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Abstract

Here we research the univariate quantitative approximation, ordinary
and fractional, of Banach space valued continuous functions on a compact
interval or all the real line by quasi-interpolation Banach space valued
neural network operators. These approximations are derived by estab-
lishing Jackson type inequalities involving the modulus of continuity of
the engaged function or its Banach space valued high order derivative of
fractional derivatives. Our operators are defined by using a density func-
tion generated by an algebraic sigmoid function. The approximations are
pointwise and of the uniform norm. The related Banach space valued
feed-forward neural networks are with one hidden layer.
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1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural net-
work approximation to continuous functions with rated by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ” Squashing” types,
by employing the modulus of continuity of the engaged function or its high order



derivative, and producing very tight Jackson type inequalities. He treats there
both the univariate and multivariate cases. The defining these operators ”bell-
shaped ”and ”squashing ”functions are assumed to be of compact suport. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see Chapters 4-5 there.

The author inspired by [14], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [3], [4], [5], [6],
[7], by treating both the univariate and multivariate cases. He did also the
corresponding fractional cases [8], [9], [13].

The author here performs algebraic sigmoidal based neural network approx-
imations to continuous functions over compact intervals of the real line or over
the whole R with valued to an arbitrary Banach space (X, ||-||). Finally he
treats completely the related X-valued fractional approximation. All conver-
gences here are with rates expressed via the modulus of continuity of the in-
volved function or its X-valued high order derivative, or X-valued fractional
derivatives and given by very tight Jackson type inequalities. Iterated frac-
tional approximation is also included.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In prepara-
tion to prove our results we establish important properties of the basic density
function defining our operators which is induced by algebraic sigmoidal function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed
as

N, (z) =cha(<aj-x>—|—bj), x€eR’ seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - z) is the inner product of a; and
z, and o is the activation function of the network. About neural networks in
general read [15], [17], [19]. See also [9] for a complete study of real valued
approximation by neural network operators.

2 Basics

We consider the generator algebraic function
x

@(m)zw,

which is a sigmoidal type of function and is a strictly increasing function.

meN, zeR, (1)



We see that ¢ (—z) = —¢ (z) with ¢ (0) = 0. We get that

1
@/($)2—2M>07V$€R7 (2)

(1 + g2m) 2m

proving ¢ as strictly increasing over R, ¢’ () = ¢’ (—z). We easily find that
lim p(x) =1, p(+o0)=1,and lim p(x)=-1, p(—o0) = —1.
T—+00 r——00
We consider the activation function

2 (@)=l +1) (- 1), g

Clearly it is ® (z) = ®(—z), ¥V « € R, so that ® is an even function and
symmetric with respect to the y-axis.
Sincexz+1>x—1,wehave o (x+1) > ¢ (z—1) and ¢ (z) >0,V z € R.

Also it is
1

2(0)= 55

(4)

We observe that

- - , Yz eR. (5)

2m+1 2m—+41

(1 + (z + 1)2””) o (1 + (z— 1)2m) o

Let now z > 0, then > —z and (z 4+ 1)* > (z — 1) > 0, implying (z + 1)*" >
(z—1)*">0,meN,and 1+ (z+1)>" > 1+ (z — 1)>™ > 0. Consequently it

holds
1 1

2m+41 > 2m+1 (6)

(1+ (z — 1)2’“) o (1+ (x+1)2m> o

proving ® (z) < 0 for « > 0.
That is ® is strictly decreasing over (0, +00).
Clearly, ® is strictly increasing over (—oo,0) and &' (0) = 0.

Furthermore we obtain that

Jlim @ () = § [p (+00) ¢ (+00)] =0, 7)
and 1
im @ (2) = ¢ (~00) — ¢ (~o0)] = 0. (8)

That is the z-axis is the horizontal asymptote of ®.
Conclusion, ® is a bell symmetric function with maximum

o (0) = , meN. 9)

We need



Theorem 1 We have that
Y @@-i)=1, VzeR

1=—00

Proof. We observe that

o0

Yo ple—i)—pl@-1-1i)=

i=—00

0o —1

Y lpw—i)—pl@—1-i)+ Y (pla—i)—pl@—-1-19).

=0 i=—00
Furthermore (A € Z™)
Y lpl@—i)—pl@—1-i)=
i=0

A

Alggo Z (p(r—1) —p(x—1—1)) (telescoping sum)

=0
= lim (p(z) —p(z—-(A+ 1)) =1+¢(z).

A—o0

Similarly, it holds

Y el -pl-1-9)=lm Y (el - ple-1-1)
= lim (p(z+A) —p(@) =1-¢(@).

Therefore we derive

o0

Y (ple—i)—p@—1-4)) =2 VzeR,
and -

Y (ple+l-i)—p(z—i)=2 VzeR
Adding (13) and (14) we find

Y (wlatl-i)—p@—-1-i))=4 VaeR

Clearly, then

P(z—i)=Jlp@+1—i)—p@—-1-19)],

=

proving (10). m
We make

(10)

(12)

(15)



Remark 2 Because ® is even it holds

Y @(i-x)=1, VzeR
Hence

o0

Y P(i+x)=1, VzeR,
and

Y P(z+i)=1, VzeR (16)

/OO ® (z)dr = 1. (17)

Theorem 3 It holds

Proof. We observe that

/_O;@(x)dxz i /jj+1<I>(x)dac: i /01q>(x+j)dx

(18)
j=—o0 j==—00
1 o0 1
/ Z O (x+j)dx z/ldaj:l.
o\, 0
So @ (x) is a density function on R. m
We need
Theorem 4 Let 0 < a < 1, and n € N with n'=® > 2. It holds
- 1
> ® (nx —k) < 5=, meN. (19
4dm (nl—o — 2)
k= —o00
{ s nx — k| > ntme

Proof. We have that

1
-2 QD/ (g) = 2m+1 > 07 (20)
2 (]_ +§2m) 2m
where 0 <z —-1<é<ax+1.
Then,

(z—1)0° <& <(@+1)>



(z—1)%" <& < (z+1)""
14+ (z—1)"" <14 <14 (z+1)°"

