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Abstract 

 An accurate hybrid mesh-based Finite Difference Method (FDM) and meshless Radial 

Basis Function-generated Finite Difference (RBF-FD) method is presented for in this paper. 

The method is developed for the simulation of two-dimensional incompressible potential flow 

over a NACA 0012 airfoil. The classical FDM is employed in the structured far-field region 

to ensure computational efficiency, while the RBF-FD local correction is applied near the 

airfoil surface to improve numerical accuracy in regions with strong geometric curvature for 

multiple angles of attack (AoA). 
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1. INTRODUCTION 

 

Accurate numerical simulation of aerodynamic flow around airfoils remains a fundamental topic in 

computational fluid dynamics due to its importance in aerospace and spacecraft engineering, 

mechanical engineering, automotive aerodynamics and renewable energy applications. Airfoils are 

streamlined aerodynamic shapes designed to generate lift when moving through a fluid such as air. 

They are fundamental components in a wide range of engineering systems including aircraft wings, 

helicopter propellers, racing vehicles, wind turbine blades, and unmanned aerial vehicles (UAVs). The 

aerodynamic performance of an airfoil plays a crucial role in determining lift production, drag 

minimization, flow stability, and the overall energy efficiency of aerodynamic systems [1,2]. 

Numerical methods are essential for solving the governing equations around complex geometries such 

as airfoils. Among classical approaches, the Finite Difference Method (FDM) is one of the simplest 

and most efficient techniques for solving partial differential equations on structured grids. FDM 

provides reliable global solutions with strong stability and convergence characteristics, making it one 

of the most widely used numerical techniques for solving partial differential equations in 

computational fluid dynamics [3, 4]. However, when dealing with curved geometries such as airfoil 

surfaces, conventional Cartesian FDM grids often experience geometric inaccuracies and inadequate 

local resolution near the boundary. In contrast, mesh-free methods are highly effective for handling 

complex geometries. A key advantage of mesh-free approaches is that they eliminate the need for 

mesh generation, which is typically a time-consuming task for complicated computational domains [5, 

6]. Since meshfree methods employ arbitrarily distributed nodal points to discretize the domain, the 

computational cost associated with mesh generation is significantly reduced [7, 8]. Consequently, 

research on meshfree methods has attracted considerable attention in both mathematics and 

interdisciplinary engineering applications. The integration of FDM and RBF-FD provides an efficient 

hybrid numerical framework for aerodynamic flow simulation. In this approach, the FDM is utilized 

to evaluate the global flow field on a structured Cartesian grid, whereas the RBF-FD technique is 
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applied locally near the airfoil boundary to enhance numerical accuracy. This hybrid strategy 

combines the computational efficiency and simplicity of FDM with the superior boundary 

representation capability of meshfree RBF methods.  

 In the present study, a hybrid FDM and RBF-FD solver is developed to simulate flow around a 

NACA 0012 airfoil. The two-dimensional Laplace equation governing the velocity potential is solved 

over the computational domain for various angles of attack. Numerical results are presented in terms 

of velocity magnitude contours, pressure distributions, and streamline patterns. The investigation 

highlights the capability of integrating structured-grid finite difference techniques with local meshfree 

corrections to achieve improved accuracy in aerodynamic flow simulations. 

 

2. Mathematical Formulation and Airfoil Geometry 

 

  Consider a two-dimensional, incompressible, inviscid, and irrotational flow over a 

symmetric NACA 0012 airfoil. The fluid density remains constant and viscous shear stresses 

are neglected. Since the flow is irrotational, the vorticity vanishes, i.e., 

 

𝜵𝙭𝑽 = 𝟎 

 

where 𝑽 = (𝒖, 𝒗) denotes the velocity vector in Cartesian coordinates. 

 For irrotational flow, the velocity field can be represented by a scalar velocity 

potential 𝛷(𝑥, 𝑦) such that 𝑽 = 𝜵 𝛷,  or equivalently 𝑢 =
𝜕𝛷

𝜕𝑥
, 𝑣 =

𝜕𝛷

𝜕𝑦
 

 

Because the fluid is incompressible, the continuity equation is 𝜵. 𝑽 = 𝟎 

 

 

Substituting 𝑽 = 𝜵 𝛷 into the continuity equation gives 𝜵 . (𝜵𝛷) = 0 

 Hence, the governing equation for the velocity potential becomes Laplace's equation. 

