Journal of Computational Analysis and Applications VOL. 33,NO. 7, 2024

10.48047/jocaaa.2024.33.07.94
SPILT DUPLEX EQUITABLE DOMINATION NUMBER OF A
GRAPH

Ajoba E.V!, V.G. Bhagavathi Ammal®

* Lecturer in Mathematics, Moderator Gnanadason Polytechnic Nagercoil, Tamil Nadu, India
(Affiliated to Directorate of Technical Education)

#24ssistant Professor, Department of Mathematics, S.T. Hindu College Nagercoil, Tamil Nadu, India
(Affiliated to Manonmanium Sundaranar University, Abishekapatti, Tirunelveli, Tamilnadu)
Lajoebenezer7174@email.com, *bhagavathianand@gmail.com

Abstract

Let G = (V, E) be a graph. A subset D € V is said to be a dominating set of G if
every vertex in V-D is adjacent to some vertex in D. The cardinality of a minimum dominating set
D is called the domination number of and is denoted by y(G). A duplex equitable dominating set
D of a graph G is split duplex equitable dominating set if the induced subgraph <V — D > is
disconnected. The minimum cardinality of split duplex equitable dominating set is called split
duplex equitable domination number and it is denoted by ysde(G). In this paper, we obtain some
results on Split Duplex Equitable domination number of a graph, found relationship between other
domination parameters and we found the best possible upper and lower bounds for y,,, then we
characterize the graphs satisfies these bounds, obtained y,;, number for some standard graphs.
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1.Introduction

The graph considered here are simple, finite, connected, undirected with vertex set V and
edge set E. A graph G = (V,E) consists of set of objects V = {vy,v,,vs...... } called vertices
(nodes or points) and E = {e;,e,,€3....... } whose elements are called edges. The vertices are
represented as points and each edge as a line segment joining its end vertices. The number of
vertices and edges are denoted by m and n respectively. A graph G is called complete graph if
every pair of vertices are adjacent in A. The complete graph with n vertices is denoted by K,,. A
bipartite graph is a graph whose vertex V (G) can be partitioned two non-empty subset V; and
V, such that every edge of G one end in V;and another in V,,is called (V;,V,) bipartition of G. If
further every vertex of V; is joined to every vertex of V,, the G is called complete bipartite graph
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with partition (Vy, V) such that |V;|=s and |V, |=t is denoted by K, ;. A degree of a vertex v in a

graph G is the number of edges incident with the vertex v and it is denoted by deg (v). The
minimum degree and maximum degree of the G denoted by §(G) and A(G) respectively. A star,
denoted by Kj ,,_1 1s a tree with one root vertex and n — 1 pendant vertex. A wheel is denoted by
W, is a graph with p vertices formed by connecting a single vertex to all vertices of n — 1 cycles.
A graph G,is isomorphic to G, if there exists a bisection @ from V (G;) to V (G) such that uv €
E(G,) ifand only if @(u)@(v) € E(G,). If G, is isomorphic to G,, then we write G; = G,.For any
graph G, the semi total point graph T, (G) is the graph whose vertex set is the union of vertices and
edges in which two vertices are adjacent if and only if they are adjacent vertices of G or one is a
vertex and other is an edge of G incident with it. Vertex coloring is an assignment of colors to the
vertices of a graph ‘G’ such that no two adjacent vertices have the same color. The minimum
number of colors required for vertex coloring of graph ‘G’ is called as the chromatic number of G,
denoted by y(G). Let G = (V, E) be a graph. A subset D € V is said to be a dominating set of G if
every vertex in V—D is adjacent to some vertex in D. The minimum cardinality taken for all the
dominating set is called the domination number and it is denoted by y(G). A subset D of V is said
to be equitable dominating set of G if for every v€ V — D there exists a vertex u € D such that
uve E(G) and | deg(u) — deg (v)| < 1. The minimum cardinality such dominating set is called
equitable domination number and it is denoted by y®(G). A dominating set D of a graph G is a
non-split dominating set if the induced subgraph <V-D> is connected. The minimum cardinality
non-split dominating set is called non-split domination number and it is denoted by ¥,,5(G). In this
chapter we introduce the concept of split duplex equitable domination number of a graph. Also
split duplex equitable domination number is determined of some general graph and standard

graph and its characterization is discussed. Then some upper bounds were obtained.

