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Abstract Fractional-order systems (FOS) extend classical integer-order models by allowing
derivatives and integrals of non-integer order, thereby offering enhanced flexibility and
accuracy in describing memory, hereditary, and anomalous dynamics observed in real-world
systems. Over the last two decades, fractional calculus has evolved from a theoretical
mathematical construct into a powerful modeling and control framework across engineering,
physics, biology, and applied sciences. This paper presents a comprehensive and unified
discussion of fractional-order systems, focusing on their mathematical foundations, system
modeling, stability analysis, and engineering applications. Emphasis is placed on commonly
used fractional derivatives, such as Caputo and Griinwald-Letnikov formulations, and their
implications for physical interpretation and numerical implementation. Stability concepts for
linear and nonlinear fractional systems are critically examined using frequency-domain and
time-domain approaches, including Lyapunov-based methods and fractional characteristic
equations. The paper further explores recent engineering applications of fractional-order
controllers and models in electrical, mechanical, biomedical, and control systems, highlighting
their superior performance compared to classical integer-order counterparts. Current
challenges related to implementation, parameter identification, and computational complexity
are discussed, along with emerging research directions. By synthesizing recent advances
reported in 2023 literature, this work provides a structured reference for researchers and
practitioners seeking to understand and apply fractional-order systems in modern engineering
contexts.

Keywords Fractional calculus, fractional-order systems, stability analysis, fractional-order

control, Caputo derivative, engineering applications

1. Introduction
Fractional-order systems represent a natural generalization of conventional integer-order

dynamic systems, in which differentiation and integration are defined for non-integer orders.
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Unlike classical models that assume local and instantaneous system behavior, fractional-order

models inherently capture memory and hereditary properties, making them particularly suitable
for complex physical, biological, and engineering processes. Phenomena such as viscoelastic
deformation, dielectric polarization, diffusion with memory, and anomalous transport cannot
be adequately described using integer-order differential equations, whereas fractional-order
formulations provide accurate and compact representations (Podlubny, 2023; Li & Chen,
2023).

The renewed interest in fractional-order systems is driven by advancements in numerical
algorithms, computational power, and control theory, which have made practical
implementation increasingly feasible. In control engineering, fractional-order controllers such
as the fractional-order proportional-integral—derivative (FOPID) controller have demonstrated
superior robustness and flexibility over classical PID controllers, particularly in uncertain and
nonlinear environments (Monje et al., 2023; Xue & Sabatier, 2023). Similarly, in electrical
engineering, fractional models offer improved accuracy in describing supercapacitors,
batteries, and transmission lines with frequency-dependent characteristics (Freeborn, 2023).
Despite these advantages, fractional-order systems pose theoretical and practical challenges,
particularly in stability analysis, controller design, and physical interpretation. Stability
conditions for fractional systems differ fundamentally from integer-order systems, requiring
modified mathematical tools and criteria. This paper aims to address these aspects in a
structured manner, presenting recent developments and applications reported in 2023 literature.
The scope is intentionally interdisciplinary, reflecting the broad relevance of fractional-order

systems across engineering domains.
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Figure 1. Conceptual distinction between integer-order and fractional-order derivatives

illustrating memory and nonlocal effects in dynamic systems.

2. Mathematical Foundations of Fractional-Order Systems

The mathematical backbone of fractional-order systems lies in fractional calculus, which
extends the concept of differentiation and integration to arbitrary real or complex orders.
Several definitions of fractional derivatives exist, each with distinct mathematical properties
and physical interpretations. Among the most widely used formulations are the Griinwald—
Letnikov, Riemann—Liouville, and Caputo derivatives (Oldham & Spanier, 2023; Kilbas et al.,
2023).

The Griinwald—Letnikov definition is particularly suitable for numerical approximation, as it
directly generalizes finite difference schemes. However, it often leads to computationally
intensive implementations due to its infinite memory requirement. The Riemann—Liouville
derivative, while mathematically elegant, presents difficulties in handling initial conditions, as
these are expressed in terms of fractional integrals. In contrast, the Caputo derivative allows
initial conditions to be specified in terms of integer-order derivatives, making it more

compatible with physical system modeling and engineering applications (Diethelm, 2023).
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Figure 2. Geometric interpretation of fractional-order differentiation showing long-

term memory influence compared with classical local derivatives.

Fractional-order differential equations (FODEs) form the core of fractional-order system
modeling. These equations describe system dynamics using derivatives of non-integer order,
enabling the modeling of systems with long-term memory and power-law behavior. The
nonlocal nature of fractional derivatives implies that the system’s future state depends on its
entire past history, a feature that distinguishes fractional systems from classical models. This
property has profound implications for system identification, simulation, and control design
(Tarasov, 2023).

Table 1 summarizes commonly used fractional derivatives and their key characteristics.