2m) “E T o 25
(1 + (Z’ — 1) 7”) < (1 + €2m) m (1 + (l‘ + 1) m)
! 1
2 2m+1 < T (21)
2(1+¢&2m)2m 2<1+(x71)2m) Tm
Hence )
® (@) < gy V2> 1 (22)

Thus, we have

Z @ (nrx—k) = Z D (jnx —k|) <
k= —o0 k= —o0
nx — k| > ntme nx — k| > ntme
1
3 2. o T S (23)
{ k= —oo (1+(|nx—k| ~1) )

:nw — k| > ntme

1 [ 1 1 [ 1
5/ 2m+ld$:§/ —2m+1dZ:(*)
(nl—e—1) (1 i (x _ 1)2m) 2m nl—a_9 (1 + ZZm) 2m
We see that
1 +22m > ZQm
(1 + ZQ”L)% > Z2m+1
1 1
> . 24
z2m+1 (1+ sz)72?7:r,1 (24)

Therefore it holds

1 [ 1 1 [
<= ———dz == —@mi) g, =
(*) 2 /77,1_‘1—2 Z2m+1 * 2 ~/nl_"¥—2 i *

1 —(2m+1)+1 o0 1 —2m

Sl (. - (-z - (25)
2\-Cm+1)+1/]1ay 2 2m )|, e g

nl—o_o - (nlfa _ 2) —2m (oo),zm B (nlia . 2)72m

o 4m dm 4m

o0

z—2m

4m 7
proving (19). m
Denote by |-] the integral part of the number and by [-] the ceiling of the
number.



Theorem 5 Let [a,b] C R and n € N so that [na] < [nb]. It holds

1

@ <2 (TF),
> d(nx—k)

k=[na]

Vz€la,b], meN.
Proof. Let z € [a,b]. We see that
00 [nb]
1= Z O (nx—k) > Z & (nx—k) =

k=—o0 k=[na]
Lnb)
Y @(nz— k) > @ (jnz — ko),

k=[na]

Y ko € [[na], [nb]] NZ.
We can choose kg € [[na], [nb]] NZ such that |nz — ko| < 1.
Therefore we get that

1 2 1
D (nx —kol) > P (1) == = ,
(e =) > €)= (s ) = e
and
[nb] 1
P (Jnz —k|) > ——m—=e.
k_%a-l (‘ |) 22W
That is )
< 2%/1 4 4m,

Lnb]
2. @ (jnw— k)
k=[na]

proving the claim. m
‘We make
Remark 6 We also notice that

[nb] [nal—1 o

1— > dmb—k)= Y ®mb—k)+ Y  ®(nb—k)

k=[na] k=—oc0 k=|nb|+1
> ® (nb— |nb] — 1)
(calle :=mb—|nb|,0<e<1)

—B(e—1)=0(1—¢)>d(1)>0.

(26)



Therefore
[nb]
lim 1k;]®(nbk) > 0. (32)

Similarly, it holds

[nb] [na]—1 00
1- Z ® (na—k) = Z @ (na—k)+ Z ® (na — k)
k=[na] k=—o0 k=|nb]+1
> & (na — [nal +1) (33)

(call n := [na]l —na, 0 <n<1)
=®(1-n)=2(1) >0

Therefore again

[nb]
lim (1 > @(na—k)| >o0. (34)
k=[na]
Here we find that
Lnb]
nl;r& k; ] @ (nx — k) #1, for at least some = € [a,b)]. (35)

Note 7 Let [a,b] C R. For large enough n we always obtain [na] < [nb]. Also
agggb, iff [na]l <k < |nb].

In general it holds (by > ®(x—1i)=1,V x € R) that

1=—00

Lnb]

®(nz—k) < 1. (36)
>

k=[na]
Let (X, ]|]|) be a Banach space.

Definition 8 Let f € C ([a,b],X) andn € N: [na] < |nb|. We introduce and
define the X -valued linear neural network operators




Clearly here A,, (f,z) € C([a,b],X).

For convenience we use the same A,, for real valued functions when needed.
We study here the pointwise and uniform convergence of A,, (f,x) to f (x) with
rates.

For convenience, also we call

Lnbd)

)= 3 0 (£) o5, (39)

k=[na
(similarly, A} can be defined for real valued functions) that is

A5 (f;x)

A (fiz) = [nb] : (39)
> @ (nx—k)
k=[na]
So that A (f.2)
An(f) ) = D g =
> ®(nx—k)
k=[na]
[nb]
AL (fx) = f(2) ( > @(nka)>
k=[na]

o] . (40)

> ®(nx—k)

k=[na]
Consequently, we derive that
[nb]
[An (fy2) = f (@) <2 (NT+47) || A5 (fe) = f@) | Y ®me—k) || =
k=[na]
Lnb] k
2( /1 +4m) Z (f (n) —f (x)) O (nz — k)| . (41)
k=[na]

We will estimate the right and hand side of (41).
For that we need, for f € C ([a,b], X) the first modulus of continuity

wi (f,0) = sup |[[f(z)= I, §>0.
z,y € [a,b]
lz -yl <6

Similarly, it is defined wq for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued), and for f € C, (R, X) (uniformly continuous).



The fact f € C([a,b],X) or f € C, (R, X), is equivalent to ;in%wl (f,0) =0,
—
see [11].
We make

Definition 9 When f € Cy5 (R, X), or f € Cp (R, X), we define

A= > ) (£) oo, (42)

k=—o0

neN, zeR,
the X -valued quasi-interpolation neural network operator.

‘We make

Remark 10 We have that

1 (5)] < 11m <, )
Hf (fi) H & (nz— k) < | fll g ® (n2 — k) )
and
POl (Fow-s). @
and finally - R o
k_Zme @H‘I’(”xk) <Nl (46)

a convergent in R series.
o0

So, the series Hf (%) H O (nz — k) is absolutely convergent in X, hence
k=—oc0

it is convergent in X and A, (f,z) € X. We denote by ||f|l = sup | f ()],

z€la,b

for f € C([a,b],X), similarly it is defined for f € Cp (R, X).

3 Main Results

We present a set of X-valued neural network approximations to a function given
with rates.

