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Abstract: Let G = (V,E) be a simple graph of order n. A dominating set Sis a certified
dominating set of G if S has either zero or at least two neighbours in V — S. Let D, (%, i) be
the family of all certified dominating sets of a pan graph P, with cardinality i and let
Aeer (P, 1) = |Deer (P, 1)]. In this article, we obtain the recursive formula for d.,-(P,, i). Using

this recursive formula, we obtain the polynomial D, (B, x) = ?_Jrﬁll Aoy (P, D)xt, which we
~I3

call the certified domination polynomial of pan graph 7,.
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1. INTRODUCTION

The concept of dominating sets and the domination number in Graph Theory were first
introduced by Oystein Ore and Claude Berge in 1962. The concept of domination polynomial in
Graph Theory was introduced by Saied Alikhani and Yee-hock Peng in 2009. The concept of
certified domination in graphs was introduced by Dettlaf et al.,2020. They also further studied
the concept in their subsequent work including its applications in real life situations. This

motivaited us to investigate the certified domination polynomial of certain graphs.

A dominating set is a subset of vertices in a graph where every vertex in the graph is
either in the set or adjacent to a vertex in the set. The domination number (denoted as y(G)) is
the minimum size of a dominating set [5]. A dominating set S is a certified dominating set of G if

S has either zero or at least two neighbours in V — §. The certified domination number y,,,-(G)
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of G is the minimum size of a certified dominating set. For a detailed treatment of certified

domination of a graph, the reader is referred to [3]. Let D.ep(Py, 1) be a family of all certified
dominating sets of P, with cardinality i and let d .- (P, i) = |Deer (P, 1)|. We call the

V(@I

i=Yeor (Pr) Aoy (P, i) xt as the certified domination polynomial of

polynomial D.,-(P,, x) =),
pan graph. Pan graph is a graph obtained by joining a cycle C,, to a singleton graph K; with a
bridge. It is denoted by P,. Figure 1 shows the example of pan graph %, [4].

Uy
Uy v,

Us Un+1

Figure 1: Pan graph 7,
2. CERTIFIED DOMINATING SETS OF PAN GRAPH

In this section, we shall investigate certified dominating sets of Pan graphs. We need the

following lemmas to prove our main results in this section.

Lemma 2.1: [4]
Let P, be a pan graph with n + 1 vertices. Then V,..(P,) = E] foralln >3
Lemma 2.2: Foralln > 5,
. . . e s n n . .
(1) Doy (P, 1) = @ ifand only if i < [5] or lEJ +1<i<nori>n+1
(if) Deer (P 1) # @ if and only if [2] < i < |2 + Tori=n+1
Lemma 2.3: Foralli<n—1andn = 6,

(1) If Dyopr (Pp—3,i — 1) # @ then D,r (P, 1) = O
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(1) If Doy (Pp—p, i — 1) # @ then D,.(P,, 1) # @

Proof:
. . . .. n-3 . n-3 .
(1) Since D ey (Py_3,i — 1) # @, by Lemma 2.2(ii) , [T] <i—1< [TJ +lori—1=n-—
. . . . . n . n+1 .
2 (Neglect this case since i = n — 1). Which gives [5] <i< [TJ Therefore Do (P, i) # @
(by Lemma 2.2(ii))
(if) Since Deer (Pn—z,i — 1) # @, by Lemma 2.2Gi), [=2| <i—1< |2+ 1ori-1=n-

2 (Neglect this case since i = n). Which gives [nTH] <i< EJ + 1. Therefore D,..(P,, i) + @

(by Lemma 2.2(i1))
Lemma 2.4: Suppose Do (P, 1) = @

(i) Foralli<n—1and n = 6, Dgor(Pp_3,i —1) = @ and Do (Pp_5, i — 1) # @ if and only if

n=2mand i =m+ 1, (m = 3).

(i) Foralli <n—1andn = 6, D.op(Pp_3,i — 1) # @ and Doy (Pp_z, i — 1) = @ if and only if
n=23p and i =p, (i = 2).

(iii) Foralli <n—1and n =8, Deoy(Pp_3,i —1) #= @ and Do (P, i — 1) # @ if and only

.~nt+1 . n

it < i< [3]

(iv) Deer(Pp_3,i—1) =@ and D pp(Py_p,i —1) =@ ifand only if i =n + 1.

