Volume 8,Number 1 January 2006
ISSN:1521-1398 PRINT,1572-9206 ONLINE

Journal of
Computational
Analysis and

Applications

EUDOXUS PRESS,LLC



Journal of Computational Analysis and Applications
ISSNNno.’s:1521-1398 PRINT,1572-9206 ONLINE
SCOPE OF THE JOURNAL

A quarterly international publication of Eudoxus Press, LLC

Editor in Chief: George Anastassiou

Department of Mathematical Sciences,

University of Memphis, Memphis, TN 38152-3240, U.S.A
ganastss@memphis.edu
http://www.msci.memphis.edu/~ganastss/jocaaa

The main purpose of "J.Computational Analysis and Applications™
is to publish high quality research articles from all subareas of
Computational Mathematical Analysis and its many potential
applications and connections to other areas of Mathematical
Sciences. Any paper whose approach and proofs are computational,using
methods from Mathematical Analysis in the broadest sense is suitable
and welcome for consideration in our journal, except from Applied
Numerical Analysis articles.Also plain word articles without formulas and
proofs are excluded. The list of possibly connected
mathematical areas with this publication includes, but is not
restricted to: Applied Analysis, Applied Functional Analysis,
Approximation Theory, Asymptotic Analysis, Difference Equations,
Differential Equations, Partial Differential Equations, Fourier
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities,
Integral Equations, Measure Theory, Moment Theory, Neural Networks,
Numerical Functional Analysis, Potential Theory, Probability Theory,
Real and Complex Analysis, Signal Analysis, Special Functions,
Splines, Stochastic Analysis, Stochastic Processes, Summability,
Tomography, Wavelets, any combination of the above, e.t.c.

"J.Computational Analysis and Applications™ is a

peer-reviewed Journal. See at the end instructions for preparation and submission
of articles to JOCAAA.

Webmaster:Ray Clapsadle

Journal of Computational Analysis and Applications(JoOCAAA) is published by
EUDOXUS PRESS,LLC,1424 Beaver Trail
Drive,Cordova, TN38016,USA ,anastassioug@yahoo.com
http//:www.eudoxuspress.com.Annual Subscription Prices:For USA and

Canada, Institutional:Print $277,Electronic $240,Print and Electronic
$332.Individual:Print $87,Electronic $70,Print &Electronic $110.For any other part

of the world add $25 more to the above prices for Print.No credit card payments.
Copyright©2006 by Eudoxus Press,LLCAII rights reserved.JOCAAA is printed in USA.
JoCAAA is reviewed and abstracted by AMS Mathematical

Reviews, MATHSCI,and Zentralblaat MATH.

It is strictly prohibited the reproduction and transmission of any part of JOCAAA and in
any form and by any means without the written permission of the publisher.It is only
allowed to educators to Xerox articles for educational purposes.The publisher assumes no
responsibility for the content of published papers.



Journal of Computational Analysis and Applications
Editorial Board-Associate Editors

George A. Anastassiou, Department of Mathematical Science, The University
of Memphis,Memphis,USA

J. Marshall Ash,Department of Mathematics,De Paul University, Chicago,USA
Mark J.Balas ,Electrical and Computer Engineering Dept.,

University of Wyoming,Laramie,USA

Drumi D.Bainov, Department of Mathematics,Medical University of Sofia,
Sofia,Bulgaria

Carlo Bardaro, Dipartimento di Matematica e Informatica,

Universita di Perugia, Perugia, ITALY

Jerry L.Bona, Department of Mathematics,

The University of Illinois at Chicago,Chicago, USA

Paul L.Butzer, Lehrstuhl A fur Mathematik, RWTH Aachen, Germany

Luis A.Caffarelli ,Department of Mathematics,

The University of Texas at Austin,Austin,USA

George Cybenko ,Thayer School of Engineering,Dartmouth College ,Hanover, USA
Ding-Xuan Zhou ,Department of Mathematics,

City University of Hong Kong ,Kowloon,Hong Kong

Sever S.Dragomir ,School of Computer Science and Mathematics,

Victoria University, Melbourne City, AUSTRALIA

Saber N.Elaydi , Department of Mathematics, Trinity University ,San Antonio,USA
Augustine O.Esogbue, School of Industrial and Systems Engineering,

Georgia Institute of Technology, Atlanta,USA

Christodoulos A.Floudas,Department of Chemical Engineering,

Princeton University,Princeton,USA

J.A.Goldstein,Department of Mathematical Sciences,

The University of Memphis ,Memphis,USA

H.H.Gonska ,Department of Mathematics,

University of Duisburg, Duisburg,Germany

Weimin Han,Department of Mathematics,University of lowa,lowa City, USA
Christian Houdre ,School of Mathematics,Georgia Institute of Technology, Atlanta,
USA

Mourad E.H.Ismail, Department of Mathematics,University of Central Florida,
Orlando,USA

Burkhard Lenze ,Fachbereich Informatik, Fachhochschule Dortmund,
University of Applied Sciences ,Dortmund, Germany

Hrushikesh N.Mhaskar, Department of Mathematics,

California State University, Los Angeles,USA

M.Zuhair Nashed ,Department of Mathematics,

University of Central Florida,Orlando, USA

Mubenga N.Nkashama,Department of Mathematics,

University of Alabama at Birmingham,Birmingham,USA

Charles E.M.Pearce ,Applied Mathematics Department,



University of Adelaide ,Adelaide, Australia

Josip E. Pecaric,Faculty of Textile Technology,

University of Zagreb, Zagreb,Croatia

Svetlozar T.Rachev,Department of Statistics and Applied Probability,

University of California at Santa Barbara, Santa Barbara,USA,

and Chair of Econometrics,Statistics and Mathematical Finance,

University of Karlsruhe,Karlsruhe, GERMANY.

Ervin Y.Rodin,Department of Systems Science and Applied Mathematics,
Washington University, St.Louis,USA

T. E. Simos,Department of Computer Science and Technology,

University of Peloponnese , Tripolis, Greece

I. P. Stavroulakis,Department of Mathematics,University of loannina, loannina, Greece
Manfred Tasche,Department of Mathematics,University of Rostock,Rostock,Germany
Gilbert G.Walter, Department of Mathematical Sciences,University of Wisconsin-
Milwaukee, Milwaukee,USA

Halbert White,Department of Economics,University of California at San Diego,
La Jolla,USA

Xin-long Zhou,Fachbereich Mathematik,FachgebietInformatik,
Gerhard-Mercator-Universitat Duisburg, Duisburg,Germany

Xiang Ming Yu,Department of Mathematical Sciences,

Southwest Missouri State University,Springfield, USA

Lotfi A. Zadeh,Computer Initiative, Soft Computing (BISC) Dept.,

University of California at Berkeley,Berkeley, USA

Ahmed I. Zayed,Department of Mathematical Sciences,

DePaul University,Chicago, USA



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS,VOL.8,NO.1,5-24,2006,COPYRIGHT 2006 EUDOXUS PRESS,LLC

Solitary Waves of Depression

Henrik Kalisch

Department of Mathematics, NTNU, 7491 Trondheim, Norway.
kalisch@math.ntnu.no

Abstract
It is shown that the regularized long-wave equation admits a family of soli-
tary waves of depression. Some of these solitary waves are stable while others are
unstable. The proof of stability and instability is based on the general theory of
Grillakis, Shatah and Strauss. The results are illustrated by numerical simulation
using a spectral discretization.
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1 Introduction

This article is focused on stability properties of traveling-wave solutions to
the regularized long-wave equation

Up + Up + ULy — Uggs = 0, (1.1)

which appears as a model equation for surface water waves. In particular, it
is shown that there is a family of solitary waves of depression which contains
both stable and unstable members. To put this into perspective, recall that
equation (1.1) has positive solitary-wave solutions of the form

C

u(z,t) = 3(c — 1)sech? (% c1 (x — ct)) , (1.2)
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Figure 1: Solitary wave of depression with speed ¢ = —0.8.

where ¢ > 1 is the speed of the solitary wave. As can be seen from the for-
mula, these solutions are strictly positive progressive waves which propagate
without changing their profile over time. It is well known that these positive
solitary waves are stable with respect to small perturbations. One of the
first proofs of stability was given by Benjamin and Bona in [3, 6], where the
concept of orbital stability was introduced. In fact, it was proved by Miller
and Weinstein that these solitary waves are asymptotically stable [12].

The proof of stability and instability given in the present work relies on
the very general theory of Grillakis, Shatah and Strauss [10], and subsequent
work of Albert, Bona, Souganidis and Strauss [1, 9, 15]. Their method has
been applied to a number of evolution equations, including the equation
under study in this article [15]. However, in the existing literature, the
focus has been on positive solitary-wave solutions, rather than on solitary
waves of depression.

As is evident from (1.2), solitary waves are strictly negative when ¢ < 0.
Figure 1 shows a typical solitary wave of depression. It is apparent that the
amplitude of the waves is of order 1 in this case. As will be explained in
section 2, these solutions therefore do not fall into the regime of physical
validity of the equation as a long-wave model. This concurs with the fact
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that solitary waves of depression do not occur on the surface of fluids unless
surface tension is very strong [4].

Nevertheless, it will be shown in section 3 that most of the solitary waves
of depression are observable in the sense that they are stable with respect to
small perturbations. In particular, there is a critical value ¢y = % — % 10,
such that the solitary wave is stable for ¢ < ¢y, and unstable for ¢y < ¢ < 0.
This situation is similar to the fact that for the generalized regularized long-
wave equation

Up + Ug + upua: — Uggt = 07

where p is a positive integer, there exist both stable and unstable positive
solitary-wave solution if p > 4. The generalized equation also admits solitary
waves of depression, and their stability properties will be a topic of future
study.

In section 4, numerical simulations are presented to illustrate the results
of stability of instability obtained in section 3.

To close the introduction, we establish some notation to be used in the
proof of stability and instability. For 1 < p < oo, the space LP = LP(R) is
the set of measurable real-valued functions of a real variable, for which the

integral
IR

—0o0
is finite. For s > 0, the space H® = H*(R) is the subspace of L?(R) consist-
ing of functions such that the integral

/ TP P

is finite. Here the circumflex denotes the Fourier transform.

2 Long-wave models

Equation (1.1), which is also known as the Benjamin-Bona-Mahoney (BBM)
equation, was introduced as a model for the propagation of long surface
water waves of small amplitude in a narrow channel [5, 14]. Let us briefly
recall the rationale behind using (1.1) as an alternative model instead of the
related Korteweg-de Vries (KdV) equation

Up + Uy + Uy + Ugge = 0. (2.1)

Let (z,y, z) connote a standard Cartesian coordinate system with z the
vertical direction and z = 0 located at the surface of a fluid in a long narrow
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channel of depth h. Consideration is given to waves on the surface whose
primary direction of propagation is that of increasing values of x, which do
not vary significantly in the y-direction, and for which the effects of surface
tension and viscosity may be safely ignored. It is assumed that a typical
wave amplitude is a, and a typical wavelength is A, and that the quantities
g—; and # are of comparable magnitude. The function u(z,t) describes the
vertical deviation of the surface from its rest position at the point z at time
t.

When the variables u, x and ¢t are non-dimensional and scaled so that
the dependent variable and its derivatives are of order one, (2.1) takes the
revealing form

Up + Uy + €Uy + EUgpy = 0(62), (2.2)

’;—z >~ ¢ and the O(e?) represents terms in the formal ap-

proximation which are of quadratic or higher order in e. The KdV equation
obtains by disregarding all terms of order €2 in (2.2). It also follows from
(2.2) that

where € is of order

ur + ugy = O(€), (2.3)

and the small parameter ¢ appearing in the equation shows the dispersive
term vz, and the nonlinear term uu, to be corrections of the same order
to the basic uni-directional hyperbolic equation u; + u, = 0. Under the
assumption that differentiation does not alter the e-order of the dependent
variable, (2.3) implies that

Uggr + Ugzt = O(E),
so that u,., may be replaced by —uz.¢ in (2.2) to obtain
Up + Uy + €Uy — €Ugyy = O(e?).

Again, disregarding terms of order €2 and then rescaling, there appears the
alternative model
Ut + Uy + Uy — Ugyr = 0.