Theorem 11 Let f € C ([a,b],X),0<a <1, neN:nl"*>2 x € [a,b],
m € N. Then

10



i

140 (£,2) = £ @)]| < (VT+7) [2601 (#:50) * =55 | -

and
i)
[An (f) = flloo < A1

We get that lim A, (f) = f, pointwise and uniformly.
n—oo

Proof. We see that

Lnb)
k-:zw;a] <f (Df(x))‘b(”fﬂk) <
i) s pe-n-
{kké; Hf<fz>_f(x) ® (nz — k) +
HE - <
{ ké; Hf<7]i)_f(x) ® (nx—k) <
R | >k
{krtnzjw o (0 =of) o0+
R e < s
21/l > e 1) <
{k|;—_:;|>n1 a

11



o0

2[[fllow > ® (nx — k) <

I (by Theorem 4)
=—00
{ : |k —nx| >nl7e

i 11l
w1 <f7 na> + om (o — 2)P"

That is
[nb] i
> (1(%)-rw)ema-n)<
k=[na]
1 1/ 1 o
o <f’ na) o (a2 0)

Using (41) we derive (47). =
It follows

Theorem 12 Let f € Cp (R, X),0<a<1,neN:nl"*>2 2R, meN.
Then

i

T2 - S @l < (155 )+ gt D= =0 6)

nlia _ 2)2m

and
i)
[ 4n () = fllc < Ao (52)
For f € Cyup (R, X) we get ILm A, (f) = f, pointwise and uniformly.

Proof. We observe that

Hetr =l i f<i>q)(”z—k>—f(a:) i & (na — k)|| =
e k=—oo
k;oo <f (D f<‘””)> ® (na — k)|| <
() s o n- -
i Hf (i) — f(@)|| @ (nx — k) +
e

12



i Hf(i)—f(x) ® (nx — k) <
ren
k:_zo:o wl(f,‘k—a:)@(nx—k)+
{:Hixlsnla
Afl S ek <
k= o0
{ |5 == > s

1
w1 <f7a> + Ufnoo 2m
n 2m (nl-o — 2)
proving the claim. m

We need the X-valued Taylor’s formula in an appropiate form:

Theorem 13 ([10], [12]) Let N € N, and f € CN ([a,b], X), where [a,b] C R
and X is a Banach space. Let any x,y € [a,b]. Then

(@ —y)' L
F@) = SO @+ e [ @0 (1 0= 1 )
2 i),

(55)

The derivatives f(?), i € N, are defined like the numerical ones, see [20], p.
83. The integral f; in (55) is of Bochner type, see [18].

By [12], [16] we have that: if f € C ([a,b],X), then f € L ([a,b],X) and
f € L ([a,b],X).

In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 14 Let f € CV ([a,b],X), n,Nym € N, 0 < a < 1, 2 € [a,b] and
n'=% > 2. Then

i)
NN (2 Y
14u (f,2) - £ @) < (o7 5 2@ (b—a)

2
J! ned = om (pl-e —2)°™

Jj=1

13



vy 1) 2 £ 6= a)™
lwl (f ’n“> VN N'm (nt=e —2)*™ | [’

ii) assume further f9) (o) =0, j = 1,..., N, for some zo € [a,b], it holds

| An (f,z0) — f (zo)|| < (*V/1+47) - (57)

l“” (59, L) i+ Hf“v)um(b—a)fv]’

n VNNl Nim (nl—o — 2)2m

and
i)
N : .
Y m m 2 (b—a)
140 (F) = fllo < (WT+47 >{§ T ammi g |
v 1) _ 2 IFV (b —a)™
[un (f N ) nd) noN N + Nim (nlfa = 2)2m . (58)

We derive that lim A, (f) = f, pointwise and uniformly.
n—oo

Proof. Next we apply the X-valued Taylor’s formula with Bochner integral
remainder (55). We have (here £, 2 € [a, b))

B\ L FO) (2) [k ik kNt
()= (o) [ o) G
] (59)
Then N _
k o 9 (z) . ko . J
f <n> ® (nz — k) _; i ® ( k) (n ) + (60)
P k " (N) (4 (N) (% — t)N_l dt
e =8) [ (1 (0 = 1 (@) e
Hence b . b
Z f (n) O (nz—k)— f(x) Z O (nx—k)= (61)
k=[na] k=[na]
N . [nb] i
f@ () . E . J
2 k_zr;d @ =h) (n ) i
[nb] k k-1
S b (ne— k) / (5 (@) = 1 (@) (’(’Nj)l)'dt.
k=[na] v ’

14



Thus

N
f9 (@) j
2:: A (=) + A (), (62)
where
[nb] £ K\ N-1
An(@):= Y ®(ne—k) / (f<N> (t) — fF™) (x)) (’(LNf)l)!dt. (63)

k=[na] z

We assume that b —a > n%, which is always the case for large enough n € N,

that is when n > [(b — a)fé

Thus’%—x|§n%or’%—x’>n%.

Let k N—-1
" E_pnto
v = / (r™ @) = 1™ @) GLob ™ _)1), dt, (64)
in the case of | £ — z| < -1 we find that
1 1
< (N) = ) -
Il < e (5, ) oo (65)

forz < Eorgz>Ek.
n n
We prove it next.
i) Indeed, for the case of z < %7 we have

<

E kN1
lly|l = / (f(N) ) — fM (I)) (?Ni)l)!dt

[ (50,10 M“ < (1) [ Mdt )

w 1Y (E-2)" ;1 1
N n N
1 (f ’na) NI S (f( na> noN N1

ii) for the case of z > £, we have

E_\N-1
f) (t) — F) (x)H wdt <

/x (P (@) = 5™ (@) (’gN‘fl)!dt

15

Il =




N-1

H/ (1 @ =1 @) (t<_ L o

/ wa) ) (g _)1)! 1 dt < (67)

<

: (t-3)"" LY fr=) ",
/:Lwl (f(N),It—a:|) A< (f(N),na)/ﬁ -

s L (z—5)" < (0, L) L
1 T no N! w1 "no ) neN NI
We have proved (65).

We treat again ~, see (64), but differently:
Notice also for z < % that

H / (£ 0= 1 @) “}N‘ f)iv)!_ldt

N—-1
/Hf“\” — N (z ) dt < (68)

No1yp *=
o [ - 2wa | s

— )"
(b—a)
Nl

s 2Hf““H

Next assume % < z, then
)N—l

H/ FE @ = 1 (<Nt1>! "=

N-1

) ( ) ( - 7)
H/ n=s < 1!

