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Abstract

Let f:V (G) — N be a labeling of the vertices of a graph G by positive integers.
Let S(v) denote the sum of labels of the neighbors of the vertex v in G. If isolated vertex v
of G, we put S(v) = 0. A Labeling f is lucky if S(u) # S(v) for every pair of adjacent
vertices u and v. The lucky number of a graph G, denoted by 1n(G) is the least positive
integers n such that G has a lucky labelling with integer {1, 2, ..., n} as the set of labels. We
determined the lucky and proper labeling of spliting graph of C,,. Let f:V (G) = N be a
labeling of the vertices of a graph G by positive integers. Define S(v) = Yyenw) f (W), as

the sum of neighborhood of vertex v, where N(v) denotes the open neighbourhood of v €
V. A labeling f is lucky if S(u) # S(v) for every pair of adjacent vertices u and v. The
lucky number of a graph G, denoted by n(G), is the least positive integer k such that G has
a lucky labeling with {1, 2, ..., k} as the set of labels. A Lucky labeling is proper lucky
labeling if the labeling is proper as well as lucky, that is, if u and v are adjacent in G, then
f) # f(v) and S(u) # S(v). The Proper Lucky number of G is denoted by 1, (G), is
the least positive integer k such that G has a proper lucky labeling with {1, 2,- - -, k} as the
set of labels.
Keywords: Labeling, Lucky Labeling, Splitting graph.
AMS Subject Classification: 05C78
1 Introduction

In the mathematical discipline of graph theory, a graph labeling is the assignment
of labels, traditionally represented by integers, to edges or vertices of a graph. Formally,
given a graph G = (V, E), a vertex labeling is a function of V to a set of labels; a graph with
such a function defined is called vertex-labeled graph. Likewise, an edge labeling is a

function of E to a set of Labels. In this case, the graph is called edge-labeled graph.
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In essence, graph labeling provides a flexible and powerful framework for representing,
analyzing and solving problems in various fields by assigning labels to the elements of a graph

according to specific rules and contraints.

Let f:V (G) — N be a labeling of the vertices of a graph G by positive integers. Let
S(v) denote the sum of labels of the neighbors of the vertex v in G. If isolated vertex v of G,
we put S(v) = 0. A Labeling f is lucky if S(u) # S(v) for every pair of adjacent vertices
u and v. The lucky number of a graph G denoted by n(G), is the least positive integers n such
that G has a lucky labeling with integer {1, 2, ..., n} as the set of labels.

A lucky labeling is proper lucky labeling if the labeling f is proper as well as
lucky, that is if u and v are adjacent in G then f(u) # f(v) and S(u) # S(v). The proper
lucky number of G is denoted by 7, (G), is the least positive integer k such that G has a

proper  lucky labeling with  {1,2,...,n} as the set of Ilabels.
2 Lucky and Proper lucky labelings of spiltting graphs of Cycles

Theorem 2.1. Splitting graph of C;,,, n > 2 is lucky with n(C,,) = 2.

Proof: Let Cyp: V1 Vy. .. Uy VUpyq. - - Vap be the cycle of length 2n. Let S'(C,,,) be the splitting
graph of C,,. Let v;be the added vertex corresponding to v; in C,, for
i=1,2,...2n. Let V and E be the vertex and edge sets of S'(C,,). Therefore V =

{ViVs. . . UpVpsq, V1, V3., Vot and E = {v 0,5, Uy V3, ..., Vopn_1Van, VanV1} U

{(Viv2, V303, . Vo1 Van, VarV1} U {V1V2n, V3V1, .., Vo Van-1}-

Define f:V — {1,2} such that f(v,;_1) = 1,f(vy;) =2for1 <i <n, f(v)) =2 for

1 <i<2n.Now fori # n,

SW2) = f(Waic1) + fW2is1) + fF(W2im1) + f(W2041)
=1+1+2+2=6

SWan) = f(Wzn-1) + f(v1) + f(Wan—1) + f(v))
—1+1+2+2=6

2 SWy) =6, Vi =1,2,...,n

Fori # 1,

SWai-1) = fWai2) + f(2) + f(Wen—2) + f(v3)
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=24+24+2+2 =28