Now since this equation is given in the original variables, it appears that
for solutions that are physically valid, u should be much smaller than 1.
As was stated in the introduction, the solitary waves of depression have
magnitude of order 1, so that they do not belong to the class of solutions
that have a physical significance. This is also borne out by the fact that
their velocity is negative, so that they are propagating to the left, whereas
the derivation of equation (1.1) assumes right-moving waves.



SOLITARY WAVES OF DEPRESSION

Notwithstanding the size of initial data, it was proven that the initial-
value problem associated to (1.1) is well posed in appropriate function
classes. In particular, it was shown in [2] that the problem is globally well-
posed in H!(R). For the proof of global well posedness, use is made of the
invariant integral

[e.e]
E(u) = —/ (v +u2) du,
—00
which is proven to be conserved as soon as the initial data are in H!(R).
The equation has another invariant integral, namely

1 [ 1
F(u) = 5/ <u2 + §u3> dx.

These two functionals are of critical importance in the proof of stability and
instability given in the next section.

It will be convenient to recall an alternative formulation of the equation.
Note that (1.1) can be rewritten as

(1 — Op )z + Oy <u - %u2> = 0.

Inverting the operator 1 — 0., there appears the integral equation

Oz 1o\
ug + o (u—|—§u ) =0. (2.4)

Defining J = —30,(1 — 92)71, it is plain that (2.4) can be written as
Uy = JF/(U,)
This is the general form of an equation to which the theory in [10] is appli-
cable.
3 Stability of solitary waves

A solitary-wave solution of (1.1) has the special form u(z,t) = ¢(x — ct),
where ¢ is the speed of propagation of the solitary wave. It follows that ¢
satisfies the equation

—c¢' +cg" +¢' + ¢¢' =0, (3.1)
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where ¢’ denotes the derivative of ¢ with respect to the variable n = z — ct.
The equation (3.1) can be integrated once to yield

—c¢+cd” + ¢+ %¢2 =0. (3.2)

It is elementary to check that

1 -1
¢(z) = 3(c — 1)sech? (5 ¢ x) (3.3)
c
is a solution of this equation for all ¢ < 0. Note also that equation (3.2) can
be written in variational form in terms of the functionals £ and F' as

—cE'(¢) + F'(¢) = 0.

In light of the fact that the conserved integral E represents the H '-norm,
and that the initial-value problem is therefore globally well posed in H', the
natural norm to use in the definition of stability is the H'-norm. Accord-
ingly, a viable definition is the following.

Definition. A solitary-wave solution ¢ of (1.1) is stable if for every e > 0
there is § > 0 such that if u € C([0,00); H'(R)) is a solution to (1.1) with
|lu(-,0) — |l 1 < 0, then for every t € [0, 00)

inf [lu(-) = ¢(- — )| < e.
seR

Otherwise, ¢ is called unstable.

Let us briefly explain why it is essential to consider the infimum over all
translations. The expression (1.2) shows that solitary waves of larger am-
plitude travel at a higher speed. So in particular, two solitary waves which
may differ ever so slightly in height will drift apart as time passes, even
though their crests may have been perfectly aligned initially. As a conse-
quence, the usual notion of Lyapunov stability is not appropriate for the
problem at hand. Instead, the proper framework to study the stability of
solitary waves is the stability in shape, or orbital stability. In fact, taking
the infimum over all translations effectively measures the difference in shape
of two wave profiles. With the appropriate notion of stability in place, the
following theorem can be stated.
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Theorem. Solitary-wave solutions of (1.1) are stable if ¢ < ¢o =
% — % 10, and unstable if ¢ < ¢ < 0.

To prove the orbital stability of the solitary waves, use is made of the
general theory of Grillakis, Shatah and Strauss [10]. To prove instability,
their result cannot be applied directly, because the operator J = —%833(1 —
92)~! is not surjective. This difficulty has been surmounted however in the
work of Souganidis and Strauss [15]. They consider a fairly general family of
evolution equations which contains equation (1.1) as a special case. The only
assumption used in their proof that does not hold in the present situation is
the positivity of the solitary waves. This property is needed in one part of
their proof (Theorem 2.3 in [15]) which is replaced here by Lemma 1. The
statement is essentially the same though the proof is slightly more intricate.

We proceed to give an outline of the assumptions needed for the appli-
cation of the theory in [10, 15] As was indicated before, equation (3.2) can
be written in variational form as

_CE/(¢C) + F,(¢c) =0,

where ¢. denotes a solitary wave with velocity ¢. The functional derivative
of this relation is given by the linear operator

Lo = ¢ —c+o¢e+1.

Note that since ¢ < 0, cd? — ¢ + 1 is a positive operator. The following
requirements on £, have been shown to hold in [15] and [17] for a wide class
of operators, including the operator at hand. Since the exact form of the
function ¢, is known in this case, they could also be verified directly.

1. L. has positive continuous spectrum bounded away from zero, a sim-
ple zero eigenvalue with eigenfunction ¢!, and one negative simple
eigenvalue with corresponding eigenfunction x..

2. The mapping ¢ — ¥, is continuous with values in H?(R),
and (1 + |z|)x.(z) € L1(R).

3. The mapping ¢ — ¢, is C* with values in H2(R), ¢. € H*(R),
and (1+ [2])%2(x) € L'(R).

With these assumptions in place, the proof of stability and instability
becomes essentially a special case of the results in [10, 15]. Accordingly, the
stability of a solitary wave with speed c is determined by the convexity of

11
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the function d(c) = —cE(¢.) + F(¢c). In particular, a solitary wave with
speed c is stable if d(c) is convex in a neighborhood of ¢, and it is unstable
if d(c) is concave in a neighborhood of c.

The only missing link is Theorem 2.3 in [15], which uses the strict posi-
tivity of the solitary wave. However, as mentioned previously, the following
lemma replaces this theorem in the present case.

Lemma 1. Let ¢ be fixed. If d”(c) < 0, then there exists a curve w +— 1),
in a neighborhood of ¢, such that ¥. = ¢., E(¢,) = E(¢.) for all w, and

F(¢,) < F(¢,) for w # c.

Proof: Consider the map (w, s) — E(¢,+SXc), where x. is the eigenfunction
corresponding to the negative eigenvalue of the operator L£.. Note that
(¢,0) — E(¢.). To obtain the mapping w — 1,,, one may apply the implicit
function theorem if it can be shown that

% {E(dw + sxc)} ‘w:w:o = / E'(de) Xe

is nonzero. The proof of this fact is relegated to the appendix. Once it is
noted that this derivative is nonzero, the proof of the lemma follows the
proof of Theorem 2.3 in [15] verbatim. O

Since we are now exactly in a situation in which the theory in [10] and
[15] can be applied, the convexity properties of the function d(c) will be
investigated.

Lemma 2. The function d(c) = —cE(¢.) + F(¢.) is convex if ¢ <
% — % 10, and concave if % — %\/10 <c<0.

Proof: Consider the first derivative

2(6) = (~eB(60) + F'(60), 228 — B(o0) = ~B(60).

By the formula for the solitary wave, it appears that

1

0 = —5 [ @+ @r) a

— _9e— 1)2\/0_71/_2 sech’(z) da
—9(c — 1)2\/?/(: sech?(z) tanh?(z) dz.
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Figure 2: d’(c).
Evaluating the two integrals yields
12 c—1
d(c)=—12(c - 1)/ —— — Z(c—1) .
()=~ 12— 1%/~ Tle-1H/E

1

Elementary computations reveal that d”(c) has a zero at ¢ = ¢g = %_ % V10,
15V 10, and decreasing for %—1_12w/10 <

and that d’(c) is increasing for ¢ < £—
c< 0.0

In connection with the theory in [10] and [15], this lemma provides a
proof of Theorem 1. The numerical value of cq is approximately —0.097, as
is also indicated in Figure 2.

4 Numerical simulation

In the following, a numerical study is presented to illustrate the results
obtained in the previous section. To discretize equation (1.1), we use a
Fourier-collocation method coupled with a 4-stage Runge-Kutta time inte-
gration scheme. Since the system of equations resulting from the spectral
projection of (1.1) is not stiff, a high-order explicit time-stepping algorithm
is the most viable candidate to match the extreme accuracy of the spectral
discretization in the space variable.

13



14

KALISCH

For the purpose of numerical approximation, the problem is posed with
periodic boundary conditions on the domain z € [0, L], where L varies be-
tween 200 and 500. It was shown by Pasciak [13] that solutions to the
initial-value problem on the real line which have algebraic decay of some
order maintain this property for all time. In particular, initial data with
exponential decay will yield solutions that decay faster than any polynomial
for positive times. For exponentially decaying initial data, it is therefore
safe to assume that the solutions have sufficient decay, so that the tails lie
below the computational accuracy of the computer if a sufficiently large do-
main is used. It was observed that L = 500 was more than sufficient for the
computations shown in this paper.

The problem is translated to the interval [0, 27] by the scaling u(z,t) =
v(z/a,t), where a = Z. The initial-value problem is then

a’v; + avy + vy — Vg = O, x € [0,2n] ,t >0,
v(z,0) = wup(az), (4.1)
v(0,t) = w(2mt), t>0.

Let Sy be the subspace of L?(0,27) spanned by the set

{ezkx

for N even. Instead of (4.1), we use the equivalent formulation as an integral
equation as in (2.4), namely

B a0y 1,
vy = a2—8% <v—|—21)>.

The collocation approximation is defined as follows. Find a function vy
from [0,7] to Sy, such that

N N
ke, —5 <k< —1},

(4.2)

&ﬂ}N(xj) = KN(UN“'%UJZV)(xj)’ }
vn(0) = Inyug(azx) € Sy,

at the collocation points x; = %, for  =0,1,2,...N — 1. Here Iy denotes
the operator which gives the Nth degree trigonometric interpolant at the
gridpoints x;. We assume that the solution is written as the sum

on (2,t) = On (ks t)e™,
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h L? -error Ratio
0.1000 | 7.8226e-05
0.0500 | 4.4138e-06 | 17.723
0.0250 | 2.6056e-07 | 16.940
0.0125 | 1.5801e-08 | 16.490
0.0063 | 9.7229e-10 | 16.251
0.0031 | 6.0236e-11 | 16.142
0.0016 | 3.7116e-12 | 16.230
0.0008 | 2.1690e-13 | 17.112

Table 1: Regularized long-wave equation; error due to temporal discretiza-
tion.

where the 9y (k,t) can be thought of as the discrete Fourier coefficients of
uvn(z,t). Ky is defined generally via the discrete Fourier coefficients (k)
of ¢ € Sy as
— 1k ~
(Kxi)(4) = a0 (),

where
N

[y

B0 = 5 X wla)e ™,
7=0
for —% <k< % — 1. The problem (4.2) is a system of N coupled ordinary
differential equation for the discrete Fourier coefficients vy (k,t). This sys-
tem is integrated using a four-stage explicit Runge-Kutta scheme with time
step h.

No attempt has been made to prove the convergence of the discretization
explained above. However, an experimental convergence study is presented
to validate the numerical method. The norm used to calculate the error is

the normalized discrete L%-norm
1
ol = 3 - o)
i=1

The L%-error is then defined to be %

To check the algorithm, we used the exact form (1.2) of the solitary
waves with various values of ¢, both positive and negative. A representative
result for the wave appearing in Figure 1 is given in Tables 1 and 2. In this
calculation, the solution was approximated from 7' = 0 to T' = 8 and the

15
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N | L?-error Ratio
1024 | 4.921e-01
2048 | 2.378e-01 2.07
4096 | 2.125e-02 11.19
8192 | 1.968e-04 107.69

16384 | 2.431e-08 | 8097.02
32768 | 1.335e-09 1.82

Table 2: Regularized long-wave equation; error due to spatial discretization.

size of the domain was L = 200. In the computations shown in Table 1,
4096 Fourier modes were used. The 4th-order convergence of the scheme is
apparent up to h = 0.0008. Table 2 displays the spatial convergence rate for
a calculation with time step h = 0.001. We observe exponential convergence
before reaching the limit set by the size of the time step. Similar results
obtain for all other trials.