/ |7 (1) = FN) (@ _)f)!ldt < (69)
N N
2] [ dt:QHﬂMHJw;ﬁ)

<o 5%

16



Thus

[l <2Hf(N)H M (70)
= o NI
in the two cases.
Therefore
[nb] |nb]
Ay (2) = Z D (nx —k)y+ Z D (nx —k)vy. (71)
k= [na] k = [na]
Eoafs Eoaf>
Hence
N
M@l X ek (o (0 5) g )+ )
k = [na]
E_ gzl <L
[nb] N
b—a)" (19
> eeeon |2 ER-
k= [na)
Ll > &

1 1 1 (b—a)™
o] S -
“ (f ’ ”a) NlpalN * 4m (nl-o — 2)°™ f w NI

m(f(m,l) S Al N CRO

n® ) NnoN = Niom (nl-e — 2)*™

That is N
" ~  NlpaN N12m (nl—o —2)*™’
V€ la,b].
We further see that
|nb] j
; k
AF ((-—x)f) = Y ®(ne—k) (n —x) , (74)
k=[na]

where A7 is defined similarly for real valued functions.
Therefore

[nb]

]A;; <(~f:z:)j)’§ 3 @(nzk)‘im

k=[na]

J

17



J
Z q)(nx—k)’—x + Z @(nw—kz)’—aﬁ <
k = [na] k = [nal
Eoalz ik E_al> &
1 ; 1
— + (b—a)’ 75
ned ( ) 4m (nl-o — 2)°™ ()
That is 1 1
A (C=a))| 5+ b -ay : 76
45 (= a)| < =+ ( L P —E (76)
for j=1,...,N.
Putting things together we have proved
[nb] N i
. 9 (x)
A (fix) = f@) | Y @(na—k) SZH],H (77)
k=[na] j=1 ’

1 (b —a)’

nei g, (nl-a — 2)2m

1 e
(N) =
WI<f ’na>naNN!+N!2m(n1a—2) ’

that is establishing the theorem. m
All integrals from now on are of Bochner type [18].
We need

Definition 15 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
([] is the ceiling of the number), f : [a,b] — X. We assume that f(™) €
Ly ([a,b] , X). We call the Caputo-Bochner left fractional derivative of order a:

(D2 f) (x) == %a) / ’ (z—t)" ) (ydt, Vxelab].  (78)

I'(m
If o € N, we set DS, f = ) the ordinary X -valued derivative (defined similar
to numerical one, see [20], p. 83), and also set D, f := f.

y [12], (D2, f) (x) exists almost everywhere in = € [a,b] and D, f €
Ly ([ b}, X).
17,

C (la, b]) -

‘We mention

) < 00, then by [12], D¢, f € C ([a,b],X) , hence | D, f| €

Lemma 16 ([11]) Let « > 0, a ¢ N, m = [a], f € C™ 1 ([a,b],X) and
fm™ € Lo ([a,b], X). Then D2, f (a) = 0.

‘We mention

18



Definition 17 (/10]) Let [a,b] C R, X be a Banach space, o > 0, m := [«].
We assume that f™ € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order :

b
(D5 ) @)1= poes [ =" @)z, Voot (1)

We observe that (D™ f) (z) = (=1)™ f™) (z), for m € N, and (Dj_f) (z) =
f ().

By [10], (Dg_f) () exists almost everywhere on [a, b] and (Dy_f) € Ly ([a, 8],

If ||f(m)HLoo([a,b],X) < 00, and a ¢ N, by [10], D¢ f € C([a,b],X), hence
| Dg_f]| € C ([a,b]).
‘We need

Lemma 18 ([11]) Let f € C™ ' ([a,b],X), f'™ € Lo ([a,b],X), m = [a],
a>0,a¢N. Then Dy f(b) =0.

We mention the left fractional Taylor formula

Theorem 19 ([12]) Let m € N and f € C™ ([a,b],X), where [a,b] C R and
X is a Banach space, and let o« > 0:m = [a]. Then

—ml (7' L xx_z(x—l « 2) dz
—; aiy R ol A A IO

Yz € la,b].
We also mention the right fractional Taylor formula

Theorem 20 ([10]) Let [a,b] C R, X be a Banach space, & > 0, m = [a],
feCm([a,b],X). Then

m—1 i
> ) (b) + ﬁ /: (z—2)* " (D§_f) (2)dz,  (81)
V€ la,b.
Convention 21 We assume that
D¢, f(x) =0, for x < xo, (82)
and
Dg,_f(x) =0, for x > xo, (83)

for all x,xq € [a,b].
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‘We mention

Proposition 22 (/11]) Let f € C™([a,b],X), n = [v], v > 0. Then DY, f (x)
is continuous in x € [a, b].

Proposition 23 (/11]) Let f € C™ ([a,b], X), m = [a], a > 0. Then D}_f (x)
is continuous in T € [a,b].

We also mention

Proposition 24 ([11]) Let f € C™ ' ([a,b],X), f™ € Lo ([a,8],X), m =
[a], a >0 and

D8 f (0) = iy [ =007 O @) (34)

for all x,x9 € [a,b] : x > x9.
Then DS, f (x) is continuous in xo.

Proposition 25 ([11]) Let f € C™ ' ([a,b],X), f™) € Lo ([a,b],X), m =
[a], a >0 and
Dy _f(z) = Fi;tm—a) / (¢ -y () e, (85)

for all z,zy € [a,b] : xg > x.
Then Dy _f (x) is continuous in x.

Corollary 26 ([11]) Let f € C™ ([a,b],X), m = [a], a > 0, z,z¢ € [a,]].

Then D¢, f(x), Dg,_f(x) are jointly continuous functions in (x,xq) from

[a, b]2 into X, X is a Banach space.
We need

Theorem 27 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Consider

G({L‘) = w1 (f ('7x)75’ [va])v (86)
0>0,z¢€lab.

Then G is continuous on [a,b].