2.Split duplex equitable domination number
Definition
A duplex equitable dominating set D of a graph G is split duplex equitable dominating

set if the induced sub graph <V — D > is disconnected. The minimum cardinality of split
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duplex equitable dominating set is called split duplex equitable domination number and it is

denoted by Y54 (G).
Example :1

Consider the graph

Here D ={u,w,y, uy,v,wy,x1,¥1}and V — D = {v, x}.

Letv € V — D, then vu,vw € E(G) and | deg(v) — deg (u)| < 1

Letx € V — D, then xw, xy € E(G) and | deg(x) — deg (w)| < 1 also induced subgraph
< V — D > is disconnected. Hence D is split duplex equitable dominating set. Also

ysde(G) =5

2 Split Duplex Equitable Domination Number for general and special graphs

Theorem :2.1

n+1

For all paths (P,), Ysqe (Py) = nz
5 ifniseven

if nisodd

Proof:
Let V(B,) = {v1, V5, . ... , Un} be the vertices of B, and deg(v;) = deg(v,) = 1 and
deg(v;) =2,fori=23...n—1.

Case(i) If n is odd
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Take D = {vq, v, ... ... Vn_o,Uptand V — D = {v,,v,, ...... Vp—1}. Forany v; €V — D, v; is

adjacent to v;_, and v;,; also |deg(v;) — deg(v;;1)| < 1.Clearly <V — D > is

disconnected. Hence D is minimum split duplex equitable dominating set. therefore

+1
Ysae(B) = nT

Case(ii) if n is even

The proof similar of case (i)

Theorem :2.2

n+1

For all cycle (Cp),¥Vsae(Cr) =12
5 ifniseven

if nis odd

Proof:
Let V(C,) = {vy,v4, .. ... , U} be the vertices of B, and deg(v;) = 2, fori =123 ....n.
Case(i) If n is odd
Take D = {vq, v3, ... ... Vp_o,Uptand V — D = {v,, vy, ... ... Vp_1}. Forany v; €V — D, v; is

adjacent to v;_, and v;,; also |deg(v;) — deg(v;;1)| < 1.Clearly <V — D > is
disconnected. Hence D is minimum split duplex equitable dominating set. Therefore
Vsae(P) = =

Case(i1) if n is even

The proof similar of case (i)

Theorem :2.3
For complete bipartite graph (Kp’q),ysde((k'p’q) =min{p,q}if|p—q| <1

Proof:
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Let V(Kp'q) = {vl, Vg weeene » Upy Ug, U, wee s ,uq} be the vertices of Kpq and

deg(v;) =q,fori=123...p.deg(u;) =p,fori=1273...q.

Ifp <q,Take D = {vl, 2T ,vp} andV — D = {ul,uz, ...... ,uq}. For every vertices

u; € V — D, u; is adjacent for any v;, v, € D and |deg(w;) — deg(vj)| = |p —q| £ land
Clearly < V — D > is disconnected. Hence D is minimum split duplex equitable dominating
set. Therefore ysde((Kp,q) =p.

If g <p, Take D = {uy,uy, ... .., ug} and V — D = {v;, v,, ... ..., v, }. For every vertices

v; € V — D, u; is adjacent for any u;, u, € D and |deg(ul-) — deg(vj)| =|p—q| < land
Clearly < V — D > is disconnected. Hence D is minimum split duplex equitable dominating
set. Therefore ysde((Kp,q) =q.

Theorem : 2.4

n+2

- if nis even
For any wheel (W ,,), Vsde(W1,n) =19 ns3 . .
— if nis odd
Proof:
Let V(IWy ) = {v,v4, Vg, .. ... , Un} be the vertices of W ,, also deg(v) = nand
deg(v;) =3,fori=123...n
Case(1) If n is odd
Take D = {v, v,, Vg, ... ... Vn-2,Uptand V —D = {v,,vs, ... ... Vp-1}.

For any v; € V — D, v; is adjacent to v;_, and v;,; also |deg(v;) — deg(v;+1)| < 1.