In order to study the stability of solitary waves of depression, the exact
formulation (3.3) for various values of ¢ < 0 is used. Initial data are chosen
as a perturbation of the solitary wave in the amplitude or the wavelength.
Thus, typical initial data have the form

up(z) = Ad(x) (4.3)

where A represents the perturbation of the amplitude, or

ug(x) = e ) (4.4)

where 7 represents the perturbation of the wavelength.

Depending on the speed ¢ of the perturbed solitary wave, the initial
data evolve into a solitary wave of amplitude close to the perturbed solitary
wave, or disintegrates. For solitary waves in the stable range of ¢, small
perturbations always yield solutions that are close to the original solitary
wave, as is to be expected. Even rather large perturbations can be used,
but the resulting solitary waves generally have different speeds. In Figures
3, 4 and 5, a calculation is shown where a solitary wave with speed ¢ = —1
is perturbed in the amplitude with A = 0.67 in (4.3). As can be seen in
the figures, the initial wave profile sheds a dispersive tail and evolves into a
solitary wave with ¢ ~ —0.38 and with height close to the height of the initial
data. In order to verify that the resulting waveform is close to a solitary
wave, we measured the height, and compared it to a solitary wave of the



SOLITARY WAVES OF DEPRESSION

Figure 3: Figure 4: Resulting solitary wave
Initial data: solitary wave with  with ¢ ~ —0.38, and oscillatory
¢ = —1, perturbed with A = 0.67 tail at T" = 200.

according height, translated to the minimum on the numerical grid. Table
3 shows the L°-error in shape between the evolving wave form and the
corresponding solitary wave for the same calculation as shown in Figures 3,
4 and 5. It is better to use the L*-error for this comparison, because due to
the finite grid size, there always exists a phase shift between the computed
solitary wave and the fitted curve. The L*°-error is defined analogously to
the L?-error by w, where

[0l 00

[oll e = s fo(a)]
It is apparent in Table 3 that the error in shape diminishes over time. We
also monitored discrete forms of the conserved integrals F and F, and it
can be seen in Table 3, that their conservation was superior, thus adding
confidence in the performed computations.

Experiments with solitary waves perturbed in wavelength as in (4.4)
gave similar results. One interesting case is shown in Figures 6 and 7, where
initial data were given by a solitary wave with speed ¢ = —0.5, perturbed
in the wavelength with v = 2. It appears that the initial data evolve into a
smaller negative solitary wave, a dispersive wavetrain and a positive solitary
wave moving into the opposite direction.

An interesting point is that as the limit speed ¢y = %— %\/ﬁ for stability
is approached, the perturbation of the solitary wave has to be smaller and
smaller in order to observe stability. If a solitary wave with speed below,
but close to ¢g is perturbed too much, it will disintegrate. In consequence, it
seems that it would be difficult to determine the critical wavespeed ¢ purely

17
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Figure 5: Close-up of the calculation in Figures 3 and 4.

through numerical experiments. A related question is whether there exists
a functional relationship between the wavespeed and the maximal allowable
perturbation in, say amplitude. Some computations have been made in the
pursuit of establishing such a relation, but no conclusive evidence can be
reported here.

In Figures 8 and 9, the evolution of the perturbation of an unstable
solitary wave is depicted. In this particular case, the solitary wave had speed
c = —0.05, and was perturbed in the amplitude with A = 0.99. To be sure,
many different runs with varying perturbations were completed, and so long
as A < 1, the solitary wave disintegrated completely. Again, the conserved
integrals were monitored for the duration of the time evolution, and it was
found that they were conserved well. In Figures 11 and 12, a computation
of a solitary wave perturbed with A = 0.99999 is shown. It is apparent
that perturbing an unstable solitary wave by lowering the amplitude ever so
slightly results in the complete dispersion if the initial profile. This might
be related to a result of Albert [1] which states that low-energy solutions of
the generalized regularized long-wave equation

Up + Uy + uPuy — Uggr = 0, (4.5)
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t | L*°-error E F
20 0.7701 42.2378 | -2.0113
40 0.4340 42.2378 | -2.0113
60 0.1997 42.2378 | -2.0113
80 0.1058 42.2378 | -2.0113

100 0.0527 42.2378 | -2.0113
120 0.0272 42.2378 | -2.0113
140 0.0170 42.2378 | -2.0113
160 0.0280 42.2378 | -2.0113
180 0.0199 42.2378 | -2.0113
200 0.0039 42.2378 | -2.0113

Table 3: Error in shape and conserved integrals at different times for the
computations shown in Figures 3, 4 and 5.

disperse if p > 4. However, his result does not apply directly to the regular-
ized long-wave equation proper.

The instability of solitary waves with speed above the critical speed
seems to manifest itself in a completely different manner if the amplitude is
raised, i.e. if A > 1. In this case, the initial profile develops into a stable
solitary wave with speed below ¢y, and a positive solitary wave, moving in
the opposite direction. Such a case is depicted in Figures 13 and 14.

In closing, we would like to reiterate that the generalized regularized
long-wave equation (4.5) also admits negative solitary waves. It will be
interesting to study the stability of these waves, and to compare a possible
instability to the instability of the positive solitary waves when p > 4.

Acknowledgements. This research was supported by the BeMatA
program of the Research Council of Norway.
A Spectral Analysis of L.

In the proof of Lemma 1, it is used for the application of the implicit function
theorem that the integral

/ E'(¢e) Xe = % / F'(¢e)xe = % / <<z>c + %&) Xe (A1)

is nonzero. Recall that ¢. is the solitary wave with speed ¢, and that y. is
the eigenfunction corresponding to the sole negative eigenvalue of the linear
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Figure 6: Figure 7: Resulting negative and
Initial data: solitary wave with  positive solitary waves, separated
¢ = —0.5, perturbed in the wave- by a dispersive wavetrain.

length with v = 2.

operator L. given by
Ec:cﬁg—c—i—qbc—i—l.

In the present context, the exact form of the eigenfunction x. may be used
to evaluated the integral (A.1). The spectral problem is of the form

['cXc = )\ch

and it can be shown that ¢/, is the unique eigenfunction for the eigenvalue
0 (cf. [16]). Since ¢, has exactly one zero, it follows from the general
theory of second-order linear operators that 0 is the second eigenvalue from
the left. Therefore, there is precisely one negative eigenvalue. In general,
the eigenfunctions are given in terms of Gamma functions, but the case at
hand is particularly simple. It can be checked that the lowest eigenvalue is
Ae = 3(c — 1), and the corresponding eigenfunction is

1
1 je—1
Xe(z) = sech? <§ . x> .
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Moreover, x. spans the eigenspace corresponding to A.. Using the expres-
sions for ¢. and x., the integral (A.1) can be evaluated as follows.

1 [ 1 1 &0 1 —1
—/ b+ =2 ) xedz = = 3(c— 1)/ sech® [ =1/ "2 | dx
CJ_ oo 2 c oo 2 c

1 e 1 -1
+ % 9(6—1)2/_Oosech7 <§ € . a:) dx

1 c 3 3 5
— —3(c—1)(2 r 4+ 2e—1) x|,
;3 )< c—1> [SWJF T

Thus it becomes obvious that this integral is nonzero for all negative ¢, and
in particular for ¢y < ¢ < 0.
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Figure 8: Figure 9: Resulting wave profile at
Initial data: Perturbed unstable T = 160.
solitary wave with ¢ = —0.05 and
A =0.99.
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Figure 10: Perturbed unstable solitary wave with ¢ = —0.05, close-up.



24

KALISCH

Figure 11:

Initial data: Perturbed unstable
solitary wave with ¢ = —0.05 and

A = 0.99999.

Figure 13:

Initial data: Perturbed unstable
solitary wave with ¢ = —0.05 and

A =1.01.
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Figure 12: Resulting wave profile
at T' = 160.
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Figure 14: Resulting wave profile
at T' = 160. The negative solitary
wave has a speed of approximately
c= —0.1754.
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Abstract: In this paper, we study the approximation problems of common
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Let X be a real Banach space and X* be the dual space of X. Let J
denote the normalized duality mapping from X into 2% defined by

J() ={f € X7 (x, ,) = llell - A WA= Tl lly

for all z € X, where (-,-) denotes the generalized duality pairing between X
and X*.

The second author was supported from the Korea Research Foundation Grant (KRF-
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Now we give some elementary definitions:

Definition 1. (1) A Banach space X is said to be strictly convez if

lz + yll
— <
2

1

for all z,y € Sx, where Sx ={z € X : ||z|| = 1}.
(2) For any e with 0 < e < 2, we define the modulus é(€) of convezity of
X by

) r+y
0 =it {1 - 2PV o <1y <1 e = ).

A Banach space X is said to be uniformly convez if d(€) > 0 for any € > 0.
(3) A Banach space X is said to be smooth if

e Al o]
A—0 A

exists for all z,y € Sx. In this case, the norm of E is said to be Gateaux
differentiable
(4) A Banach space X is uniformly smooth if the limit

e gl ]
A—0 A

exists and is attained uniformly in z,y € Sx.

(5) The norm of X is said to be uniformly Gdteaux differentiable if, for
any y € Sx,
oy 2+ Ayl — [l

iio A

exists uniformly for all x € Sx.

Remark 1. (1) Banach space X is strictly convex if and only if ||z|| =
lyll = 11(1 = N)ax + Ay|| for all z,y € X and 0 < A < 1 implies that z = y.

(2) A uniformly convex Banach space X is strictly convex, but the converse
is not true.

(3) If a Banach space X is (uniformly) smooth, then the normalized du-
ality mapping J is single-valued. Moreover, if the norm of X is uniformly
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Gateaux differentiable, then the normalized duality mapping J is norm to
weak® uniformly continuous on any bounded subsets of X.

Definition 2. Let C be a closed convex subset of a Banach space E and
F' be a subset of C.
(1) A mapping T : C' — C is said to be nonezpansive if

[Tz =Tyl < ||z -yl

for all x,y € C.
(2) A mapping P of C onto F is said to be sunny if

P(Px +t(x — Px)) = Px

for any z € C' and ¢t > 0 with Pz + t(x — Px) € C.
(3) A subset F' of C is called a nonezxpansive retract of C' if there exists a
nonexpansive retraction of C' onto F'.

Remark 2. (1) Let C' be a nonempty closed convex subset of a Hilbert
space H. Then a mapping P on H is the metric projection onto C' if and
only if, for any z € H and y € C,

<x— Px,Px—y>>0.

Thus, if P is the metric projection of H onto C', then P is sunny and non-
expansive.

(2) Let C' be a nonempty convex subset of a smooth Banach space X. We
call C a retract of X if there exists a continuous mapping r : X — C' with
r(x) = x for all x € C and the mapping r is called a retraction. If Cy C C
and P is a retraction of C' onto Cy such that

<x—Pzx,J(Px—y)>>0
for all x € C' and y € C, then P is sunny and nonexpansive.

For a fixed u € C and each t € (0, 1), we can define a contractive mapping
T; : C — C by

(1) Tix=tu+ (1 —t)Tx

for all x € C'. Then, by Banach’s contraction principle, there exists a unique
fixed point z; € C of T}, that is, z; is the unique solution of the equation

(2) 2zt =tu+ (1 —t)Tz.

27
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In [2], Browder proved that, if X is a Hilbert space, then z; converges
strongly to a fixed point of T as t — 0 and, in [9], Reich extended Browder’s
result to the setting of uniformly smooth Banach spaces.

The fixed point z; of T; in (2) is defined implicitly, but we can devise
explicitly an iterative method which converges in norm to a fixed point of
T. In [5], Halpern studied initially such a method, which is called Halpern’s
iterative sequence, as follows:

Let {a;,} be a sequence in (0,1], u be a fixed anchor in C' and z¢ € C be
any initial value. Define a sequence {z,} C C in an explicit and iterative
way by

(H) Tpt1 = apu~+ (1 —ay)Tx,, n>0.