Theorem 28 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Then

H (LE) = w1 (f (,1‘) 0, [aﬂID ’ (87)

x € [a,b], is continuous in x € [a,b], 6 > 0.
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‘We make

Remark 29 (/11]) Let f € C" ' ([a,b]), f™ € L ([a,0]), n = [v], v > 0,
v ¢ N. Then

17 o a0

v < o n—v )
ID%f @] < Fpp = @ Yot (69
Thus we observe (6 >0)
wi (DY f,0) = sup DI, f(x) = DL f(y)l < (89)
z,y€la,b]
lz—y|<6

su LA PR (z—a)"" + LA PRATES (y—a)"
w,yE[EJ)] I'(n—v+1) Co—vin)
le—y|<é

2071 o)

T(n—v+1) (b=a)™".

Consequently

2[F; a3
Wl(D*afa6)§ F(n—erl)

(b—a)"". (90)
Similarly, let f € C™ ' ([a,b]), f™ € Ly ([a,0]), m = [a], a >0, a ¢ N,
then || ( )H
2|1,
o w([avb]vx)
wr (D-19) < ot )

So for f € C™ 1 ([a,b]), f™) € Ly ([a,b]), m = [a], a >0, a ¢ N, we find

2017 g )

(b—a)™ . (91)

b 1 g b—a)™ " 92
mosggb}wl ( *:vof )[mg,b] - T (m — o+ 1) ( a) ( )
and H ( )H
2 f m a,b m—
sup wi (D;O—f’ 5) [a,z0] = ST 0= B o

zo€[a,b] T (m — o+ 1)

By [12] we get that Dg, f € C([zo,b],X), and by [10] we obtain that
Dgo—f € C([ava] aX) .

We present the following X-valued fractional approximation result by neural
networks.
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Theorem 30 Let o > 0, N = [a], a ¢ N, f € CN ([a,],X), 0 < B < 1,
meN, z €la,b],neN:n'=F>2 Then

i)
N— lf .
-2 A (C=aY) @)= 1 @) <
j=1
2m 1_,’_4m W1 DO‘ f7 nﬁ (a,2] + w1 (D*an’niﬁ)[z,b])
F(a+1) 1B +
1 D o
pye ] (] MOPICED M LA NEICEED )}7 (94

i) if ) (17) =0, forj=1,...N — 1, we have

2 (YT 4m)

40 (£.2) = F @I € =prs

{ (1 (D2 £:3) o + 1 (P2ef. )0

nab
4m<n12 7 (1D2 Al g (@ = @ + 1D o oy = x)“)}, (95)
i)
|An (f,2) = f ()| <2(*V1+4m)-
N—-1 .
W I 1 (b—a)’
{J—l nf +4m("1_ﬁ—2)2m i
1 (@ (D25 g+ (D25 )
F(Oé+1) naﬁ +
1 [0
g (1P = o 4105y 0 )
(96)
vz € la,b],
and
i)

[Anf = fllo <2 (V1 +4m)-
||f(”|\ (b—ay
{Z ”ﬁj * dm (n1=P — 2)2m -
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( sup wi (D?if, ﬁ)[a ] T sup W (Dfxf, %)[1 b])
1 z€[a,b] ’ z€la,b] ’

I'(a+1) neb

+

b—a)” o o
O o 10T om 1) | 09

4m (nkﬁ — 2)2m z€la,b]

Above, when N =1 the sum Z;y:_ll -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of A, — I the unit operator, as n — oo.

Proof. Let = € [a,b]. We have that DY_f (z) = D%, f (x) = 0.
From Theorem 19, we get by the left Caputo fractional Taylor formula that

f <fl> = Nil 1 (@) (s - x)j + (98)

=

o/ ; (£- J)al (D%, (J) — D2 f (@) d,

forallzﬁ%ﬁb.
Also from Theorem 20, using the right Caputo fractional Taylor formula we

get f (fz> = Ni:l f(j). (z) (z _x)j+ (99)

=

ﬁ / ’ (J - i)a_l (D2_f (J) = D3_f (x)) dJ,

k
n

forallagggx.
Hence we have

ma)/ (k—J>a_1<Dfx (J) - D%, f (a)) dJ.

for all z < % < b, iff [nz] <k < |nb], and

¥ (i) & (nw— k) = Ni f(j;!(z) & (na — k) (z - x)j + (101)



et ) F (D) = D2_f (@) dJ,

for all a < & <z, iff [n ]S < |nz].
Therefore it holds

[nb] N=1 () ;
> f< ) a—ty= Y L2605 (I)(na:k)(nx) ;
k=[nz]+1 3=0 k=|ne|+1
b (102)
1 i % k a—1
fg > va-h) [T(F-a) 0n0)-Das@) i
k=|nz|+1 T
and
Lna] N-1 ¢(j) |nz] .
Z f( ) (nx—k) = fjﬂ(x) Z O (nx — k) (i—az)ﬂ+ (103)
k=[na] Jj=0 " k=[na]
1 Lnx) T k a—1
i, A (7-5) @0 so- Dz @) a
Adding the last two equalities (102) and (103) obtain
[nd]
A (fa) = 3 f( > (nz —k) = (104)
k=[na]

N-1 [nb] ;
Zf(J) Z o (z_x>1+

J= : k=[na]

L[ =) i et a
F(oz){ 2 q’(”xk)/s <Jn> (DS_f (J) — DS_f (z)) dJ+

k=[na]

[nb) B a—1

> et [ (n—J> (D2, (J) = D% f (2))dJ
k=|nz|+1 r

So we have derived

[nb]
A:z (f7 l‘) - f (x) ( Z (0] (nx — k)) = (105)
k=[na]
N-1 . '

Jj=1
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where
1 [nz] x k a—1 . .
0 (0) 1= s {k_%:a] ® (na — k)/ﬁ (J - n) (D2 f(J)— D& f(x))dJ

[nb] E a—1
by eea-n [ (E-0) (Dfxf(J>—Dfxf(x))dJ}- (106)

k=|nz|+1
We set
1 [nz] x k a—1 . .
ele) = g 3 @) / (7-5) 00— s@)a
(107)
and
1 [nb] k k a—1 N .
o iy, S Pre=h [ (E-a) wur-parwya
(108)
N Up () = Uy () + uoy () . (109)

We assume b — a > n%, 0 < B < 1, which is always the case for large enough

1
n € N, that is when n > [(b —a) ﬁ—‘. It is always true that either ‘% - x| <L
or |k —a| > 1.