This elliptic partial differential equation is solved numerically in the computational domain 

surrounding the airfoil. 

Boundary Conditions 

1. On the airfoil surface, the no-penetration condition is imposed. 
𝜕𝛷

𝜕𝑛
= 0, where n denotes 

the outward normal direction. 

2. At the far-field boundary, the uniform free-stream condition is applied. 𝛷 =

𝑈∞(𝑥 cos 𝛼 + 𝑦 𝑠𝑖𝑛 𝛼), where 𝑈∞ is the free-stream velocity and 𝛼 is the angle of attack. 

 

Airfoil Geometry 

For the NACA 0012 airfoil, the thickness distribution is 

 𝑦𝑡 = 5𝑡(0.2969 √x − 0.1260 x − 0.3516 x2 + 0.2843𝑥3 − 0.1015𝑥4),  

where 𝑡 = 0.12.  The upper and lower surfaces are defined as 𝑦𝑢 = +𝑦𝑡, 𝑦𝑙 = −𝑦𝑡. NACA 

$0012$ airfoil geometry presented in the Figure 1. 
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                                  Figure 1: NACA 0012 Airfoil Geometry 

 

3. Mathematical Methodology 

 

First Laplace equation is solved using FDM. Then the solution near the NACA 0012 airfoil 

boundary is refined by RBF-FD method. Thus, the hybrid FDM + RBF-FD method combines 

the efficiency of structured-grid solvers with the advantage of geometric flexibility in 

meshfree methods. 

 

3.1 Finite Difference Approximation 

  

 The central finite differences formula used to approximate the second derivatives. 

𝜕2𝛷

𝜕2𝑥
≈

𝛷𝑖+1,𝑗 − 2𝛷𝑖,𝑗 + 𝛷𝑖−1,𝑗

𝛥𝑥2
, 

 
𝜕2𝛷

𝜕2𝑦
≈

𝛷𝑖,𝑗+1 − 2𝛷𝑖,𝑗 + 𝛷𝑖,𝑗−1

𝛥𝑦2
 

By using in Laplace equation gives 

 

𝛷𝑖+1,𝑗 − 2𝛷𝑖,𝑗 + 𝛷𝑖−1,𝑗

𝛥𝑥2
+

𝛷𝑖,𝑗+1 − 2𝛷𝑖,𝑗 + 𝛷𝑖,𝑗−1

𝛥𝑦2
= 0 

 

For 𝛥𝑥 = 𝛥𝑦, 𝛷𝑖,𝑗 = 0.25(𝛷𝑖+1,𝑗 + 𝛷𝑖−1,𝑗 + 𝛷𝑖,𝑗+1 + 𝛷𝑖,𝑗−1)  

 

The Gauss-Seidel method is used to solve the algebraic system of the discretized equations. 

The maximum absolute residual error (Error=max |𝛷(𝑘+1) − 𝛷(𝑘)|) is calculated with error 

tolerance less than 10−6 to get the convergence. The velocity components are obtained using 

first-order central differences. 
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3.2 RBF-FD Formulation  

  

 The RBF interpolation is defined by  

𝛷(𝑥) ≈ ∑ 𝜆𝑖𝜓(||𝑥 − 𝑥𝑖||)
𝑚

𝑖=1
+ ∑ 𝛽𝑗𝑃𝑗(𝑥), 𝑥 𝜖ℝ𝑑

𝑛

𝑗=1
                         (1) 

where ||𝑥 − 𝑥𝑖|| is the Euclidean norm of the difference between 𝑥 and 𝑥𝑖, 𝑃𝑗(𝑥), 𝑗 = 1,2, … 𝑁 

is a basis for 𝛱𝑛(ℝ𝑑). 𝜆𝑖 and 𝛽𝑗 can be determined by solving the following symmetric linear 

system. 