Then the sequence {x,} converges strongly to a fixed point of T if {«a,,}
satisfies certain control conditions, two of which are

(C1) anp — 0 (n— o00),
(C2) Z o, = oo or, equivalently, H (1—-ay,)=0.
n=0 n=0

In [7], Lions improves Halpern’s control conditions by showing the strong
convergence of the sequence {z,} if {«, } satisfies (C1), (C2) and the follow-
ing condition:

(C3) ntl 7% 0 (n— o0).
an+1

Note that, for the natural and important choice {Z} of {v,}, the results
of both Halpern and Lions don’t work.

In [16], Wittmann overcame the problem mentioned above by proving the
strong convergence of {z,,} if {c, } satisfies control conditions (C1) and (C2)
and the following;:

(C4) Z lan+1 — ap| < oo.
n=0
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Recently, Xu [17] suggested the following control condition instead of the
conditions (C3) or (C4):

Qpy1 — Q@
(Ch) —ntl "™ L 0 or, equivalently,

-1 (n— o0)
Op41 Opt1

and proved the strong convergence of Halpern’s iterative sequence {x,, } and,
in [18], he also proved the strong convergence of the sequence {z,} by using
the control conditions (C1) and (C2).

Very recently, in [3], Cho, Kang and Zhou considered the following control
condition:

(06) |04n+1 - an’ < O(Oén_|_1) + oy,

where >~ 0, < oo, and proved some strong convergence theorems of the
Halpern’s iterative sequence {z,} for nonexpansive mappings in uniformly
smooth Banach spaces. Their results improve the corresponding results of
Lions [7], Wittmann [16], Xu [17], [18] and others. For further some examples
and relations of the control conditions (C1)~(C6) on the sequence {a,, }, see
Cho, Kang and Zhou [3].

In this paper, we consider the new control condition to prove some strong
convergence theorems of Halpern’s iterative sequence for a class of finite
nonexpansive mappings Ty, Ts, ---, T, of C into itself with T},4, = T,
where C is a subset of X, without using the concept of Banach’s limit (see
Remark 4):

(C7) |t — Q| < o(@nr).

Now, we introduce several lemmas for our main results in this paper.

Lemma 1. ([15]) Let {a,} be a real sequence of nonnegative numbers
such that
Ap+1 S (1 - tn)an + O(tn)7 n 2 07

where t,, € (0,1) with Y~y t, = oo. Then lim, . a, = 0.

Lemma 2. ([9]) Let X be a uniformly convex Banach space whose norm
s uniformly Gateaux differentiable, C be a closed convexr subset of X and
T be a nonexpansive mapping of C into itself with F(T) # 0. Let zy € C
and z; be a unique element of C which satisfies z; = txg + (1 — t)Tz and
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0 <t < 1. Then {z} converges strongly to a fized point of T as t — O.
Further, if Pxg = limy_,q 2; for each xy € C, then

< x9 — Pxo, J(Pxog —2) >>0

for all z € F(T) and P is a sunny nonexpansive retraction of C' onto F(T).

Lemma 3. ([14]) Let E be a strictly convex Banach space and C be a
closed convex subset of E. Let Si, S, ---, S, be nonexpansive mappings
of C into itself such that the set of common fixed points of Sy, S5, ---,
S, is nonempty. Let 1Y, Ts, ---, T, be mappings of C' into itself given by
T, =(1—=X)I[+X\S; forany 0 < \; <landi=1,2,---,r, where I denotes
the identity mapping on C. Then {T1,T%,--- ,T,} satisfies the following:

and

() F(T:) = F(T,T,— -+ Th)

= F(IhT, - Ty)

= F(Tr_y---T\T,).

Now, we give our main results in this paper.

Theorem 4. Let X be a uniformly convex Banach space whose norm is
uniformly Gateaux differentiable and C' be a closed convex subset of X. Let
Ty, Ty, - - -, T be nonexpansive mappings of C into itself such that the set
F =(._, F(T;) of common fixed points of T}, T, -- -, T, is nonempty and
satisfies that

hF@ﬂzﬂﬂﬂ4~JU

= F( T, Ty)

=F(T,_y--TaT)).
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Let {a,} be a sequence in (0,1) which satisfies lim,, oo atp, =0, D07 |y, =
oo and the control condition (C7), that is, |aptr — apn| < o(ap4r). Define a
sequence {z,} in C' by

{ xg € C,
Tn+1 = Op4120 + (1 - Oén—l—l)Tn—i—lxna n 2 07

where T, = T,. Then the sequence {z,} converges strongly to a point

z in F. Further, if Prg = lim,,_, . x, for each zg € C, then P is a sunny
nonexpansive retraction of C' onto F'.

Proof. We first show that
lim ||zp4r — x,] = 0.
n—oo

Since F # (), the sequences {x,} and {T,,412,} are bounded. Then there
exists L > 0 such that

[Zntr — Znll < Llantr — anl + (1 = appr)[|[Tnpr—1 — Tp1|
for each n > 1. Therefore, by the control condition (C7), we have

[ |
< Llaptr — an| + (1 = anr) |Tntr—1 — Tp1

< O(an-i—?") + (1 - an+r)|‘xn+r—1 - xn—lu-
Thus, by Lemma 1, it follows that
lim ||zp4r — x,] = 0.
n—oo
Next, we prove
lim ||z, — Tygr - Thy12n|| = 0.
n—oo

It suffices to show that

lim (|24 — Toyr - Tnyrza| = 0.

n—oo
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Since Tpir — TntrTnir—1 = Qnir(To — TngrTnyr—1) and lim, o a, = 0,
we have x4+ — Th4rTpyr—1 — 0. From

||xn+r - Tn+rTn+r71xn+r72||
< ||xn—|—r - Tn+rxn+r—1|| + ||Tn+r1'n—|—7"—1 - Tn+rTn+r—1xn+r—2H
< Hzn—l—r - n—&-rxn—l—r—lH + ”xn—i—T—l - Tn—l—r—lxn—i—r—ZH

— Hmn—l—'r’ - Tn—&-rmn—l—r—lH + an—i—r—leO - Tn+r—1xn+r—2“>

it follows that x4, — Th4rThntr—1Tn+r—2 — 0. Similarly, we obtain the
conclusion. Let 2" be a unique element of C' which satisfies 0 <t < 1 and

Z? = tl‘o + (1 - t)Tn+TTn+r_1 s Tn+1zf.

From F(T,4+Thir—1- - Tht1) = F and Lemma 2, we know that {z'} con-
verges strongly to Pxg of as t — 0, where P is a sunny nonexpansive retrac-
tion of C' onto F'.

Next, we prove that

limsup < xg — Pxg, j(z, — Pzg) >< 0.

n—oo

In fact, assume that n = k£ mod r for some k € {0,1,2,--- ,r — 1}. Since

|2 — Tngr -+ Tag12f ||
< [Hxn — Toyr - 'Tn+1xn||

[Tt Tog1 @ — T+ Tgr 2]
< @0 = Tor -+ Tog1 |

+ 2||zy, — szHxn — T Tpprn || + ||on — Zﬂ’z?

”xn —dngr - 'Tn-f—lan —0 (n — 00),
(1 =t)(xn — Trgr - 'Tn+1zf) = (n — zf) —t(xy — 20),
(L=t |zn — Trgr -+ Trsr 2y ||?
> Hzn - szZ =2t <z — anj(xn - Zf) >

= (1 =2t)||wp — 2F |12 + 2t < g — 2F, j(x, — 2F) >,
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we have

2% < xg— 2, j(x, — 2F) >
<A =0)2zn = Togr - Torze |2 = (1= 20) |20 — 2]
< A =t)?lzn — Tosr - Torza)?
+ 2|20 = 2 €0 = Totr - - Tnral| + l2n — 27 [1%)
— (1= 2t) [z — 2|
< Pllan = 212+ (1= 8)l|2n = Totr - Tngr

X (|xn = Trgr - - Tngprn || + 2[|2n — Zf”)

Therefore, we have

<o~z j(tn — 2f) >
t 1—t)?
®) < Lo — A1+ C5 D en ~ T Taiaal

X (Hxn —Tnyr-- 'Tn+1xn|| + 2”5671 - Zf”)
Note that

< x9 — Pzg, j(z, — Pxg) >

=< o — Pxo, j(zn — Pro) — j(zn — 2/') >
(4) + < o — Pxo, j(zn — 2f) >

=< x9 — Pxg,j(x, — Pxo) — j(2, — 25) >

+ < wo— 28, j(my — 2F) >+ < 2F — Pag, j(z, — 2F) > .
Since X has a uniformly Gateaux differentiable norm, we see that j : X —
X* is norm to weak®™ uniformly continuous on any bounded subsets of X.
Hence, for any € > 0, there exists § > 0 such that

| < xg — Pxo,j(x) —jy) >|<e

for all z,y € B(0,s) with ||z — y|| < J, where B(0,s) ={z € X : ||z|| < s}
and
s = max{sup{||z, — Pwol/}, sup{l|lzn — 2/ [1}}.
n>0 n>0
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On the other hand, since zF — Pz as t — 0, it follows that, for the number
0 > 0, there exists p > 0 such that

() Iz — Pxol| <
for 0 < t < p and so we have
(6) |<I0—P:L‘0,j(xn—P:L‘0)—j(ZL‘n—Zf)>’<€

forall0 <t < p,n>0and k € {1,2,--- ,r}. Thus it follows from (3)~(6)
that

limsup < xg — Pxo, j(x, — Pxg) >
n—oo

(7) t
< e+ ) lim sup ||z, — zf\|2 + ||,z£€ — Pxo|| limsup ||z, — zf||

Letting ¢t — 0 in (7) and noting ||zF — Pxg|| — 0 as t — 0, we have

(8) limsup < xg — Pxg, j(x, — Pzy) ><e.

n—oo

Since € > 0 is arbitrary, we have the desired conclusion.
Finally, we prove that the sequence {z,} converges strongly to Pzq. Let
e > 0. From (8), there exists a positive integer ny such that

< x9 — Pz, j(x, — Pxy) >< %
for all n > ng. Since
(1 —an)(Thxn-1 — Pxy) = (2, — Pxo) — (0 — Po),
we have
(1 — an)?||Tpxn_1 — Pxo|?

> ||z, — Pxol|? — 20, < g — Pxg, j(x, — Pxg) >

> ||z — Pxol|* — ane
for all n > ng, which implies that

|zn — Ponz <(1- O‘n)2||Tnxn—l - Pf’UOH2 + ane

< (1= ap)||Zn_1 — Pxo||* + ane.
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Therefore, by Lemma 1, we have |z, — Pzg|| — 0 as n — oo, that is, the
sequence {z,} converges strongly to Pzy. This completes the proof.

Next, as an application of Theorem 4, we introduce the strong convergence
theorems which are connected with the feasibility problem.

Using a nonlinear ergodic theorem, Crombez [4] considered the feasibility
problem in the setting of Hilbert spaces. Let H be a Hilbert space, C7, Cs,
-+, O} be closed convex subsets of H and I be the identity operator on H.
Then the feasibility problem in the setting of Hilbert spaces may be stated
as follows: The original (unknown) image z is known a priori to belong to
the intersection Cy of r well-defined sets C7, Cs, ---, C,. in a Hilbert space,
given only the metric projection P; of H onto C; (i =1,2,--- ,r), recover z
by an iterative sequence. In [4], by using the weak convergence theorem by
Opial [8], Crombez proved the following:

Theorem 5. Let T = aol + Y ,_, oT; with T; = I + X\;(P; — I) for all
0<X <landa; >0 fori=0,1,2,---,r withy.,_,o; = 1, where each P;
is the metric projection of H onto C; and Cy = (;_, C; is nonempty. Then,
starting from an arbitrary element x € H, the sequence {T™x} converges
weakly to an element of Cy.

Later, Kitahara and Takahashi [6], Takahashi and Tamura [13] dealt with
the feasibility problem by convex combinations of sunny nonexpansive re-
tractions in uniformly convex Banach spaces.