Fori =1,
S(y) = f(Wzn) + f(v2) + f(v2n) + f(v3)
=2+2+2+2=28

A S(vzi_l) = 8,Vl = 1,2,...,n -1

Fori =n,
SWa) = f(v1) + f(v2i-1)
=1+1=2
Also S(v3) = f(v2i-1) + f(V2i41)
=1+1=2
S(ai-1) = f(W2i2) + f(va)
=24+2=4
S(w1) = f(v2) + f(van)
=242 =4

. , ,
Thus,v, is adjacent to v;_q, v;41, V;_, and v;,; we have

_ (8 ifiisodd
S(vi) _{6 if iiseven
~ _ (4 ifiisodd
S(vi) _{2 if iis even

S'(Cap) is a lucky graph with n(Cy) = 2.

4 2

Figure 1. Lucky Labeling Splitting graph of C,
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Figure 2. Lucky Labeling Splitting graph of Cq

Theorem 2.2. Splitting graph of C,,,n = 3 and n is odd, is lucky with n(C,,) = 3.

Proof: Let Cp,: v1V,... 1, be the cycle of length n. Let S'(C,,) be the splitting graph of C,,.
Let vy, be the added vertex corresponding to vi in C,, fori = 1,2,...n.

Let V and E be the vertex and edge sets of S'(C,,).

Therefore V = {vy,vy,...,Vn, V1, V3,...,0n} and E = {v,05,V,V3,..., Vp_1Vy, UnV1} U
{V1Vy, V3V3, .o, Uy Un, Un V1 } U {U1 0y, UV, .., UnVn_q }-

Case (i) n = 3 (mod 6)

Define f: V (S'(C,)) — {1, 2,3} such that

1ifi =1 (mod3)
f(v) =12 ifi =2(mod3),1<i<n
3 ifi =0 (mod 3)

and f(v]) = 2,for1<i<n

Now S(vi) = f(Vi-1) + f(Vis1) + f(Wi1) + f(Vis)

3+2+4+2+4+2=9 ifi=1(mod3)
=<14+3+2+2=8 ifi=2(mod3)
24+1+2+2=7 ifi=0(mod 3)

and S(v;) = f(i-1) + f (Vis1)

3+2=5 ifi=1(mod?3)
=<{1+3=4 ifi=2(mod3)
24+1=3 ifi=0 (mod 3)
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Figure 4. Lucky Labeling S'(C,) withn(S'(C,)) =3

Case (ii) n =5 (mod 6)
Define f:V(5'(C)) — {1,2,3}such that

1ifi =1 (mod 3)
f(w) =432 ifi =2(mod3), 1<i<n
3 ifi =0 (mod3)

1 ifi =0 (mod 3)
and f(v)) =12 ifi =1(mod3), 1<i<n
3ifi =2 (mod3)

Fori =1,

SWi) = fWir1) + f(vn) + fWir1) + f(vn)
=2+2+3+3=10
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Fori =n,
S) =fw) + f(Wn-1) + f(v1) + f(vp-1)
=1+1+2+2=6

Fori=2,3,....,.n—1

Sy = fWi—) + fwir) + fWis) + f(vi1)

1+42+24+1=7 ifi=2(mod3)
=<2+1+3+2=8 ifi=0(mod3)
3+2+1+3=9 ifi=1(mod3)

Fori =1,

S'W) = f(Wisr) + f(vn)
=2+2=4

Fori =n,

S'W) = f(v1) + f(¥n-1)
=14+1=2

Fori = 2,3,....,.n — 1

SW) = fi) + f(Wis1)

1+3=4 ifi=2(mod3)
=:2+1=3 if i =0 (mod3)
3+42=5 ifi=1 (mod3)

Figure 5. Lucky Labeling S’'(Cs) withn(S'(Cs) =3
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Figure 6. Lucky Labeling S'(C;1) withn(S'(Cy1) = 3

Case (iii) n = 1 (mod 6)
Define f: V (S'(C,)) — {1, 2, 3} such that
1ifi =1 (mod3)
f(w) =12 ifi =2(mod3), 1<i<n
3 ifi =0(mod3)
1 ifi =1 (mod 3)

and f(v)) =42 ifi =2(mod3), 1<i<n
3ifi =0 (mod3)

Fori =1,

SW) = fir) + fn) + fWi) + ()
=2+1+2+1=6

Fori =n,

Sw) = f(w) + f(n1) + f(1) + f(vp=1)
=14+3+1+3=8

Fori=23,....n — 1

SWi) = f(Wim) + fWir) + FWii) + f(Wige)