Clearly < V — D > is disconnected. Hence D is minimum split duplex equitable dominating

set. Therefore ysge (W ,) = "T”
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Case(ii) if n is even

The proof similar of case (i)

Theorem :2.5

3n+2 . .
5 if nis even
For any Helen graph (Hy,), ¥sqe(Hp) =19 3743 .
. if nisodd
Proof:
Let V(H,) = {v, v, vy, «.. ... , Un, V1, V3, U3 ..., Uy} be the vertices of H,, also

deg(v) =n,deg(v;) =4, anddeg(v;) =1 fori=123...n

Case(i) If n is odd

Take D = {v, vy, Uy, ... ... Vn—2, U, V1, V5, V5 .., Upyand V — D = {vq, V3, ... ... Vp-1}-

For any v; € V — D, v; is adjacent to v; and v;,4 also |deg(v;) — deg(v;;1)| < 1. Clearly

<V — D > is disconnected. Hence D is minimum split duplex equitable dominating set.

3n+2
2

Therefore ys4.(Hy) =

Case(il) if n 1s even

The proof similar of case (1)
Theorem :2.6

3n .. .
> if nis even

3n+1 . .
> if nis odd

For any combo graph (B,°P,), Vsqe (B.°P2) =

Proof:
Let V(B,°P,) = {vy, vy, ... ... , Un, V1, V3, Vs ..., Uy} be the vertices of B,°P, and
deg(v,) = deg(v,) = 2anddeg(v;) =3,fori=23...n—1anddeg(v;) =1 fori=
1,23...n

3431 Ajoba E.V et al 3426-3441



Journal of Computational Analysis and Applications VOL. 33,NO. 7, 2024

10.48047/jocaaa.2024.33.07.94
Case(i) If n is even

Take D = {vq, v, ... ... Vpe2,Up, V1, V9, U3 o, Uptand V — D = {v,, vy, ... ... Vy—1}. For any
v; € V — D, v; is adjacent to v; and v;,; also |deg(v;) — deg(v;41)] < 1. Clearly < V —
D > is disconnected. Hence D is minimum split duplex equitable dominating set. therefore
Ysae(Pa°P2) = 37n

Case(ii) if n 1s odd

The proof similar of case (i)

Theorem :2.7

3771 if nis even
For any crown graph (Cn°P2), Vsae (Cn®P2) = Y3ni1 .
if nis odd

2
Proof:
Let V(C,°P,) = {v1, Vg, won v , Un, V1, V3, U3 ..., Uy} be the vertices of C,°P, . Then
deg(v;) =3,fori=123...nanddeg(v;) =1 fori=123...n
Case(i) If n is even
Take D = {vq, v3, ... ... Vne2, U V1, V9, V5 wn, Uptand V — D = {v,, vy, ... ... Vp_1}. For any
v; € V — D, v; is adjacent to v; and v;,; also |deg(v;) — deg(v;41)] < 1. Clearly < V —

D > is disconnected. Hence D is minimum split duplex equitable dominating set. therefore

Vsae(Cn®P2) = 2
Case(i1) if n is odd
The proof similar of case (i)
Theorem : 2.8
For any bistar graph (B ), ¥Vsae(Bpg) =P +q—1if[p—q| <1
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Proof:

Let V(Bp'q) = {v, V1, Vg, e enn Upy Uy U, Uz, ceeven sy uq} be the vertices of Bp,q . Then
deg(v) = p,deg(v) = q,deg(v;) = 1fori =123 ....panddeg(u;) =1 fori =
1,23 ...q
Take D = {v, V1, Ugy e e Vp, Uy, Uy, ... ....,uq} and V—D ={u}. Foranyu €V — D, u is
adjacent to u; and v also |deg(u) —deg(v)| = |p —q| < 1.Clearly <V — D > is
disconnected. Hence D is minimum split duplex equitable dominating set. therefore
Vsae(Bpg) =P +q—1
Theorem :9

For all book graph (B,,), ¥sqe(Bp) =n+1
Proof:

Let V((By) = {v, vy, vy, ... ... Vp, U, Uy, Uy, ... ..., Uy } be the vertices of B, . Then
deg(v) =n,deg(v) =n,deg(v;) =2 fori=1,2,3...panddeg(u;) =2 fori=
1,2,3...n.