Proof:

(i) (=) Since Dypy(Py_s,i —1) = @, by Lemma 2.2(i), i — 1 < [”7‘3] or [”7‘3] +1<i—1<
. . . . n-3 . n

n—3 or i—1>n-—2 (Neglect Since i >n—1). If i—1< [T]’ then i < [E] Hence

Doy (P, i) = @, a paradox. Since Dyop(P_y,i — 1) # @, by Lemma 2.2(ii), ["T‘Z] <i-1<

[nz;ZJ +1 or i—1=n—1 (Neglect this case since i = n). Also since Do (P, i) # @, by
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Lemma 2.2(i1), E] <i< EJ +1 or i=n+1 (Neglect this case). Hence we have the

following three relations.

= +1<i-1sn-3 [ <i-1< [+ 1and [ i< |H+1
> [+t <isn-2. = i< |G +1 and |3 i< |3 +1
Comparing these relations, we get nT_l +1<i< BJ + 1 . This gives n = 2m(m € N) and

i=m+1.Sincen=>6, m=>=3

(&)Suppose n=2m and i =m+ 1, by Lemma 2.2, D or(Pp_3,i —1) = @, Doy (P2, i —
1) # @ and Do (P, i) = @

Similarly we can prove (ii), (iii) and (iv)
The following theorem constructs the families of certified dominating sets of 7,,.
Theorem 2.5: Foralln = 5,

(1 If Dcer(?n—&i —1)=0 and Dcer(?n—z’i —1)# @ , then Dcer(?n' )= {X U {Un}/X €

Deor(Pp_z, i — 1)} = {v1, 03,04, ..., 0}, forall i <n — 1.

(i1) If Dcer(:Pn—3ri - 1) # @ and Dcer(:Pn—Zii - 1) =0 , then Dcer(:Pn' i) = {X U {vn—l}/X €

Deer(Pr-z, i — 1)} = {v3, Vs, ... Vg, Up_q }, foralli <n — 1.

(iii)) If Deer(Ppz,i—1)# @ and Dger(Pp_z,i—1) =@ , then  Dgor (P, i) = {X; U
{vn—l}/Xl € Dcer(:’Dn—Sri - 1)} U {XZ U {Un}/XZ € Dcer(?n—z’i - 1)}’ foralli <n—1.

(iv) If Doy (Pps3,i — 1) = @ and Do (P, i — 1) = @, then D, (P, 1) = {V1, V5, oo, Uny1}

Proof: Let P, be the pan graph with n + 1 vertices. Let V(B,) = {v4, V3, ..., Vp41}, Where vy is

the pendant vertex.

(1) Since Doy (Pp—s, i —1) = @ and D pyr(Py_2,i —1) # @ ,by Lemma 2.4 (i) ,n =2mand i =
m+ 1, (m = 3). Therefore Do (P, i) = {v1, V2, Vs, ..., V). Also we denote {X U {v,}/X €

Doy (Pp—z,i — 1)} simply by Y;. Suppose X € Do (Py_2,i — 1). At least one of the elements
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are labeled with v,_,. If v,_, is in X, then X U {v,} € Do (P, ). Hence Y; € Doy (P, D).

Conversely suppose Y € D,,,-(P,, i). Here all elements are ends with v,.If v,, isin Y, then Y =

X U {v,}, where X ends with v,_, and X € Do (Pp,_,,i —1). Hence Y € Y;

(i1) Since Doy (Pp_3,i —1) # @ and D ppr(Pp_3,i —1) =@ , by Lemma 2.4 (ii) ,n = 3p and
i =p, (i = 2). Therefore Do (P, i) = {vy, Vs, .. Vg, V1 }. Also we denote {X U {v,,_;}/X €
Dier(Pr—3,i — 1)} simply by Y,. Suppose X € D,p-(P,—3,i — 1). All the elements of X are ends
with v,_,. If v,,_, is in X, then X U {v,_1} € Deer (P, i). Hence Y, € D, (P, i). Conversely
suppose Y € D..,(P,,i). Here all elements are ends with v,,_;.If v,,_; isin Y, then Y =X U