14+3+1+3=8 ifi=2(mod3)
=<2+4+1+2+1=6 ifi=0(mod3)
34+42+34+2=10 ifi=1(mod3)

Fori =1,

Swi) = f(ir1) + f(vn)
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=2+1=3

Fori =n,

S'w) = fw) + f(n-1)
=1+3=4

Fori=2,3,....n — 1

S'w) = f(Wi-1) + f(Wis1)

1+3=4 ifi=2(mod3)
=<{2+4+1=3 ifi=0(mod3)
342=5 ifi=1 (mod3)

Hence n(S'(C,)) = 3,ifn = 3 and n is odd.

Figure 8. Lucky Labeling S'(C;3) with n(S'(Cy3) = 3
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3 Lucky and Proper lucky labelings of bistar and its square graph
Definition 3.1. The bistar graph B,, ,, is the graph obtained from K, by joining n pendent
edges to one end and m pendent edges to the other end of K,. That is a bistar By, ,, is the
graph obtained by joining the centers of two stars K, ,, and K; , with an edge. It can be
obtained that By, ,, = B, 1.

2ifm=n
lifm#+n’

Theorem 3.2. Bistar B,,, , for m,n = 1 is a lucky graph with n(B,,,) = {
Proof: Let K, = uv and construct the bistar by joining m pendent vertices wy, wy, ..., Wy,
to u and n pendent vertices Wy,41, Win42, - » Wimn to v. Then,

V(Bpyn) ={wv, wi1<i<m+n}and E(By,) = {uv,uw;, vwj: 1 <i <mand
m+1<i < m+n}

We prove the theorem in two cases.

Case(i):m=n

Define f: V(B,m) — {1, 2} by

fw) =1

fw) =1

1 for 1<i <m,
f(wi) _{2 for m+1<i <2m

Let us find the neighborhood sum of each vertex.

Swy=m + 1

Sw)y=2m+1

Sw) =1for1 <i<2m

Obviously m + 1 # 2m + 1 for all m.

Let S; be the set of vertices for which the sum of the labels of the neighborhood
vertices are L. Then,

S1={wi:1<i<2m}

Sm+1 = {u}

Som+1 = {v}

It can be easily seen that the vertices in each of the sets S;, S;,41 and S, 41 are non
adjacent. Hence f'is a lucky labeling and (B, ,,) = 2.

Case (ii): m #n

Define f : V(Bpn) — 1by
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fw) =1

fw) =1

fw) = 1forl1<i<m+n
Then,

Swy=m+1

Sw) =n+1

S(w)) = 1forl1<i<m + n.

Obviously 1,m + 1and n + 1 are different integers.

Si ={wi:l £i < 2m}

Sm+1 = {u}

Sn+1 = {v}

It can be easily seen that the vertices in each of the sets Sy, S;,+1 and S, are non
adjacent. Hence f is a lucky labeling and n(B,, ) = 1.

Example 3.3. Figure 9 illustrates a lucky labeling of the bistar B3 3 withn(B33) = 2

and Figure 10 illustrates a lucky labeling of the bistar B,3 with 1n(By3) = 1.

1(1)(ws) 1(2)
1(5) 27

1(1)@ u @ @1(2)

1(1) 1(2)

Figure 9. Figure 10.
Lucky Labeling B3 3 with (B3 3) = 2 Lucky Labeling B, 3 with(By3) =1

1(1)(ws)

Theorem 3.4. Bistar B, ,for m, n > 1 1is a proper lucky graph with

3 ifm=n=1

B =
Mp (Bm,n) {2 otherwise

Proof: We denote the vertices and edges of B2 ,in the following way V (Bj,) =
{uv,wi:l <i <m+ n}andE(B%,) = {uv,uw,vwi:1 < i < m + n}.

We prove the theorem in three cases.

Case(i)m=n=+1

Define f : V (Bpym) — {1,2} by
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fw) =2

fw) =1

F00 =l formiisi % om
Then,

Swy=m+1

Sw)y=2m + 2

(2 for 1<i <m,
S(Wi)_{l for m+1<i <2m

Note that adjacent vertices have different labels. Let S; be the set of vertices for which the
sum of the labels of the neighborhood vertices are [. Then,

Si={wii+1<i<m+n}

S, = {w;:1 <i<m}

Sm+1 = {u}

Sam+z = {V}

It can be easily seen that the vertices in each of the sets Sy, S1;,4 and Sy, 1are non
adjacent. Hence f is a lucky labeling and 1, (Bp, ) = 2.

