, the concentration field exhibits a stronger initial response and a deeper fall in 

the intermediate region. When 𝜏𝑞=0.04, the curve follows a similar decreasing tendency near the origin, 

but its later oscillations are shifted and comparatively moderated.  

Fig.14 describes the variation of C along the radial distance r for various values of 𝜏𝑡, while  𝜏𝑞=0.08 is 

fixed.. For 𝜏𝑡=0, the concentration drops quickly and then settles into small oscillations. For 𝜏𝑡=0.02, the 

decrease is slower in the initial range, and the curve maintains relatively higher values before entering the 

oscillatory region. In the case 𝜏𝑡=0.04, the concentration starts from a comparatively larger value and 

decays with a noticeable phase shift in the subsequent wave pattern. Therefore, the temperature-gradient 

phase lag alters the diffusion response by changing the decay rate, amplitude, and phase of the 

concentration profile. 

Fig.15 presents C with r for distinct values of 𝜏𝑝 when 𝜏𝜂=0.08 is maintained. For 𝜏𝑝 =0, the curve shows 

a smooth decay followed by small oscillations around the zero level. For 𝜏𝑝 =0.02, the concentration 

decreases more gradually and remains close to zero in the later region. For 𝜏𝑝 =0.04, the initial 

concentration is comparatively higher, followed by a sharper fall and a slightly shifted oscillatory pattern.  

Fig.16 illustrates C with r for distinct values of 𝜏𝜂with 𝜏𝑝 =0.08. Near the origin, the concentration is high 

for all cases and then decreases sharply with distance. For 𝜏𝜂=0, the curve decays smoothly and later 

shows moderate oscillations. For 𝜏𝜂=0.02, the initial concentration is larger and the curve exhibits a 

delayed decrease before entering the oscillatory region. For 𝜏𝜂=0.04, the response starts with a 

comparatively high value and then follows a wave-like pattern with a noticeable phase shift. 
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Fig.2.Variations of axial displacement uz with 
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Fig.3.Variations of axial displacement uz with 
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0 2 4 6 8 10
distance  r

-6

-4

-2

0

2

A
x
ia

l 
d

is
p

la
c
e

m
e

n
t 
u

z

p=0.08

=

=

=

Fig.4.Variations of axial displacement uz with 

distance r (case d) 

 

 

  



Journal of Computational Analysis and Applications                                                                          VOL. 28, NO. 6, 2020 
   

                                                                                                                           10.48047/jocaaa.2020.28.06.18 

                                                                                                       214                                Sandeep Kumar et al 202-219 

0 2 4 6 8 10
distance r

-10

-5

0

5

10

15

20
c
h

e
m

ic
a

l 
p

o
te

n
ti
a

l 
fu

n
c
ti
o

n
 P

t=0.08

q=0

q=0.02

q=0.04

Fig.5.Variations of  chemical potential function P  

with distance r (case a) 
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Fig.9.Variations of temperature change T with 

distance r (case a) 

0 2 4 6 8 10
distance r

-4

-3

-2

-1

0

1

te
m

p
e

ra
tu

re
 c

h
a

n
g

e
 T

q=0.08

t=0

t=0.02

t=0.04

Fig.10.Variations of temperature change T with 

distance r (case b) 
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Fig.11.Variations of temperature change T with 

distance r (case c) 
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  8. Conclusion 

The axisymmetric thermoelastic diffusion response of a homogeneous isotropic thick plate subjected to 

prescribed thermal and chemical potential sources has been investigated. The upper and lower surfaces 

are considered traction-free, with an axisymmetric heat supply and a radially expanding ring-type 

chemical potential source imposed on the plate. Using Laplace and Hankel transform techniques, the 

governing equations are solved in the transformed domain, and numerical inversion is applied to obtain 

the physical-domain response. 

The numerical results indicate that the phase-lag parameters have a marked influence on all field 

variables. The axial displacement is highly sensitive near the source region, and its amplitude and phase 

change noticeably with variations in both thermal and diffusion phase lags. The chemical potential and 
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mass concentration show steep variations near the origin, followed by oscillatory behaviour along the 

radial direction. The temperature change is also strongly affected by the phase-lag parameters, confirming 

the coupled nature of heat transfer, deformation, and diffusion in the medium. 

A comparison of different phase-lag cases shows that small changes in these parameters may lead to 

considerable differences in the magnitude and spatial distribution of the response. In particular, the 

diffusion phase-lag parameters significantly modify the chemical potential and mass concentration fields, 

highlighting the importance of including delayed mass-flux effects in generalized thermoelastic diffusion 

models. 

The limiting cases derived from the present formulation show that several classical and generalized 

models can be recovered. The problem has potential applications in deformable solids subjected to 

thermo-diffusive sources, including geological media, advanced engineering materials, and industrial 

processes involving coupled heat and mass diffusion. 
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