Take D = {v,uqy, Uy, oo .., uptand V. — D = {u, vy, v, ... ... vp}. Foranyu € V — D, uis
adjacent to u; and v also |deg(u) — deg(v)| < 1. Clearly < V — D > is disconnected.
Hence D is minimum split duplex equitable dominating set. Therefore y54.(B,) =n + 1

Theorem :2.10

= if nis even
2
For any Fan graph (Fl,n)a Vsde (Fl,n) = In+1 . )
5 if nisodd

Proof:
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Let V(Fy ) = {v, V4, Uy, ... vy, } be the vertices of F; ,, . Then deg(v) = n,deg(v,) = 2,

deg(v,) = 2,anddeg(v;) =3 fori=2,3...n—1

Case(i) If n is even

Take D = {v,vy,v3, ... Vy_1}and V — D = {v,, v,, ... ... v,}. Forany v; €V — D, u is
adjacent to v;,4 and v also |deg(v;) — deg(v;;1)| < 1. Clearly <V — D > is

disconnected. Hence D is minimum split duplex equitable dominating set. Therefore

Ysae(Fin) = g
Case(ii) if n is odd
The proof similar of case (1)

Theorem :2.11

%n if nis even
For any Fan graph (F1,,°P;), Vsde (F1,n°P2) = 93Y3n+1 . )
—— if nisodd

Proof:

n

By theorem: 10 we know that Y4, (Fl,n) = n?l-l

— if nis odd

if nis even

The graph F; ,,°P, obtained by adding a P, to each vertex of F; ,,. That means add a pendent
vertex to each vertex of F; ,,. Every duplex equitable dominating set contains the pendent

vertices. So add all pendent vertices of minimum split duplex equitable dominating set of

Fin.

3n

If n is even then Y44, (Fl,n°P2) = 2 tn=—

n+1 _ 3n+1

If n is odd then y4, (Fl'n"Pz) =——tn=—
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Theorem :2.12

For any friendship graph (C%),ysq.(C3) =t +1

Proof:
Let V(CY) = {v,ay, by, a3, by, ... ...., a, by} be the vertices of Ct . Then deg(v) =
t,deg(a;) = 2and deg(b;) =2 fori=123...t
Take D = {v,ay,ay, .......,asyand V — D = {by, b,, ......., b;}. Forany b; € V — D, b; is
adjacent to v and a; also |deg(b;) — deg(a;)| < 1. Clearly < V — D > is disconnected.

Hence D is minimum split duplex equitable dominating set. therefore y44,(C3) =t + 1

3. Bounds of split duplex equitable dominating set

Observation 3.1

Let G be a non-complete graph then there exists two vertices u and which is not
adjacent. If u and v are equitable vertices then | deg(u) — deg (x)| < 1 for all x € N(u) and
| deg(v) — deg (y)| < 1 forally € N(v). Then G — {u, v} cannot be complete then there
exists a vertex x is adjacent to u with deg (x) = n — 2. Hence degree = n — 1 this implies
that u adjacent v which is contradiction. Therefore there exists x,y € G — {u, v} which is not
adjacent.
Remark:3.1
The split duplex equitable dominating set exists if §(G) > 2

Assume that there are vertices which is not equitable and sub graph induced by set of

all not equitable vertices is not complete or contains at least two non-trivial components.
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Remark:3.2

Suppose G is disconnected graph contains a minimum split duplex equitable dominating set.
Then any minimum split duplex equitable dominating sets is a minimum split duplex
equitable dominating set.
Observation :3.2
K(G) £ Y54e(G), where k(G) is the connectivity of G
Theorem :3.1
For any graph G, ¥(G) < ¥4e(G) < ¥54(G)
Proof:

Every split duplex equitable dominating set is duplex equitable dominating set also
every duplex equitable dominating set is a dominating set. Hence y(G) < y4.(G) <

Ysae(G).