Using Lemma 3 and Theorem 4, we have the following:

Corollary 6. Let X be a uniformly convex Banach space whose norm
is uniformly Gateaux differentiable and C' be a closed convex subset of X.
Let Sy, S, ---, S, be nonexpansive mappings of C into itself such that
the set F' = (\._; F(S;) # 0. Define a family of finite {71,T%,--- ,T;} by
T, =1 —=X) I+ NS; forall0 < A\; <1 (i =1,2,---,r). Let {a,} be a
sequence in (0,1) which satisfies lim, o o, = 0, .07 a;, = oo and the
control condition (C7), that is, |apr — ap| = o(a@ptr). Define a sequence
{z,} in C by

{ X € C,
Tpt1 = Apt120 + (1 — apg1)Tnp12n, n >0,

where T4, = T,. Then the sequence {x, } converges strongly to a common
fixed point of S, So, - -+, S,.. Further, if Pzg = lim,, ., x, for each zg € C,
then P is a sunny nonexpansive retraction of C' onto (\,_; F'(S;).
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Proof. By Lemma 3 and Theorem 4, the sequence {z,,} converges strongly
to a common fixed point of Sy, S5, -+, S,

Corollary 7. Let X be a uniformly convex Banach space whose norm is
uniformly Gateaux differentiable and C' be a closed convex subset of X. Let
Ch, Cy, ---, C, be nonexpansive retracts of C into itself such that the set
Ni—; Ci # 0. Define a family of finite {T1,Ts, -+ , T} by T; = (1 — X\;) +
NiPc, for all 0 < \; < 1,(i = 1,2,--- , 7). Let {a,} be a sequence in (0, 1)
which satisfies lim,, ., o, = 0, 2211 o, = oo and the control condition
(C7), that is, |p4r — an| = o(@p4r). Define a sequence {z,} in C by

{ xg € C,
Tp41 = Qp41T0 + (1 - an—|—l)Tn—|—lxna n >0,

where T),, = T,,. Then the sequence {x,} converges strongly to a point z
of N;_, C;. Further, if Px¢ = lim,,_,o0 @, for each zo € C, then P is a sunny
nonexpansive retraction of C' onto ;_; C;.

Proof. By Corollary 6 and (;_, C; = (;_, F(Pc,), the conclusion fol-
lows.

Remark 3. In 1992, Wittmann [16] dealt with the iterative process for
r = 1 in a Hilbert space and Shioji and Takahashi [10] extended the result
of Wittmann to the setting of Banach spaces. On the other hand, in 1996,
Bauschke [1] dealt with the iterative process for finding a common fixed
point of finite nonexpansive mappings in a Hilbert space (see also Lions
[7]). Recently, in [14], Takahashi, Tamura and Toyoda obtained a strong
convergence theorem which unifies the results by Bauschke [1], Shioji and
Takahashi [10] and, using their result, they considered the problem of image
recovery in the setting of Banach spaces.

Remark 4. The proof lines of our main result, Theorem 4, are different
from those of Takahashi, Tamura and Toyoda [14]. To prove Theorem 4,
we used the control condition (C7) and Weng’s lemma (Lemma 1) instead
of the condition Y °7 | |ptr — @y < 0o and the following Banach’s limit,
respectively. Let p be a continuous linear functional on [*° and (ag, a1, - ) €
[*°. We write up(a,) instead of p((ag,a1,---)). We call u Banach’s limit if
w satisfies ||| = pn (1) =1 and pp(any1) = pn(ay) for all (ag,aq,---) € 1°°.
If 1 is Banach’s limit, then we have the following:

liminf a, < py(a,) <limsupa,
n—oo n—00
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for all (ag,aq,--) € 1°°. Further, if a,, — p as n — oo, then u,(a,) = p (see
[11] for more details on Banach’s limit).

Remark 5. All the results in this paper can be extended to the setting
of more general Banach space, that is, X is a reflexive Banach space with
a uniformly Gateaux differentiable norm and every weakly compact convex
subset of X has the fixed point property for nonexpansive mappings.

Remark 6. If the control condition (C7) is replaced by more general
assumption that x,4, —z, — 0 as n — oo, then all the conclusions of
Theorem 4 with corollaries are still true.

Remark 7. We note that, if lim,,_,, =22 exists and (C2) holds, then the

A4
control condition used in Takahashi, Tamura and Toyoda [14] Y > | |a;, —
Qptr| < oo implies the control condition (C7). In general, these control
conditions are independent each other. For the details, refer to Cho, Kang

and Zhou [3].
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Abstract

In this paper, we develop a double scale numerical method which may
be of great significance in computing discontinuous solutions of certain
systems of PDE’s arising in application.

It is of basic importance, especially in industrial applications, to study
the solutions which represent shock waves. Then there appear “multipli-
cations of distributions” in the form Y - 4 of a product of the Heaviside
and the Dirac functions; their intuitive treatment may lead to “ambigu-
ous results”. To remove this ambiguity, J. F. Colombeau developed a
mathematical theory by introducing the differential algebra G(R x R*) of
generalized functions where discontinuous functions are involved through
classes of C* functions. The aim of this paper is to show how this method
can be implemented in new numerical methods. We apply our apply to
a system modeling elasticity and a system modeling gas dynamics. We
observe a complete agreement between the theory (algebraic solutions of
Riemann problems) and the numerical results.

Key words. Generalized functions, nonconservative system, numerical scheme,
double scale method
AMS subject classifications. 46F10, 65M06, 76L05, 73C50, 35Q99

1 Introduction

In many branches of physics and engineering there appear heuristic expressions
in the form of production by distributions. Sometimes they originate from
unjustified formal calculations from systems which a priori do not involve such
products. But they can also arise directly from the laws of physics and there are
cases in which physicists and engineers do not know other approaches ([1, 2, 8]).

These products of distributions are ambiguous. The problem is to resolve
the ambiguity both by algebraic calculations in some simplified cases, and by
numerical calculations in general. For this purpose, one first needs a rigorous
mathematical setting in which these products make sense.
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Such a mathematical framework, a nonlinear theory of generalized functions,
has been developed by J. F. Colombeau [2, 8, 1, 3]. The important point for
the understanding of this paper is that the classical equality of functions or
distributions splits into two concepts: a strong one still denoted by the symbol
=, coherent with all operations (multiplications, differentiation), and a weak
one denoted by the symbol =, coherent with the differentiation but incoherent
with the multiplication. The weak equality, called from now on association, is
a faithful generalization of the concept of a weak solution (of partial differential
equations) in the sense of distribution theory. For instance, in this theory, the
equation u; + uu; = 0 has no discontinuous solution, whereas u; + uu, ~ 0 has
exactly the classical discontinuous weak solutions.

The main idea we used up to now in order to resolve the ambiguity in shock
wave solutions of systems in nonconservative form can be summarized as follows:
First, we view shock waves to have “width” (of the order of magnitude of a new
mean free path; this is indeed known to be physically true); our mathematical
tool expresses this fact, at the same time as the idealized fact that this width
is “infinitely small”. Then we assume the basic laws of continuum mechanics
remain valid with this “infinitesimal” width of the shock; this is expressed in our
theory by formulating them with the strong equality. Lastly, we express the fact
that the constitutive equations do not necessarily hold fully in this infinitesimal
width, although they hold on both sides of the shock; this is expressed by
setting them with the weak equality. In many cases when one has only one
constitutive equation, this is sufficient to resolve the ambiguities. When there
are several constitutive equations, more physical information is needed to resolve
the ambiguity.

In this method, the equations are not stated in the same sense: those stated
with the strong equality hold, of course, in a much stronger sense than those
stated with the association. The classical numerical methods stem from systems
of conservation laws, in which there is no ambiguity in jump conditions. For the
sake of simplicity all equations are treated at the same level of validity, which
is natural since there is only one kind of equality in classical analysis. This
is not adequate to express the above method, which is precisely based on the
difference between our two kinds of equalities.

Indeed the solution is simple; it suffices to use a double scale: a large one for
the equations stated with the association, and a smaller one for the equations
stated with the strong equality. The shocks usually take place on a few (3 to
5) large meshes, which is not enough to express fully within the width of the
shock those equations discretized by “large” mesh. Usually we divide a “large”
mesh into 4 “small” meshes, and this is sufficient in order to express that the
equations with strong equalities are fully valid within the shock. This method is
not so much expensive in computational time since it suffices to use the double
scaling only in a neighborhood of the discontinuities of solutions. The aim of this
paper is to present this method on one dimensional problems, without taking
care of the time of computation. It is fully justified by the fact that, in many
cases, this is the only known finite difference method giving the solution.
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2 Theoretical and numerical results in a system
of two equations

Consider the system coupling the velocity u and the stress o,
Ut + Uy R Oy, (1)
ot + uoy =~ ku,. (2)

It is a simplified model of elastoplastic dynamics in one dimension when the
density is constant,

pi+ (pu), =0, (3)
() + (p02), =0, @
o + uoy = kug, (5)

with k2 a positive constant representing the speed of propagation of the elastic
waves.

We seek solutions which are constant except on the shock where they have
a jump. This kind of solutions is represented by the formulas

u(z,t) = u; + Au H(z — ct), (6)
o(z,t) = o1 + Ao K(z — ct), (7
where H, K are Heaviside generalized functions, Au = u, —u; and Ao = o, —0y.

We denote by u; and w,., respectively, the values of u on the left and right sides
of the discontinuity. One has ([1, 2, 8])

Au  Acg
CTME ST Ay (8)
1 _ LAu Ao
(A_i)Au_kA_a_A_u’ 9)

where A is an arbitrary real number (depending in each jump) defined by the
relation
HK' =~ A¢, (10)
and it may take different values depending on the choice of the functions H and
K. Although the Riemann problem (1)—(2) admits an infinite number of jump
conditions for shocks, we are interested in seeking its shock solution when the
equation (1) or (2) is written in a strong equality.
In order to introduce our new numerical method, consider the following two
systems:

Ug + Uty = Og,

(11)
o +uo, ~ k ug,
U +uuy ~ Og,

(12)
or +uoy, = klug.

To each of these systems there corresponds precisely one value of A that we
compute in the following sections.
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2.1 Computation of the jump conditions of (11)

In the particular case of (11), by setting ¢ = o + u?/2, one can prove that (11)
is equivalent to
Ut+(U2_Q)$ = 0,

u? (11°)
qt + (? — k2u>m ~ 0,

which is in the conservative form. In this case the new mathematical tool
gives back at once nothing other than the classical Rankine-Hugoniot jump
conditions. However this remark is not useful; so let us start from (11), (6) and
(7). Plug (6) and (7) into the first equation of (11):

%

—cAuH' + (u; + AuH)AuH' = AcK'.

Using (8) and (9), one gets

K'= (1 - (A“)2> o B g,

2A0 Ao
Thus A2
K=F() = H-"2" g0 _m, (13)
2A0
e (Au)? (Au)?
r_ _\Ku 1, \QU)” ooy
HK_<1 2A0>HH+ o HH.

Since H"H' ~ 256, so the value of the number A in (9) is given by:

11 (Auw)?
A= 3t 13 Ay (14)
2.2 Computation of the jump conditions of (12)
Plug (6) and (7) into the second equation of (12):
—cAuH' + (u; + AuH)AuH' = AcK'.
Using (8) and (9), one obtains
KI — &HI
1 Ao )
Integrate this equation to obtain
k2 —c+u + AuH
K=GH)=—In|——|. 1
(1) = 5| =S (15)
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Since K (§) =1 if £ > 0, we have

k2
1=—1
Aon

1

1+ (16)

1 Ao )
2 T @y

Now we describe our numerical schemes for solutions of (11) and (12). We
start from some very simple and general discretization method consisting of
computing means of some quantities to ensure stability. This method works very
well. For many systems, it has been checked that it gives variables represented
by the same Heaviside function, i.e. value 1/2 of the parameters like A. We set
At = rh where At and h are respectively the time and space steps. Consider
the mean values

u 4+ 2ul +ul o, + 20" + 0™
inz i+1 i i—1 and p_n: i+1 i i—1

4 ¢ 4

m

We introduce them in the scheme below to ensure its stability for » > 0 small
enough. The scheme we used for the discretization of (1)—(2) is

ul ; —u? o, —ol
1 -1 1 —1
ultt = mP —rmp -t 5 = 5 =
oy} o} uy uy (17)
L o i ) S it 3 2 Zitl T il
o; = pl—rm] 2 +rk 5 .