For k = [na], ..., |nz], we consider

= (110)

/ <J - fl)al (D_f (J) = Dg_f (z)) dJ

/ (v- f)l Da_f()d|| < / (v- z)l |De ()| <

x— £)" (z —a)”
102 £ Doy S < 02 f e =2 i

Yik = ‘

That is

R (112

for k = [nal, ..., |nx| .
Also we have in case of |% - :E| < n%, that

x k a—1
'YlkSA (Jn> |Dg_f (J) = Dy_f (z)||dJ <

n
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T k a—1 .
/L <J— n) wi (Dx,f,|J—x|)[a7x] dJ < (113)
k @ B\
(st [
"/ aa) /3 "
1 ~ E)® 1 1
w1 (D;‘_f, B) (33 n) <wy (Dg—ﬂ B) 3
"7/ laa) "7/ a2 an®
That is when ‘% — x’ < #7 then
wr (DS, L)
ik < —F o2l (114)
Consequently we obtain
1 [nz]
[u1n ()] < (o) > @ (nw— k) = (115)

k=[na]

L]
ﬁ Z @ (nx — k) v + Z S (nw—k)yig p <
= [na] k= [na]
{\Z—QT\S?# {15—$!>7#
Lnz) wy (D™ f, L
- S a2 ‘"”;,f;f)[“]
k = [na]
{1 %2l <5
Lna) o
3 @ (e — k) | D2l o @ < (116)
= [na]
{1 n—al> 5

]- wl (DJ(I}Y* f’ 'rLlﬁ ) [a7:1,]
+
nos

Z q)(nx—k‘) HD:*fHoo,[a,z] <x_a)a <
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1 {Wl (Dgff’n%)[a,x] HDa fH Ja, :c] _a)a}
)Zm :

I'la+1) neh 4m (nt=8 — 2

So we have proved that

e (@)1 <

1 w1 (D-(j—f’ niﬁ)[a,m] + H Dy f” m o a)
a+1) nes Am (n1 6 —2)2’”

Next when k = |nz| + 1, ..., [nb] we consider

/: (i - ‘]) - (D% f (J) = D2, f (z)) dJ
/f (S N J>H DS, f (J) = DS, f ()| dJ =

% k a—1
/x (n_J) D2, f ()] dJ <

E_2)” (b— )"
IIDfxfIIOO,M%_ S 1D% Flloo o) =

Therefore when k = |nz| + 1,..., |[nb] we get that
That is

Y2k = |

b—x)*
Yor S D% f oo, 2,0 !

In case of |% —x| < # we have

k a—1
n k
. / (n _ J> wr (D2, f 1T =)y 4T <
k a—1
w1(foxf,k—x> / (k—J> dJ <
n [wp] Jo AT

1 E_p)® 1 1
wi | D&uf,— G2 <wi (DS —5 —
Wy @ o () T

So when |§ — z| < niﬂ we derived that

w1 ( f7 nﬁ) x b]
Yok < op
an
Similarly we have that
1 [nb]
k=|nz|+1
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(117)

(118)

(119)

(120)

(121)

(122)



1 [nb] [nb]
_— Z O (nw — k) yor, + Z D (nx —k)yop p <

I'(a)
{k[nxj+1 {kLnxJJrl
5ol < 15 l>
(123)
[nb] a 1
1 w1 (D*If’ nﬁ)[m,b]
) Z D (nx — k) o +
k=|nz]+1
-l <5
[nb] o
(b—=x
S k) | I gy U <
k=|nxz]+1
Ha—al> 55
1 w1 (D*a:rﬁniﬂ)[x,b]_’_
I'(a+1) neb
S B k) | IDS ey G- b (129)

{ P
Ck 1
“ln x’>nﬂ

1 wi (Dg, f, n%)[$,b] D2 f oo, w5y (0= )*
T (Oé + 1) nozB 4m( 1-8 _ 2)2m .

So we have proved that

) ) {wl (D*ava %)[w,bl 1D fll s ] (b—ax)" } . (125)

<
||U2n(1‘)||—1—\(a+1 nob 4m( 1_ B—Z)m
Therefore
l[un (@) < lluan @) + [Juzn (#)] <
e 1 (e 1
1 W1 (Dl'_f7n7)[a,x] + w1 (D*Tf7n7)[g:7b]+ (126)
I'(a+1) neb
e (1D2 ] = @ 102, gy O )°)
Am (nl_ﬁ o 2)2m 'I a [z,b] - :
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From the proof of Theorem 14 we get that

1 (b —a)’

A (¢ =y ‘ < 127
‘ n <( l‘) ) (CL’) — nhi + 4m (nl—ﬁ _ 2)27”7 ( )
forj=1,...N—1,Vz€lab].
Putting things together, we have established
[nb] N—1 .
N 9 (z)
At S eme-n||< > V@I (128)
k=[na] j=1 J:
1 (b—a)’
— + | +
nPl o 4dm (nl-e — 2)

1 w1 (Dg— f7 nlﬁ ) la,z] 1 (waf? nlﬁ ) [x,b]
) )
I (Oé + 1) noB

1
dm (n'=P —

g IPE 1y o= 0" 1D 021 = 5 )

(129)
As a result we derive (see (41))

|An (f,2) — f(z)|| <2 ( 1+ 47”) K, (z), Yz¢€lab]. (130)
We further have that

1

4m (ni=e —2)°™

Kl < Z Hfm” +(b—a)j + (131)

z€[a,b] z€la,b

{ sup (wl (Dg_f, nlﬁ) ]) + SUP] (w1 (D2, f, nlﬂ)[a:,b])}

+

F'(a+1) neB

1
dm (n1=5 — 2)*™

{(Izl[lfb](lll??f||oo,[a,x])+x§[1p (ID% £l )>}}: En.