                                                     
 

where 𝐶 = [𝑐𝑘𝑖]𝑛𝘹𝑛 = [𝜓(||𝑥𝑖 − 𝑥𝑘||)]
𝑛𝙭𝒏

 and 𝑃 = [𝑃𝑗(𝑥𝑖)]𝑚𝘹𝑁 , 𝑖 = 1,2, … 𝑛, 𝑘 =

1,2, … , 𝑁, 𝑗 = 1,2, … , 𝑁. In the present work, the Gaussian radial basis function 𝜓 = 𝑒−(𝜀𝑟)2
  

is employed, where 𝑟𝑘 = √(x − xk)2 + (y − yk)2, 𝜀 is the shape parameter controlling 

smoothness. The RBF-FD correction is applied only near the airfoil surface. For each fluid  

 𝑑𝑚𝑖𝑛 = min
𝑘

[(𝑥 − 𝑥𝛼,𝑘)
2

+ (𝑦 − 𝑦𝛼,𝑘)
2

] . If  𝑑𝑚𝑖𝑛 < 𝛿 where 𝛿 is a prescribed 

threshold distance, then RBF correction is activated for the nodes. 

 

4. Results and Discussion 

 

The hybrid numerical model based on the FDM and RBF-FD was employed to simulate 

inviscid incompressible flow over the NACA 0012 airfoil for angles of attack 𝛼 =

−10𝑜 , −5𝑜 , 0𝑜 , 5𝑜 , 10𝑜 , 15𝑜. The velocity magnitude is calculated from 𝑉 = √u2 + v2 with 

𝑢 =
𝜕𝛷

𝜕𝑥
, 𝑣 =

𝜕𝛷

𝜕𝑦
. The velocity magnitude with different AoA are plotted and presented in 

Figure 2. It confirms that nearly equal velocity on both surfaces for  0𝑜 AoA. So it is zero lift 

for symmetric case. At 𝛼 = 10𝑜 and 15𝑜, a concentrated high-speed region appears near the 

upper leading edge. This corresponds to a strong suction peak and increasing lift.  For 

negative angles, the high-speed zone shifts to the lower surface. This indicates decreasing of 

lift. The result is matching theoretical expectations from thin airfoil theory [9, 10]. The 

pressure field was computed using Bernoulli relation, 𝑃 = 𝑃∞ + 0.5𝜌(𝑈∞
2 − 𝑉2). The 

Pressure field with different AoA are plotted and presented in Figure 3. At zero incidence, the 

pressure contours are nearly symmetric. A stagnation pressure maximum appears near the 

nose of the airfoil where velocity approaches zero. For positive incidence, the upper surface 

develops a large low-pressure zone, especially near the leading edge. Simultaneously, the 

lower surface pressure becomes comparatively higher. This pressure difference generates 

upward lift. It is observed that the pressure field obtained using the proposed methods shows 

good agreement with the theoretical airfoil results [11, 12]. The streamlines illustrate the 

instantaneous direction of flow around the airfoil. The streamlines with different AoA are 

plotted and presented in Figure 4. At 𝛼 = 0𝑜  streamlines split symmetrically at the nose and  
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Figure 2: Velocity Magnitude with AoA −10𝑜 , −5𝑜 , 0𝑜 , 5𝑜 , 10𝑜 , 15𝑜(from top left to right) 
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Figure 3: Pressure Contour with AoA −10𝑜 , −5𝑜 , 0𝑜 , 5𝑜 , 10𝑜 , 15𝑜(from top left to right) 



Journal of Computational Analysis and Applications                                                                          VOL. 35, NO. 6, 2026 
   

                                                                                                              10.48047/jocaaa.2026.35.06.18 

                                                                                            177                       Nikunja Bihari Barik et al 171-179  

 

 
 

Figure 4: Streamline with AoA −10𝑜 , −5𝑜 , 0𝑜 , 5𝑜 , 10𝑜 , 15𝑜(from top left to right) 

 

reunite at the trailing edge. For positive incidence, streamlines bend upward over the top 

surface and downward below the body. At larger positive angles, streamline curvature 

becomes stronger, especially near the leading edge. This indicates stronger aerodynamic 

loading. For negative incidence, the streamline deflection reverses direction, producing 

downward aerodynamic force. This behavior agrees with classical aerodynamic flow 

visualization around lifting bodies [11]. 
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5. Conclusions 

  

 This paper presented a hybrid mesh-based and meshless numerical framework 

combining the FDM and RBF-FD method is developed for NACA 0012 airfoil over a wide 

range of incidence angles. The classical FDM solved the governing equation efficiently while 

RBF-FD correction improved solution smoothness near curved boundaries. The predicted 

velocity magnitude, pressure contour and streamline curvature are all physically consistent 

with classical airfoil theory.  
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