In this one-scale scheme (ratio =1), we use the same space step for u and
0. The numerical method used on each grid appears to be essentially central
differencing with artificial dissipation added. Note that the averaged quantities
m;, p; can be written as, e.g.,

m; = u; + i (wip1 —2u? +uj—1) B u+ ihzum,
the latter term gives the artificial dissipation.

Now the new numerical methods presented here to solve the system (11)
and (12) are based on the following idea: the equations holding in a stronger
sense across the discontinuity should be discretized on a finer grid than the ones
holding weakly. This is a very interesting approach, and is surprisingly effective
at calculating solutions with the correct jump conditions in each case.

2.3 Proposed numerical scheme for solution of (11)

For the space discretization, the “large” meshes are divided into four equal size
“small” meshes; the time discretization is only made of one scaling. The index
i refers to the small (space) meshes discretization, the large scale being used for
the discretization of the second equation in (11): the values o are defined only
when i is a multiple of four (ratio =4). For all i € Z we set

n+l __ n nu?-i—l - ’U/,ln;1 n
up T =m; —rmif—l—r(da)i , (114)
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where (do); is an approximation of the term o,. Since o7 is defined only when
1 is a multiple of four, we adopt the following. First for the case ¢ > 0;

if =4k, then (do)! = é (o8 s — o0t y),

: 3 1
if i=4k+1, then (do)} = 6 (0fss — O) + 6 (0 — 0%_4)

1
if i=4k+2, then (do)! = 1 (0%to — O_s) >

n
i

M y 3 n n 1 n n

if i=4k+3, then (do); = 16 (U4k+4 - ‘74k) + 16 (‘74k+8 - U4k+4) :
For the case i < 0, these definitions are extended by symmetry. For those
integers i which are integer multiples of four, (11;) is completed by

n n n n n n n
_oyg 207 + 0y nTits — 04 o Uiy — Uzl
= 1 —rm; 3 +rk 2 .

ot (11,)

2.4 Proposed numerical scheme for solution of (12)

In this case the value of u? is defined when i is a multiple of four (ratio =4).
Thus the scheme becomes: for all i € Z,

ot = gt —r (Mu)} THTEL p2 (du) (12:)

Where (Mu); and (du); are defined similarly as before, due to the fact that u?
is defined only for ¢ multiple of four: for ¢ > 0,
1
if =4k, then (du)! = 3 (ull g —ul'y),

n n n
uiyq +2ui Uiy

and (Mu); = 1 ,

e . 1 3
if i=4k+1, then (du)! = 6 (ulpps — ully) + 6 (ul, — ue_y) »

uy + 2ult, +ul
and (Mu):’ _ UYdk+a 44k 4k—4

if i=4k+2, then (du)! = % (Ufpsa — ) 5

2

un + uTL
and (Mu):l _ Y4k+4 5 4k74,

e 3 1
if i=4k+3, then (du); = 16 (ufrq = ully) + 6 (ulffprs = Ulpia) -

n UL + 2ul + ul
and (Mu)i _ Yak+s 44k+4 ak

For 4 multiple of 4, the first equation in (12) is discretized by (12;)

_ i Uis — UGy 01 — 01y
=7 —rat =+ L At ¢

n+1
8 2 ’

K3

u



where U’ =
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n n n
it g + 2u3 +uy

2.5 Numerical results

In the numerical examples, the left hand side values of u; are 1,2, 3 successively,
and o; = 0; the right hand side values are always u, = 0 and o, = 0. Three

4

tests corresponding to the three values of u; are given below.

In all cases, the solution consists of a pair of shock waves separated by

constant values 4 and & of u and o respectively.

The theoretical values of 4 and & corresponding to system (11) (respectively
(12)) are computed from the algebraic formula (8), (9), and (14) (respectively
(8), (9), and (16)) with an error < 5-10~%. The observed values of 4 and &
are given with an error < 5-1073. We computed solutions with r = 0.25 for

u; = 1,2 and r = 0.2 for u; = 3. We fixed the simulation time T at 1.
System (11) : ratio 1

value of | theoretical observed theoretical observed
of y value of u value of & value of —¢ | value of —G
1 0.5 0.5 0.4947 0.5
2 1. 1. 0.9575 1.
3 1.5 1.5 1.3521 1.5
System (12): ratio 1
value of | theoretical observed theoretical observed
of u; value of @ value of @ value of — | value of —&
1 0.5 0.5 0.5052 0.5
2 1. 1. 1.0436 1.
3 1.5 1.5 1.6559 1.5
System (11): ratio 4
value of | theoretical observed theoretical observed
of u value of @ value of @ value of —& | value of —G
1 0.5000 0.5003 0.4947 0.4942
2 1.0000 1.001 0.9575 0.9563
3 1.5000 1.505 1.3521 1.3513
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System (12): ratio 4

value of | theoretical observed theoretical observed
of uy value of @ value of @ value of —G | value of —G&
1 0.5000 0.50001 0.5052 0.5059
2 1.0000 0.998 1.0436 1.046
3 1.5000 1.498 1.6559 1.664

We remark that the intermediate step value for the velocity v and the stress
o are calculated with more accuracy with the double scale method with ratio
4. This particular ratio 4 is appropriate for these problems. With a stronger
discontinuity a larger ratio would be needed.

Unfortunately, for each of the tests, the numerical solution presents a surplus
of diffusion. In order to improve the quality and neatness of the numerical results
we introduce a classical antidiffusion method. This modification does not play
a role in the convergence of the scheme but it makes the shock neater. It is
described as follows. For w = u, 0, we introduce a correction only in the two
cases:

n n n n
Wi_g > Wil q > Wi > Wiy, (a)
or
n n n n
wi, <wi g < wi <wi. (b)
We set
n n n n n n
n . |wz' - wz>1| |wz>2 - wz>1| |wz'+1 - w; |
¢; = £ min , , ,
4 2 2
with “—” in the case (b) and “+” in the case (a). When we are not in the case

(a) and (b) we set ¢ = 0. In the scheme, w" is replaced by w}* —c* + ¢} ;.
For ratio four, we introduce the following correction only in the two cases

n n n n
wi_s > wi_4 > wi > wi+4, (C)
or
n n n n
wi g <wiy < wi < Wiy (d)
We set
n n n n n n
n R —wl | s —wly| wi, —w]
¢, = £ min , , s
16 8 8
with “—” in the case (d) and “4” in the case (¢). When we are not in the case

(c) and (d) we set ¢ = 0. In the scheme, wf is replaced by w} — & + ¢} ,.
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Velocity of system (11)

Stress of system (11)
2
‘ ‘ exact —— ‘ ‘exact —_—
i num. ------- num. -------
‘a 0 \ ,
15} 4 .02}t \‘ E
Exact = 1. 04l ]
i  Observed = 1.0001
1t : . ,
06 1
05 L | 08k i Observed = - 0.9564 i |
| Exact=-09574 |
‘: At .
0 . . | . . .
0 0.5 1 15 2 0 0.5 1 15 2
Velocity of system (12) Stress of system (12)
2 S
| ‘ ‘ éxact —_— ‘ ‘exact _
| num. - [y —
‘\ 0 N I
15} 1 02r 3 3 i
Exact = 1. 04l ]
' Observed =0.9988
1t i . B
| 06 1
0.5 4 -0.8 - 4
| ! Observed = - 1.0462
1t | Exact=-1043620 | 1
0 1 1 1 ‘\‘ 1 1 1
0 0.5 1 15 2 0 0.5 1 15 2

Figure 1: Comparison between the exact solutions of (11) and (12), and the
numerical solutions obtained by double scale method for ratio 4
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3 Theoretical and numerical results in systems
of fluid dynamics

In this section, we consider the classical system of aerodynamics ([5, 3, 9])

pt + (pu), =0,
(pu): + (pu® +p),_ =0,
(pe): + (peu + pu), =0,
p=(y—1)pl,

(18)

where p, u, and p denote respectively, the density, the velocity, and the pressure.
In this system, we state the laws of physics (the internal energy per unit mass
I = e—u?/2, e being the total energy per unit mass) with the strong equalities,
and the constitutive equation with the association.

Then it can be transformed into various systems in the nonconservative form
having the same piecewise continuous solutions. Two of these systems are

Pt + (pu)w =0,

1
up + uug + pe = 0, (19)
Pt + upg + ypug = 0,

and
Vg + uv, —vu, =0,

Up + Uy + vpy, =0, (20)
Pt + ups + Ypug = 0,

where v = 1/p is the specific volume. It is has been proved in [5, 3] that v, u,
and p are represented by the same Heaviside generalized function; thus natural
one-scale schemes work very well for (19). But p and v = 1/p are not represented
by the same Heaviside generalized function, so that the same method if applied
to (20) would not lead to the correct solution. Both (19) and (20) have the same
piecewise continuous solutions as (18). Thus it suffices to superpose the curves
obtained from our new double scaling method with the classical solution. We
observe agreement with the expected results.

We now present some numerical results. The computation is done for the
initial data (ui,u,) = (0,0), (p1,pr) = (1,0.1), (p1, pr) = (1,1.25) with v = 1.4.
We have computed the solutions with a parameter r = 0.2, and 7" = 0.2.

The present test is the so-called shock tube test problem. Let us recall the
initial conditions; air is confined in a tube (of infinite length). A membrane sep-
arates the tube in two zones of different pressures and densities. The membrane
disappears at ¢t = 0; this gives rise to a rarefaction wave traveling to the left, a
contact discontinuity and a shock wave traveling to the right.



Table 1:
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variable i (p1,P2) D
theoretical value || 0.9274 (0.4263,0.2655) 0.3031
observ'ed value 0.918 (0.429,0.252) 0.3080
for ratio 1

observ.ed value 0.9279 (0.415,0.264) 0.3037
for ratio 4

Observed and theoretical values of test 1 of the intermediate step value

for the density, pressure and velocity corresponding to system (20)

variable a (p1,p2) D

theoretical value | 0.9274 (0.4263,0.2655) 0.3031
1

observed value 0.907 (0.435,0.275) 0.3127

for ratio 1

observ.ed value 0.9270 (0.421,0.265) 0.3037

for ratio 4
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Table 2: Observed and theoretical values of test 1 of the intermediate step value
for the density, pressure and velocity corresponding to system (19)

It appears from these results that the nonconservative form gives numerical
results of good quality for ratio 4, it permits us to reach more precisely the
intermediate step values, whereas the ratio 1 does not permit us to calculate an
acceptable solution.

Moreover, in the curves obtained from the nonconservative method one ob-
serves the absence of oscillations in pressure and velocity, but for the density,
this method gives a poor result on contact discontinuity (oscillations for in-
stance) for ratio 4. This test shows that it is important to apply the double
scale method only in a neighborhood of the discontinuity (shock wave) in the
context of preserving the contact discontinuity.
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Figure 2: Comparison between the exact solutions of (19) and the numerical
solutions obtained for ratio 1 and ratio 4
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4 Conclusion

The nonlinear theory of generalized functions makes it possible to eliminate am-
biguities associated with “multiplication of distributions” in systems of equa-
tions of physics. It provides new ideas to resolve the ambiguities and state more
precisely the equations of physics.

This resolution of the ambiguities is done by algebraic calculations in the
simple cases. In this paper, we have shown that the above theory suggests clearly
new numerical methods lead to the theoretical algebraic results. We showed that
the double scale method permits us to calculate acceptable solutions. These
discontinuities are well resolved numerically and correct speeds are observed.
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Abstract

In a previous paper, [17] Part Two, was investigated an initial boundary value problem for

the operator

2 — B(t) 2 2
Lu(y =2t |2 ko= K / (m) dx}au

ot? m  m Y 2my(t) Ja oz 0x?’

which is a model for small vibrations of an elastic string with moving ends and variable tension.
Without restrictions on the initial data we proved local solutions in ¢. The present paper is
dedicated to study a unilateral problem for Lu with no restriction on the initial configuration
uo and the initial velocity u; has a bounded gradient. We succeed to prove that the solution

of the unilateral problem has a solution for all ¢ € [0,7], T a positive arbitrary number.

Keywords: Elastic strings, unilateral problem, moving ends, penalty method, nonlocal solu-
tions.

Mathematics Subject Classification: 35185, 35L.20.