Hence it holds

(b—a)

[Anf = flloo <2 (V1 +47) E,. (132)

We observe the following:
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‘We have

(D3_f) (v) = FENI)_NQ) /; (J—yp NN () d), Vy€ea,a]  (133)
and
[0z ) < = ([ =0 ) 9]
-\, -
— T — N
e e L o e P
ssév‘“a;l ] (150
That is N
D2 Fll o a0 < P((bN_a)aH ‘ (N)H (135)
and
b D5l s Sr(fjvomﬂf . (136)

Similarly we have

D20 = =y [ 00" @ Vel (3)

I'N -«

Thus we get

e t)N“dt) < asy

N—-«
e < 5l
I'(N—-a) (N-« oo —a+1
Hence N
o H .
102 F oo o < F (e , (139)
and
(b— N
D - ‘ ( >H 140
S D% fll o e S TN = a+1 f (140)
From (92) and (93) we get
sup wi (D" 1, B) < Hf i/ —a)N 7, (141)
z€(a,b] [a,] F(N— o+ 1)
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and

1 2™l N-a
sup wy | DY, ,) < b—a . 142
velay) ( I wo) TN —a+1) (b=a) (142)

That is F,, < cc.
We finally notice that

p- 25

A, (f ) 1 .
(S @ e k) (SE2, 0@ (e — b))

(Z_ P20 g (¢-) <x>) - fio) =

(J)

N-1

L]
- ( Z @(nx—k)) f(x)] .

k=[na]

Therefore we get

N- 1f(]) .
A ((=2P) @) - 1 (@)| <2 (VTT ).
@) Lnb]
43(/.2) ( T (- )J)<x>>—(z <I>(nfv—k))f(w) ,
7j=1 k=[na
" (144)

Vo€ la,b].
The proof of the theorem is now completed. m
Next we apply Theorem 30 for NV = 1.

Theorem 31 Let0 < o, <1, f € C'([a,b],X), z € [a,b], n € N:nt=8 > 2,
m € N. Then
i)
[An (f,2) = f ()] <

2 (/T T 4m) { (w1 (D21, 5 g + 1 (D2fo5) ) .

F(Oé+ 1) neb
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1
dm (n1=F — 2)

2m (HDgffHoo,[a’x] (.’E - a‘)a + HDg:cfHoo,[x,b] (b - x)a)} 5

(145)
and
i)
2(/1+4m
407 = 7l < 2D,

( Sup wi (Dg—f’ niﬁ)[a,m] + sup w; (D*QTf’ 77%)[1,1)})
z€[a,b] z€la,b]

noh +

(b—a)*
— | sup ||Dz_f + sup || DS Sl te . 146
4m (nlfﬁ — 2)2 z€la,b] H Hoc,[a,x] z€[a,b] H H ole:b] ( )

When a = % we derive

Corollary 32 Let 0 < 8 < 1, f € Ct([a,b],X), x € [a,b], n € N: nt=F > 2,
m € N. Then
i)
[An (f,2) = f (@)] <

4(2/T+4m) <w1 (Df—f’ 7%‘3> faa] <D§mf7 ”iﬁ) [“”b])

+
VT n

wlw

s (P o ks v0) )

(147)

i)
4 (/AT )
Anf = fllo < —————2
[4nf = fllog < =— 7=

1 1
sup wq (Djff, n%) + sup w; (szf, n%)
z€[a,b] l[a.7]  ze[a,b] [=,b]
B +

lm,[x,b) } <o0

(148)

(b—a) H 1 1
— | sup D2_fH + sup HDfm
4m (’I’Ll_ﬁ — 2)2 z€[a,b] ’ oo,[a,x]  gea,b]
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Next we make

Remark 33 Some convergence analysis follows:
Let0< B <1, fe€C' (a,b],X), z€a,b,neN:n""F>2 mecN. We
elaborate on (148). Assume that

1 1 K
a(bist) < 1o
n [a,:b] n
and ) %
1
w1 (Dfx ,ﬂ> <=2 (150)
n [:I:,b] T

Yz € la,b], VneN, where K1, Ka > 0.
Then it holds

sup wi (Difa#) + sup wy (D*%mfaﬁ>
] [a’aj] Ie[a,b] [ajvb]

z€la,b]

<

[Nl]e)

n

(K1+K>)
K+ K K
w _ (Kt K) (151)

B 38 38 7

nz nz nz

where K := K1 + K9 > 0.
The other summand of the right hand side of (148), for large enough n,
converges to zero at the speed m, so it is about W, where L > 0 is

a constant.
Then, for large enough n € N, by (148), (151) and the above comment, we

obtain that
M

[Anf = flloo < ; (152)
min (n%,rﬂm(l*ﬁ))
where M > 0.
Clearly we have two cases:
i)
M 4m
1Anf = Flloe < Toma=gy> wher 3 SP <D (153)
with speed of convergence ——t—s
and
i)
M 4m
||Anf—f||00§TLTTB7 'when()<ﬁ§3+4m, (154)

with speed of convergence —5z
n 2
In Theorem 11, for f € C([a,b],X) and for large enough n € N, when

0<pB< 1+2 , the speedzsn— So when 0 < B < 3+4m (< 1+2m) we get by
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(154) that ||An f — f|lo, converges much faster to zero. The last comes because
we assumed differentiability of f.
Notice that in Corollary 32 no initial condition is assumed.

Next, we will present an alternative fractional approximation by A,,, n € N.
Notation 34 Letn € N, we denote the left iterated fractional derivative
DI* = D¢ .D%....DS,, (m - times), (155)

z €la,b], 0 <a<l.
Similarly, we also denote the right iterated fractional derivative

D" = D D% ..D% , (m - times), (156)
x € [a,b].
We need

Definition 35 Let m € N, D§ﬁ+1)af denote any of Dﬁ“)“, Dg(ffl)a, and
0 >0. We set

(+1) _ m+1)a m+1)a

w1 <D:1: f7 6) max {wl (D*aﬁ fa 6) [w,b] , W1 (sz f7 6) [a@]} )
(157)

where © € [a,b]. Here the moduli of continuity are considered over [z,b] and

[a, x], respectively.