{v,_1}, where X ends with v,,_, and X € Do (P,,_3,i —1). Hence Y € Y,

(iii) We have D o (Pp_3,i — 1) # @ and D pp(Pp_,, i — 1) # @. We denote {X; U {v,_1}/X; €
Deor(Pp_s,i — 1)} simply by Y;. Let X; € Dgop(Pr—s3,i —1). At least one of the elements are
labeled with v,,_, or v,,_3. If v,,_, or v,_3is in Xy, then X; U {v,,_1} € Dcerr (P, ©). Next we
denote {X, U {v,}/X5 € Doy (Pr_y, i — 1)} simply by Y,. Suppose X, € Deor(Pr_y, i —1). All
the elements of X are ends with v,_3 or v,_, If v,_3 or v,_,is in X,, then X, U{v,} €
D.er(Py,1). Hence Y; U Y, € D,.,-(P,, 0). Conversely suppose Y € Do (Py, i). Here all elements
are ends with v,_4 or v, If v,,_; isin Y, then Y = X; U {v,,_,}, for some X; € Dgor-(Pp_3,i —

1). Ifv,isinY, then Y = X, U {v,}, for some X, € D p-(Pp_,,i —1).Hence Y € Y; UY,

(iv) Since Doy (Pp—3,i — 1) = @ and D o (P, i — 1) = @ then by Lemma 2.4(iv), i = n + 1.

Therefore Dier (P, 1) = {v1, V2, o) Vpgq}

Lemma 2.6: Foralln > 6,

0 ifi=n—1n
deer (Pn 1) = 1 ifi=n+1
Aeer(Pp_z, i — 1) + deor (Pr_p, i — 1) otherwise

CERTIFIED DOMINATION POLYNOMIAL OF A PAN GRAPH
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In this section we introduce and investigate the certified domination polynomial of pan

graph.

Theorem 3.1: For all n = 6, Do (P, X) = x{Der(Pn-3,%) + Deor(Pr_z, x)} + x™+1 — x™ —
x™ 1 with initial values Dior(Ps,x) =x+x2+x*, Door(Py,x) =x2+x3+ x> and

Dor(Ps,x) = 2x% + 2x3 + x°
Proof: From Lemma 2.6, we have for1 <i <n — 2,
deer (P 1) = deer(Pp-3, 0 = 1) + deer (Pn—z, i — 1)
= X deer (P, D20 = T deor (Proz, i = Dx' + Ldeer (Po—zyi — D!
= Deer (Pn, x) = x{Deer (Pn-3,%) + Deer (Pn—2, %)} (1

Since d e (P,, i) =0 fori =n —1 and n (by Lemma 2.6), we remove x"~ ! and x™ from (1).
Also since dge-(P,,i) = 1 fori = n + 1 (by Lemma 2.6), we add the term x™*? to (1). Therefore
Dior(Pyx) = x{Dior(Py_3,%) + Dpor(Pp_p, x)} + x™*t1 — x™ —x™ 1 with initial  values

Deor(P3,x) = x + x2 + x*, Dpor(Py, x) = x% + x3 + x5 and Doy (Ps, x) = 2x% + 2x3 + x©
Theorem 3.2: The following properties hold for the co-efficients of D..,-(Py, X).

(1) deer(Pop,n+1) =1, foralln € N

n?-3n+4

(1) dcer(Pan n) =

, foralln = 2
(iii) deer (Pons1,n+ 1) =n, foralln € N
(iv) deer(P3p,m) = 1, foralln € N

n(n+1), foralln € N

(V) dcer(?3n+1:n + 1) = >

Vi) deer (Pspem+1) =n+1, foralln € N

Proof: Proof follows from the Table
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Py [1]1 [0 [1

P, 011 o |1

Ps |02 ]2 00 o |1

Ps |01 (211 o [o |1

P, 00 [3 ]3]0 o [o |1

Pg 0[]0 [3 41 [o oo |1

Py 0[]0 [1 5[4 [o oo o1
Pwl0]0]0]6 7 1 oo [ofo |1

P00 o495 oo [ofo o1
P00 (o1 [1tf1t]1 Jo [o]o [o [o [1
P00 [0 ]o10]16]l6 [0 [0 [0 [0 [0 [0 [1
P00 005 [20]16]1 [0 0o [0 [0 [0 [0 [1
Pis 0[]0 oo |1 [21]27]7 Jo o [o o [o Jo [o |1

Table 1: d e (P, i), the number of co-efficients of P, with cardinality i.
CONCLUSION

This paper discusses and analyses the certified dominating sets and certified domination

polynomial of pan graph. Using the recursive formula we constructed the certified domination

polynomial of pan graph P, as Dyer (P X) = z'ii([i’f' dyor (P ) X'.
B E)
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