1 INTRODUCTION

In [17] it was deduced a model describing the small vertical vibrations of an elastic string in the

case of moving ends and variable tension. In fact, it was deduced the mathematical model

0%u 70 k v({#) =70 k O 7 ou\? 0%u
| =24+ = — — =0. 1.1
ot? (m t o Yo * 2my(t) /a(t) (6;10) d Ox? 0 (11)
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Note that u = u(z,t) is the deformation of the string; 7y the initial tension in the rest position
[0, Bo);  [a(t), B(t)] the deformations of [ag, Bo] after the time ¢ > 0, with ap = «(0), By = 8(0),
v(t) = B(t) — a(t), v =7(0), 0<a(t) <ay < B < B(t). By m we represent the mass of the
string and k = o FE, with o the area of the cross section of the string and F the Young’s modulus
of the material.

It is opportune to observe that when we have fixed ends, that is, a(t) = ag, B(t) = fp for all

t > 0, the model (1.1) reduces to

8%u To k o 1 o\ 2 8%u
o <m+2mo / (ax) do | 5oz =0 (1-2)

called the Kirchhoff model, see [1], [6], [9], [10], [11], [12], [13], [16], [18], [20], [21], [22], [26].

If in (1.2) we suppose fixed ends and constant tension 7, we ignore the non linear contribution

k Bo / ou\?

which appears from the variation of the tension, then we obtain, from (1.2), the well known

D’Alembert model, [8],
%u 1y 0%u

Z -2 _ 2T 2. 1.
ot2  m Ox2 0 (1.3)

In order to propose our problem we need some notation. Let

Q={(z,t) eR* a(t) <z < B(t),0 <t < T}, (1.4)

with 0 < a(t) < ap < By < B(t) for ¢t > 0.

The lateral boundary of @ is defined by

Y= U Ha),8)} < {8}]. (1.5)

0<t<T
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=y B0, gk
Seta(t) =0+ T b0 = 3 (16)

M(t,\) = alt) + b(t)A.

Thus, we consider the nonlinear differential operator

~ Pu  —~ LONE AN 0%u

defined for functions u: @ — R.

Let us consider the closed convex set K, contained in H} (), for ¢t > 0, defined by

ow

1

a.e. in Qt}. (1.8)

Note that H} () is the Sobolev space on €, = (a(t), 3(t)), the sections of Q at level t; see [15].

Remark 1.1. In previous work, cf. [17], was investigated an initial boundary value problem for
Lu in @, where we chose initial values uy € HL(Q) N H2(Q), uy € H(Q), Qo = (a0, B0). It
was proved, cf. [17], that the initial boundary value problem for Lu in QA) with these initial values
and zero on 3 has only one local solution u = u(z,t). It means that the solution u = u(z,t) is
defined for (z,t) € @, but for 0 <t < Ty, Ty a fixed number. However, to obtain solution defined
for all t > 0, we need restrict ug, u; to be inside a fixed ball, what is called “small initial data”.
In the present work, we consider a unilateral problem or a variational inequality cf. [3] for the
operator Lu, to be defined in Section 2. We prove, that considering ug € HY(Q0) N H?(Q) and
uy € Ko C H} (o), the unilateral problem for Lu in @ has a unique solution v = u(z,t), defined

for all number ¢ > 0. Note that wug is arbitrary in Hg () N H?(Qo). O

The methodology employed to study the unilateral problem of Lu in @ consists in the trans-
formation of the noncylindrical domain @ into a cylinder () and the operator Lu into an operator
Lv defined for functions v: Q — R. Thus we obtain an equivalent cylindrical unilateral problem

for Lv in @@ and we are able to apply the penalty method idealized by Lions [14].
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2 NOTATIONS AND RESULTS

We consider the following hypotheses:

(H1) o, 3 € C3([0,00);R), such that 0 < «a(t) < apg < Bo < B(t), for all t > 0, '(t) < 0,
B'(t) > 0 and &/(0) = 5/(0) = 0, with f’ the derivative of f(¢).

(H2) |a'(t) + yy' ()] < ,/?, forall t >0, 0<y<1with0<mg< 2.
m
Theorem 2.1. Suppose
Ug € H&(Qo) n HQ(QO) and uy € Ko C H&(Qo)

There exists one and only one function u: @ — R, satisfying the conditions:

u e L0, T; Hy (Q) N H*(Q4)); ' € L°°(0,T; H(Q));

(2.1)

u’ € L*°(0,T; L* (),
Du(t) € K¢ a.e. in (0,T), (2.2)

T B
/ / Lu(z,t)[w(z, t) — Du(z,t)]dzdt > 0, (2.3)
0 a(t)
for allw € LY(0,T; HE (), with w(t) € Ky a.e. in (0,T).
u(x,0) = ug(z), v'(z,0) = ui(x) in Qo = (a0, Bo)- (2.4)
The operator D is defined by
o V(1) 1| Oul, )

Du(z,t) =u'(z,t) + T (x —at) + ' (t) o (2.5)
O

To prove theorem 2.1 we transform it in an equivalent unilateral problem in a cylindrical

domain.
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~ —at
In fact, if (z,t) € @, the point (y,t) € @, for y = xia() and @ = (0,1) x (0,7). Thus the

(1)
x —aft) . . .
—a transforms («(t), 8(t)), t > 0, into (0,1). The inverse is
v

7ty = x, with 2 = y(t)y + a(t). Note that 7, and 7, ' are C®, by (H1).

mapping nix = y, with y =

The next step is to obtain the operator Lv(y, t) transformed from Eu(x, t) by 7. In fact, if we

set v(y,t) = u(x,t) with y = 7z, we obtain

0% 1 moy . b(t) [ [ov\> 0?%v
o —aﬁ‘wu)[‘z”@*wwﬂ (5) | 5

i (2.6)
- a% (a(w)gz,) +b(y,t) ;ygt +c(y,t) %,
where
| m o () + 7' (1))
) = lw(()t) - (%) ] | >0
[+ ()
by, 1) = —2 [ - } , (28)
_ [a") + 97" (@)
c(y,t) = {W) ] : (2.9)

2

0
By (H2) we have —% +a(t) > % , then the coefficient of —a—yz is strictly positive. Also by
(H2), a(y,t) >0 for all (y,t) € Q.

0 0
Observe also that v/(y,t) = Du(zx,t) and if 2(y,t) = w(x,t), y = 1, 8—; =7 a—ij and K; is
transformed into the closed convex set
1 0z .
K =4qz¢€ Hy(Q); 90 <lae. inQ (2.10)
Y

with © = (0,1).

Prior to completing the proof of theorem 2.1, we state another result.

Theorem 2.2. Suppose
vo € Hy(Q) N H*(Q) and v, € K.



58 DA SILVAET AL

Then, there exists one and only one function v: Q — R, such that

v e L®(0,T; Hy(Q) N H(Q)); v/ € L>(0, T3 Hy () N L*(0,T; Wy *();
(2.11)
v € L™=(0,T; L*(Q))

Vv'(t) € K a.e. in (0,T) (2.12)

/0 /0 Lo(y, t)[2(y,t) — v'(y, )| (t) dydt > 0, (2.13)

for all z € LY0,T; Wy (Q)), with 2(t) € K a.e. in (0,T)

v(y,0) =vo(y) and v'(y,0)=v1(y) in Q=(0,1). (2.14)

Remark 2.1. Note that, as we will prove in Section 3, T is any positive number.

By the inverse mapping T;l we prove that theorem 2.2 implies theorem 2.1. By this reason we
need only to prove theorem 2.2.

To prove theorem 2.2 we transform, by penalty, the inequality (2.13) into a family of equations
depending of a parameter € > 0 and apply Galerkin’s method.

First of all, let us define a penalty operator convenient to our problem, cf. Lions [14]. By
Wy *(€2) we represent the Sobolev space whose topological dual is W~14/3(Q). The closed convex
set K, defined in (2.10), is also contained in W01’4(Q). Represent by v~ the negative part of the

function v defined by v~ (y) = max(—v(y),0). For u,v € W01’4(Q), we have

o\ —
ou Ov

1-— — LYQ).

( ) oy 9y | € ()

For u € W;*(Q) consider the linear form

(P(u),v) =/01 (1—

ou
dy

du
dy

N\ v,
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defined for v € Wy*(€), which is continuous, then it is an object of the dual W~14/3(Q). We

2) Ou (2.15)

obtain
@
Jy

P(u) = —gy (1 - 7

in the sense of distributions on = (0, 1).
We prove, cf. Lions [14], that the operator P: W, *(Q) — W~14/3(Q), is monotone, hemicon-
tinuous, takes bounded sets of W,"*() into bounded sets of W~14/3(Q) and its kernel is K. This

operator is called the penalty operator relating to the closed convex set K. O

We prove the following result from which we obtain the proof of theorem 2.2.

Theorem 2.3. Suppose 0 < ¢ < 1, vy € Hi(2) N H2(Q) and v; € K. There exists a unique

function v.: Q — R satisfying

ve € L°(0,T; Hy (Q) N H2(Q)); vl € L*(0,T; Hy () N L*(0,T; Wy ());

(2.16)
v! € L™(0,T; L*(Q))
T 1 T
| @wewwnar+ 2 [P, w) =0 (2.17)
0 0
for all w e L*(0,T; Wy (Q)).
ve(y,0) = vo(y), vi(y,0) =vi(y) in Q=(0,1). (2.18)

The proof of theorem 2.3 will be given in Section 3. For the moment let us prove that it implies
the proof of theorem 2.2. Observe that in (2.17) we represent by (, ) the scalar product in L?(Q)
and (, ) the duality pairing between W~14/3(Q) and WOM(Q).

In fact, set in (2.17) w(t) = (2(t) — vL(t))y(t) with z € L*(0,T; Wy*(€2)) such that z(t) € K
a.e. in (0,7"). We have

T 1 T
/ (Doe(t), 2(6) = oL () ()t + / (POLE). 2(t) — ol (O (B)dE = 0. (2.19)
0 0
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By monotonicity of P and because z(t) € K, we have (P(v.(t)) — P(2(t)),v.(t) — 2(¢)) > 0, then
it follows from (2.19) that

T
/O (Lo (t), z(t) — vL(t))y(t) dt >0 (2.20)

for all z € L*(0,T; W, () with z(t) € K ae. in (0,T). We prove in Section 3, that when

0<e<landife—0, (2.20) converges to

/0 (Lo(t), 2(t) = v'(1)y(t)dt = 0

for all z € L*(0,T; Wh4(Q)) with z(t) € K a.e. in (0,T) and v: Q — R satisfies the regularity, the

unicity and the initial conditions of theorem 2.2.

3 PROOF OF THE THEOREM 2.3

We apply Galerkin’s method with the Hilbertian basis of spectral objects (w,),en and (A,),en for
the operator —86:2 in H}(2), Q= (0,1), cf. Brezis [2]. We know that the eigenvectors (w,),en
are orthonormal and complete in L2(Q) and complete in HZ () N H2(), HE(Q) and Wy *(Q).
We represent by Viy = [wy, wa,...,wy] the subspace of H{ () generated by the first N vectors

N
w, . The approximate problem consists in determining v.n(z,t) = Y g;n(t)w;(z) in Vi, the
j=1

solution of the system of ordinary differential equations

1
(Lvey (t),w) + - (P(vly(t),w) =0 forall win Vy

ven(0) = vony — vo  strong in  H}(Q) N H?(Q) (3.1)
vl N (0) = vy — vy strong in HJ(Q), with v1y € K.

The system (3.1) has a local solution v,y = wven(x,t), for € Q and 0 < t < Ty, cf.

Coddington-Levinson [7]. The extension of vy from [0,tx) to [0,T), for all number T > 0,
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is a consequence of an a priori estimate obtained in Estimate (i).

Remark 3.1. Since K is a closed convex set of H3(Q), there exists a projection operator
mx: HY(Q) — K, cf. Brezis [2]. We have ||rx viy — 7 v1|| < |[vin — v1]], which converges

to zero. But mx v1 = v1 because v1 € K. Then mx v1ny € K approximates vy in H&(Q) norm. So

we can consider the approximations of v; belonging to K. O
. . . . 0%
In order to have a better notation, we consider, in the computation, vey = v, 902 = Aw,
Y
v v 0%v
i Vv and i v, e v”. By |v(y,t)| we represent the absolute value of the real number
Y

v(y,t) and |v(t)|, ||v(t)|| the norms of v = v(y,t) in L?(Q) and H}(Q) respectively, that is,

o(t)? = /Q (. )P dy and [lo(t)|® = /Q Yoy, |2 dy.