We also need

Theorem 36 ([13], p. 123) Let 0 < a < 1, f : [a,b] = R, f' € Ly ([a,b]),
x € [a,b] being fized. Assume that DX f € C ([x,b]), k=0,1,...,n+1,mEN,
and (Djf;: )(x) =0,4=2,3,...,m+ 1. Also, suppose that D** f € C ([a,z]),
fork=0,1,...,n+ 1, and (D;Oif) (x) =0, fori=2,3,...,n+ 1. Then

w1 (Dfﬁﬂ)aﬂ&) _ - (A+1)a+1

) — TGS N ek RN
e [ AR e PRP
(158)

We present

Theorem 37 Let f € C([a,b]) and all as in Theorem 36, n € N : nl=® > 2,
m € N.
Then

2 ( /T 4m) w1 (Dg(gﬁ+1)af’ 5)
T+ Da+l)

((Anf) () = [ (2)] <
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1 (b _ a)(ﬁ+1)a
{ [n(n+1)a2 + Am (nlfa - 2)2m + (159)

(n+1)a+1
1 —
+ (b—a) ] } , 0>0.

nel@+ot1] © 40 (nl-o — 2)2m

1
S(A+Da+l)

Hence ngr—ir-looAn (f)(x) = f(x).

Proof. We notice that A,, is a positive linear operator with A,, (1) = 1.
Let f € C([a,b],R), then |f| <[f] and —[f] < f <|f].

Hence —A, (|f]) < An (f) < An (If]) and |4, (f)] < A (1))
Therefore

(Anf) () = [ (2)] = [(Anf) (2) = An (f (2)) (2)] =

A (f— F@) @) An(lf — £ (0)]) (@) < (160)
w1 (DI s B A, (] — gDt (o
( U 2 [An <| 7x|(n+1)04> (z) + (| | ) ( )] _

'm+1)a+1 S(m+1)a+1)

w1 (Da(cﬁ+1)afa 5)
T(@+1)a+1) M @ (e — k)

[nb] i (41 Z}Eszmﬂ % . x|(ﬁ+1)04+1 P (mc _ k’) (26)
Z ——z S (nx — k) + — <
bl | o(m+1l)a+1)

(161)
2 (/T 47)wr (DD, 6)
F(m+1)a+1)

[nb] k (+1)a
Z ——z ® (nx — k) +
n
k = [na]
s sl <
[nb] k A+
Z o S (nx—k)| +
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[nb) (A+1)a+1

1 k
_— - — P —k 162
I GEDEESY Z . (nx — k) + (162)
= [nal
Ha—el<ae
Lnb) (n+1)a+1 (19)
Z ‘k —x D (nx — k) <
n
k= [na)
el >
2 ( 2/ 1 4m) Wy (Dg(cﬁJrl)af, 6) 1 (b _ a)(ﬁJrl)oc
T((n+Da+l) ey e

1
S(A+1)a+l)

+

1 (b— CL)(ﬁ+1)04+1
na[(ﬁ+1)a+l] + 4m (nl_a B 2)2177, ) 6 > O, (163)

proving the claim. m
We finish with

Corollary 38 All as in Theorem 37, with § = . Then

1
@m+1)atl

2 (WA wy (DI )
T(m+1a+l)

1 (b — a)™ 0 1 (b — a) Tt
e T g (ima gy | | el et g ia )2 | [

(164)

(Anf) () = f(2)] <

Hence lim A, (f)(z) = f(z).

n—+oo

References

[1] G.A. Anastassiou, Rate of convergence of some neural network operators
to the unit-univariate case, J. Math. Anal. Appl, 212 (1997), 237-262.

[2] G.A. Anastassiou, Quantitative Approximations, Chapman & Hall / CRC,
Boca Raton, New York, 2001.

[3] G.A. Anastassiou, Univariate hyperbolic tangent neural network approxi-
mation, Mathematics and Computer Modelling, 53 (2011), 1111-1132.

36



[4]

[5]

[10]

[11]

[12]

[13]

[17]

[18]
[19]

G.A. Anastassiou, Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics, 61 (2011), 809-821.

G.A. Anastassiou, Multivariate sigmoidal neural network approzimation,
Neural Networks, 24 (2011), 378-386.

G.A. Anastassiou, Inteligent Systems: Approzimation by Artificial Neural
Networks, Intelligent Systems Reference Library, Vol. 19, Springer, Heidel-
berg, 2011.

G.A. Anastassiou, Univariate sigmoidal neural network approximation, J.
of Computational Analysis and Applications, Vol. 14, No. 4, 2012, 659-690.

G.A. Anastassiou, Fractional neural network approximation, Computers
and Mathematics with Applications, 64 (2012), 1655-1676.

G.A. Anastassiou, Intelligent Systems II: Complete Approximation by Neu-
ral Network Operators, Springer, Heidelberg, New York, 2016.

G.A. Anastassiou, Strong Right Fractional Calculus for Banach space val-
ued functions, ‘Revista Proyecciones, Vol. 36, No. 1 (2017), 149-186.

G.A. Anastassiou, Vector fractional Korovkin type Approrimations, Dy-
namic Systems and Applications, 26(2017), 81-104.

G.A. Anastassiou, A strong Fractional Calculus Theory for Banach space
valued functions, Nonlinear Functional Analysis and Applications (Korea),
22(3) (2017), 495-524.

G.A. Anastassiou, Nonlinearity: Ordinary and Fractional Approximations
by Sublinear and Mazx-Product Operators, Springer, Heidelberg, New York,
2018.

Z. Chen and F. Cao, The approximation operators with sigmoidal functions,
Computers and Mathematics with Applications, 58 (2009), 758-765.

S. Haykin, Neural Networks: A Comprehensive Foundation (2 ed.), Pren-
tice Hall, New York, 1998.

M. Kreuter, Sobolev Spaces of Vector-valued functions, Ulm Univ., Master
Thesis in Math., Ulm, Germany, 2015.

W. McCulloch and W. Pitts, A logical calculus of the ideas immanent in
nervous activity, Bulletin of Mathematical Biophysis, 7 (1943), 115-133.

J. Mikusinski, The Bochner integral, Academic Press, New York, 1978.

T.M. Mitchell, Machine Learning, WCB-McGraw-Hill, New York, 1997.

37



[20] G.E. Shilov, Elementary Functional Analysis, Dover Publications, Inc.,
New York, 1996.

38