Case (ii)xm=n=1

Then the bistar B, ; is the path P, = wyw,ws3. Define f: V(B;1) — {1,2,3} by

fw)) =1
fw) =3
fw) =1
flwz) = 2
Then,

S(wy) = 3
S(u) = 2
S(v) =5
S(wy) =1

Obivously f is a  proper lucky labeling and np(B11) = 3.
Case (iii)): m # n

Let m > n. Define f: V(B,,) — {1,2} by

fw =1

3516 C. Kavitha et al 3506-3520



Journal of Computational Analysis and Applications

fw) =2

(1 for 1<i <m,
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S(w) = 2(m + 1)
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“M)_& form+1<i <m+n
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Sincem > n, 2(m+ 1) # n + 1. It can be observed that adjacent vertices have distinct

labels and any two adjacent vertices are having different neighborhood sum.

Hence f is a proper lucky labeling and np(By,,,) = 2.

Since By, , = By m, the result follows if m < n also.

Example 3.5. Figure 11 illustrates a proper lucky labeling of the bistar B3 3 with 17,,(B33) =

2, Figure 12 illustrates a proper lucky labeling of the bistar B, ; with 1,(By) = 3 and

Figure 12 illustrates a proper lucky labeling of the bistar B,; with 7,(B3) = 2.

2(1)

1(8

(1)
o

2(1)

S

2(1)

Figure 11
Proper Lucky Labeling B3 3 with (B3 3) = 2

L

Figure 12
Proper Lucky Labeling B, ; withn(B; 1) =3

2(1) ()
2(1) 1(10)
2(1)(wy)

Figure 13
Proper Lucky Labeling B, 3 withn(B,3) =1
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Definition 3.6. For a simple connected graph G, the square of the graph G, denoted by G?2,
is defined as the graph with the same vertex set as G and two vertices are adjacent in G2 if
they are at a distance 1 or 2 apart in G.

Theorem 3.7. The graph BZ ,, admits a lucky labeling for m,n > 1and n(B%,) = 2.
Proof: We denote the vertices and edges of Bj,, in the following way V (Bj,) =
{fuv,wi:1 <i <m+ ntand E(By,) = {uv,uwi,vwi:1 < i < m + n}
Case(i):m=n

Define f: V(Bpm) — {1,2}by

fw) =2

fw) =1

(1 for 1<i <m,
f(Wi)_{z for m+1<i <2m

Then,
Swu)y=3m + 1
Sw) =3m + 2

S(wy)) = 3forl <i < 2m

S(u),S(v) and S, are all different for all values of m. Let S; be the set of vertices
for which the sum of the labels of the neighborhood vertices are 1. Then,
S3={w;:1 < i < 2m}

Sam+1 = {u}

Sam+2 = {V}

It can be easily verified that the vertices in each of the sets S3, Syp41 and Sy, are

non adjacent. Hence f is a lucky labeling and n(Bj, ) = 2.

Case (ii): m #+ n.
Let m > n. Define f: V (B, ,) — {1,2} by

fw =1

fw) =2

2 for 1<i <m,
f(w) _{1 for m+1<i<m+n

Now,
Sw) =2m +n + 2
Sw)y=2m+n + 1
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S(wj)) = 3forl<i<m+n

It can be observed that any two adjacent vertices are having different neighborhood

sum. Hence f'is a lucky labeling and (B, ) = 2.

Since B, , = By, ., the result follows if m < n also.

From all the above cases we have the graph Bf, ,, admits a lucky labeling for m,n > 1 and
n(Bhn) = 2.

Example 3.8. Figure 14 illustrates a lucky labeling of the graph BZ 5 with n(B%3) = 2

and Figure 15 illustrates a proper lucky labeling of BZ; with n(Bj3) = 2.

2(10) l(il)
Figure 14
Proper Lucky Labeling B 5 with n(B33) = 2

2(3]![‘1

wy1(3)

Figure 15
Proper Lucky Labeling Bf 3 with (BZ3) = 2
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