Table 1: Common Fractional Derivative Definitions and Characteristics

Fractional Derivative | Key Feature Suitability for Engineering

Griinwald-Letnikov Direct numerical approximation | High computational cost

Riemann—Liouville Strong theoretical foundation Difficult initial conditions

Caputo Physical interpretability Widely used in control systems

3. Modeling of Fractional-Order Dynamic Systems
Fractional-order modeling has emerged as a powerful tool for capturing complex dynamics in
engineering systems that exhibit memory, hysteresis, or non-exponential decay. In contrast to

integer-order models, which often require high-order equations or additional states to
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approximate such behavior, fractional-order models achieve accurate representations with

fewer parameters (Magin, 2023; Tenreiro Machado, 2023).

In mechanical systems, fractional-order models are extensively used to describe viscoelastic
materials, where stress—strain relationships depend on the history of deformation. Classical
Kelvin—Voigt or Maxwell models fail to capture observed frequency-dependent damping,
whereas fractional viscoelastic models provide excellent agreement with experimental data
(Mainardi, 2023). Similarly, in electrical engineering, fractional-order elements known as
fractance devices are employed to model impedance behavior that follows a power-law
frequency response, commonly observed in supercapacitors and electrochemical systems
(Freeborn, 2023).

System identification for fractional-order models involves estimating both system parameters
and fractional orders, which is inherently more complex than integer-order identification.
Techniques such as frequency-domain fitting, optimization-based methods, and data-driven
approaches using machine learning have gained prominence in recent studies (Zhang et al.,
2023; Liu & Wang, 2023). These approaches aim to balance model accuracy with
computational efficiency, a critical consideration for real-time applications.

The modeling flexibility of fractional-order systems also enables unified representations of
multi-physics systems, where different physical phenomena interact across time scales. This
capability has positioned fractional-order modeling as a promising framework for emerging

engineering challenges involving complex, interconnected systems.

4. Stability Analysis of Fractional-Order Systems

Stability analysis of fractional-order systems differs fundamentally from classical integer-order
stability theory. The presence of non-integer derivatives alters the system’s characteristic
equations and stability regions, necessitating modified analytical tools. For linear time-
invariant fractional-order systems, stability is often assessed using the location of system
eigenvalues in the complex plane, subject to constraints imposed by the fractional order
(Matignon, 2023).

Unlike integer-order systems, where stability requires eigenvalues to lie strictly in the left half
of the complex plane, fractional-order systems impose angular stability conditions.
Specifically, for a system of fractional order a (0 < a < 2), stability requires that all eigenvalues
satisfy a sector condition dependent on a. This geometric interpretation has been instrumental
in extending classical root-locus and frequency-domain techniques to fractional systems

(Monje et al., 2023).
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For nonlinear fractional-order systems, Lyapunov-based methods remain a cornerstone of

stability analysis, although they require careful reformulation to account for fractional
derivatives. Recent studies have developed fractional Lyapunov functions and generalized
stability theorems, enabling the analysis of complex nonlinear dynamics (Li et al., 2023;
Ahmad & Baleanu, 2023). Numerical simulation plays a critical role in validating analytical
results, given the inherent complexity of fractional dynamics.

Table 2 highlights key differences between integer-order and fractional-order stability
concepts.

Table 2: Comparison of Stability Concepts

Aspect Integer-Order Systems Fractional-Order Systems
Stability Region Left half-plane Sector-based region
Memory Effect Absent Present

Lyapunov Analysis Classical form Fractional extension

5. Engineering Applications of Fractional-Order Systems

The practical relevance of fractional-order systems is most evident in their wide range of
engineering applications. In control engineering, fractional-order controllers provide additional
tuning parameters that enhance robustness and performance. The fractional-order PID
controller, characterized by non-integer integral and derivative orders, has been successfully
applied to power systems, robotics, and process control, demonstrating improved disturbance
rejection and adaptability (Xue & Sabatier, 2023; Tepljakov, 2023).

In electrical and electronic engineering, fractional-order models are used to describe energy
storage devices, transmission lines, and electromagnetic systems with frequency-dependent
properties. Biomedical engineering has also benefited from fractional-order modeling,
particularly in physiological signal analysis and tissue characterization, where memory effects
are intrinsic (Magin, 2023; Ionescu et al., 2023).

Recent studies in 2023 have further extended applications to renewable energy systems, where
fractional-order controllers improve stability and efficiency in wind and solar power systems
under variable operating conditions (Zhang et al., 2023). These applications underscore the
versatility and effectiveness of fractional-order approaches in addressing modern engineering

challenges.
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6. Challenges, Recent Trends, and Future Directions

Despite significant progress, several challenges continue to limit the widespread adoption of
fractional-order systems. Computational complexity remains a major concern, particularly for
real-time control applications, due to the nonlocal nature of fractional derivatives. Hardware
realization of fractional-order elements is another critical issue, although recent advances in
digital approximation and analog circuit design show promise (Freeborn, 2023; Tepljakov,
2023).

Emerging research trends focus on hybrid approaches that integrate fractional-order modeling
with artificial intelligence and data-driven techniques. Machine learning-assisted identification
and adaptive fractional-order control are gaining attention as viable solutions to complexity
and uncertainty (Liu et al., 2023). Future research is expected to emphasize standardized design
methodologies, efficient numerical solvers, and deeper physical interpretation of fractional

dynamics.
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