Theorem :3.2
For any graph, ¥4¢(G) < min{¥pnsqe(G), Vsae(G)}
Proof:

Since every split duplex equitable dominating set and non split duplex equitable
dominating set of G are the duplex equitable dominating set of G we have ¥4, (G) < Ys40(G)
and ¥4 (G) < Ynsae(G). Hence ¥4 (G) < min{ypsge(G), Vsae (G}

Observation :3.3
For any connected graph, 2 < y4.(G) <n — 2
Observation :3.4

If H is a connected spanning sub graph of G then ys;,(H) < Ys4.(G)
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Theorem :3.3

A duplex equitable dominating set D of G is split duplex equitable dominating set if and only
if there exists two vertices v, and v, in V — D such that v; — v, path contains a vertex of D.
Proof:

Suppose D is duplex equitable dominating set and if there exists v; and v, inV — D
such that v; — v, path contains a vertex of D. then <V — D > is not connected. Then D is
split duplex equitable dominating set.

Conversely
Suppose < V — D > is disconnected. So take v; and v, in different components of V — D.
Then any v; — v, path contains a vertex of D.
Theorem :3.4
A split duplex equitable dominating set is minimal if and only if for each vertex v € D one of
the following holds
(1) There exists a vertex u € V — Dsuch that N(u) N D = {v} or N°(u) N D = {v}
(1))  vis equitable strong in < D >
(iii) ((V —D)U {v}) is connected
Proof :

Suppose D is minimal split duplex equitable dominating set such that v does not
stratify any of the above conditions. Suppose (i) and (ii) not satisfy then D is not duplex
equitable dominating set hence D — {v} duplex equitable dominating set. Suppose (iii) is

not satisfy ((V — D) U {v}) is disconnected. Therefore D — {v} split duplex equitable
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dominating set which is a contradiction to D is minimal split duplex equitable dominating set

. Hence v is satisfy one of the above conditions.

Converse is obious

Remark:3.3

Any super set D of split duplex equitable dominating set is a split duplex equitable
dominating set if [D| < n — 2.

Theorem :3.5

nA(G)
Ysae(G) < AG) +1

Proof:

Let D is minimal split duplex equitable dominating set. Since D is minimal for any
vertex v € D ((V —D)U {v}) is connected. Therefore there exists a vertex u € V — D such
that u is adjacent to v. so V — D is a dominating set. Since |V — D| > 2,V — D duplex
equitable dominating set

Therefore y4.(G) < |V — D| < n — ¥54.(G)

n

But T

S Y(G) £ Vae(G) < ¥5qe(G)

Hence ¥54¢(G) <1 —¥qe(G)

< n
="TAG) + 1

B nA(G)
T AG)+1

nA(G)
AG)+1

SO Vsde G) <

Theorem :3.6
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For any graph G, n — % + % < ¥sae(G) where G is (n,m) graph and m, = minq(< D >)

where D is minimal split duplex equitable dominating set.
Proof:
Let D be minimal split duplex equitable dominating set of G. Then for every v € V —

D ,there exists atleast two edges from u in D and there exists at least 2|V — D| edges from
V — D to D. Then number of edges of G, m > 2|V — D| + m,

m > 2|V| = 2|D| + mq

2|D| > 2|V —m +m,

2Y54e(G) > 2n —m + m,

Ysae(G) > n —%+%
Hence n — % + ? < Vsae(G)
Theorem :3.7

2n
For any graph G, ys4.(G) = A+_2]

Proof:

Every vertex in V — D contribute two to the degree of sum of vertices of D. since
2|V — D| < Y deg (u) for ue D where D is split duplex equitable dominating set of G.
therefore 2|V — D| < Y, deg(u) < ys4.(G)A which implies 2|D| — 2|V| < y54.(G)A which

means 21 — 2Y54¢(G) < ¥sqe(G)A and y54.(G) (A + 2) =2n

2n

Hence y44.(G) = [A+2 )

Theorem : 3.8
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For any connected graph G, y54.(G) + k(G) < n + A(G) — 2. The bound is sharp if G = C,

Proof:

For any connected graph G, y54.(G) <n — 2 and k(G) < A(G) so that y44.(G) +
k(G) < n+ A(G) — 2. The equality hold if y44.(G) =n — 2 and k(G) = A(G).If G = C,
then ¥44.(G) = 2 and k(G) = 2. Hence the bound is sharp.
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