Estimate (i). Set w = v'(¢) in (3.1) and observe the definition of Lv given in (2.6). We obtain

5 LW OF +u(t) 5 2 O +alt,vlt), v/ (0) +
+ (b(t)VV' (1), (1)) + (c(t)Vo(t), v (1) + (3.2)
£ {PO(0), (1) =0
Observe that we employ the notation a(t,v(t),w) = /a(y,t)Vv(y,t)Vw(y) dy and
Q
_ 1 mo . b(t) 9
(b(t)g(t)yw)—/Qb(y,t)g(yi)w(y) dy. Note that u(t) = 20 [—20+a(t)+7(t) QIW(y,t)l dy]-
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After computations we obtain for all 0 <t < ty,

i eNE: a(t) - 2 v 2 i’(t) v 4
dt{| ®) +( e | IPOIF + o @I +

+f a(y,t>wy7t>|2dy} =7 YO 1y, )2 dy +

v(t)
+ 2P0/ (1), (1) =
w  2(a0-F)ve : o
= ~2(1) - V3 (1) [lv(®)I]* +

O Z0L20)
PH 0 ]””(t’” *

+ / o (4, 8)[Vo(y, )2 dy + c(. ) [[[o(0)] + o' (8)?]

Integrating (3.3) on (0,t), 0 <t < ty, we obtain

W + -3 @2+ Do+
) 293(0)

a(0) — 2o -
- T b(0
gvm|2+( 2 )||v0N|2+ UNTIT

1 t
+ [ atw o ay+ 2 [P ) ds <

0 29
mo [ 2 aw 206 -5)76) ) (3.4)
- 27 Jo Veon ()] dy+/0 |:72(s) 73(s) [v(s)|[*ds+

E1b(s)  3b(s)y(s)
*/o P )

+/0 /O a/(y’s)‘vv(y75)|2dyd5+
+ [ et [P + 0 ()] ds.

Remark 3.2. In (3.4), by the convergences in (3.1), the sum of the terms evaluated in t = 0 is
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less than a positive constant Cs, independent of N and ¢y . Also we have

Lﬁ)i% > (22 ) >0
‘ I —(272<t>)> :
b(t) k
Vi (t) = 2mr (1)

Note that C'5 and C4 depend on T > 0 but T is an arbitrary positive number, not depending of N

> Oy

and tN .

1
. /o a(y, t)|Vo(y, t)|* dy > 0 by (H2) and (2.7).

O
From Remark 3.2 we modify (3.4), obtaining
1 t t
o)+ = / (P(v'(s),0/(s)) ds < Cs + Cs / o(s) ds, (3.5)
0 0

with ¢(t) = [v/ ()] +|[v()]|*> +||v()]|*. Since the penalty term is positive, the Gronwall inequality

implies ¢(t) < Cs, that is, after the extension of the solution
oin (01 + lven (117 + [lven ()] < Cs, (3.6)

foral NEN, e>0andte|0,7], T>O0.
From (3.5) and (3.6) it follows that

/0 (P(olx (8)), oLy (1)) dt < C,

forall N e N, 0<e <1, and any fixed T" > 0.

By definition of P, this implies

T 1
/ / IVl (5. 1)2 — 1) [ty (9, £)[2 dydt < Co (3.7)
0 0

for |Vl y(y,t)|? > 1. For |[Voly(y,t)|*> <1 the duality is zero, because P(v.y(y,t)) = 0.
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From (3.7) and by Schwarz’s inequality, we obtain an extra fundamental estimate
T 4
/ |Vl y (1) .LH(Q)" dt < Cho,
0

forall N e N, 0<e<1, T an arbitrary positive number.

Thus we have the estimate

T
W&@F+WW®W+AIW%ﬁNﬁmfﬁ<QL (3.8)

Estimate (ii). Set w = —Av/(t) in (3.1). We obtain

1d, o 1d
- t t) — —
3 5 W OIP +ut) 5 %

+ a(t, v(t), —AV' (1)) + (b(t)VV'(t), —Av'(t)) + (3.9)

|Av(t)]* +

+ (c(t)Vo(t), —Av'(t)) + % (P((V'(t), —AvV'(t)) = 0.

By definition of P(v'(t)), see (2.15), we obtain P(v/(t)) = 0 when |[Vv/(y,t)|* < 1, that is

v'(t) € K. It follows that

(P('(t), —AV'(t)) = - /|v ot [3(Vv’(y7t))2 — 1] [AV/ (y,1)]2 dy > 0.

By a similar argument as we did to obtain Estimate (i), we transform (3.9) to the following
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inequality:

%{Ilv'(t)ll2 +p(®)| Av()|* + alt, Vo(t), Vo(t)} +

(Vo'(1,8))% — (t) (V' (0,1)) 2} <

\./

Vo(L, ) V' (1,t) — O‘/(;(”t';

a//( )
Vo(1, ) Vo' (1,t) + Vo )V (O,t)} +
mo

1 {@/(@ 2(a() - 5) 7 )
2

72(¢) ()

Vo (0, £)Ve' (0, )} +

[Av(t)]* +

lo@)I1* |Av(®)]* + (3.10)

(o, Vo lacol - 2| TH | (wo0, 90(0) -

o) + ()] () ,
] T oo

1 ' / A 2 1’71(15) / 2
+ a'(y,t)|Av(y, t)|* dy + [Vo'(y, )|° dy +
2 Jo o ()
y(T

1 //() ,
+/O ~{0) Vo(y, t)Vo'(y,t) dy +

n /O {iy;”] Av(y, 1)V (y, 1) dy.

Now, by hypothesis (H1), (H2) and Estimate (i), we modify the right hand side of (3.10)

obtaining

B'(t) / »  d(t) 2

|2 w2 - 28 o <o,t>>} <
B0y (1) i OV

<2| T VoL Ve (L) - T V0. (O,t)}+ (3.11)
[ RO P

+ ) Vo(1,6)Vo'(1,t) + ~ ) Vo(0,t)Vo'( )} +

+ K + K> [|Vvl(t)‘2 +(1+ |V'U/(t)|L4(Q))|AU(t)|2} .
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By an argument similar to that employed in [17] Part Two, we transform (3.11) and obtain

% {I' @O + u®)Av®)* + alt, Vo(t), Vo(t) } <

(3.12)
< 2K + K3 [|[0' ()| + (1 + [V (8) | ) |[Av(t)]?] -

Here we are in the fundamental point in our proof. By Estimate (i) we have
T

4
We have, by Holder’s inequality with p =4, p' = 3’ and the above estimate, that

T 1
[ 190l dyat
0 0

is bounded. Note, also, by the Schwarz inequality and the above estimate, we obtain

T 1
/ / IVuln (y,t)|? dydt
0 0

mo

i . i > >
is bounded. Thus, since a(t, Vo(t), Vo(t)) > 0, u(t) > 222(T)

, we obtain from (3.12)

t
Bo(OF < Kit Ka [ (1490 10| Av(s)P ds
0
for all 0 <t < T. We are in the case of a Gronwall inequality of the type
t
o)< C+ [ 0)es)ds,
0

with 6 € L1(0,T). Tt implies that |Av(¢)|? is bounded in [0, 7] for all number T > 0.

Thus we obtain the estimate

iy (7 + [Aven (t)]* < Cra, (3.13)
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foral NeN, 0<e<1, t€]0,7], T >0 an arbitrary number.

Estimate (iii). We estimate v”y in the norm L?() for 0 < ¢t < T. First we need estimate v”y
at t = 0. From (3.1), for ¢ = 0 we obtain

(/5 (0),w) = pu(0)(Avon, w) — 27%(;2 (Avon,w) — (¢(0)Vuon, w). (3.14)

If we set w = v/ (0) in (3.14), observing the convergences in (3.1), we obtain
[0’y (0)] < Cia, forall NeN, 0<e<1. (3.15)

To estimate v’y it is not simple because the penalty term in (3.1) is not derivable. However it
is monotone and this helps substantially to estimate v/ . We employ an argument of Lions [15],
Browder [5]. See also Brezis [3] and Vieira & Rabello [25], for the same difficulty.

We define the operator

Snv(y,t) = — [v(y,t +h) —v(y,t)],

S

for0<y<1l, h>0and0<t<T—h.

From the approximate equation (3.1) we obtain
(Lv(t + h) — Lo(t),w) + é (P(V'(t+ h)) — P(V'(t)),w) = 0.
Dividing both sides by h > 0, we obtain
(6 Lo(t), w) + é (6 P/ (1)), w) = 0. (3.16)
For w = 6, v/, we obtain, by monotonicity,

% (6, P(V'(t)),0n0"(t)) > 0.
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Thus we have

(8n Lo(t), 650" (1)) <0, forall 0<t<T —h. (3.17)
After computations similar to the one done in Estimate (i), if we set
p(t) = 10n vy ()] + [|0n ven (£)[]?, we obtain
t
o(t) < K5(1+¢(0)) + K@/ o(s)ds. (3.18)
0
We prove that as h — 0, we have
16 v2n (0)]* — |02y (0)]* and |8 ven (0)]1* — [[oln (0)]%.
Since [v”y(0)|?> < C13 and ||[v. 5 (0)]|*> = |Jvin||? is also bounded, see (3.1), we obtain, from (3.18)
[ vin (1)]? < (K7 + Ksr(h))e"™T,
with 7(h) — 0 when h — 0, for 0 < e <1, T > 0 is an arbitrary number.
Taking the limit when h — 0 in the last inequality, we obtain
/Ny ()]? < Oy, forall NeN,0<e<l,te[0,T], T >0 arbitrary. (3.19)

From the estimates, uniform in N and 0 < € < 1, we obtain a subsequence (ven)nen , for € fixed,

such that
veny — 0. weak star in - L(0,T; H} () N H(Q))

vly — vl weak star in  L°(0,T; H}(Q))
vly — v, weakly in L*0,T; WolA(Q))

vy —v”  weak star in  L>(0,T; L>°(0,T; L*(Q))

P(v_y) = xe weakly in L4/3(07T; W—1§(Q))

(3.20)

Note that the last convergence is because the penalty operator takes bounded sets of

L40,T; Wy*(9)) into bounded sets of the dual L*/3(0,T;W~3(Q)). To pass to the limit in



VIBRATIONS OF ELASTIC STRINGS:UNILATERAL PROBLEM 69

the approximate equation we have a problem in the nonlinear term p(t)Av.y . We have the first
convergence in (3.20) which gives Av.y — Av, weak star in L>(0,T; L?(2)) but we need some
strong convergence for y(t). We have vy bounded in L?(0,T; Hi(Q2) N H%()) and v’ bounded
in L2(0,T; H(Q)). Since HE(Q) N H%(Q) — HI(Q) — L*(Q) with the first embedding compact,

there exists a subsequence, still represented by (ven), such that

veny — v.  strongly in - L2(0,T; Hy (). (3.21)

This is an application of the compactness argument of Aubin-Lions, cf. [14], [23], [24].
By the estimates (ii), (ili) and the same argument of compactness, we obtain a subsequence
(ven) such that

vl — vl strongly in  L*(0,T; L*(Q)). (3.22)

By means of the convergences (3.20) and (3.21) we can pass to the limit in (3.1) when N — oo

and obtain
1
(Lve(t), w(t)) + - (xe(t), w(t)) =0 (3.23)
for all w € L*(0,T; Wy*(2)).
Equation (3.23) says that
Lv. + %xs =0 in LY3(0,T;W15(Q)). (3.24)

The next step is to prove that x.(t) = P(v.(¢)). This is a consequence of monotonicity of P

€

and (3.24). In fact, for z € L*(0,T; W, *(2)), we have

/0 (P(oln (8) — P(2(t)), 0y (1) — 2(1)) di > 0.

Then
T

(3.25)
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From the approximate equation (3.1) and since v/, — v/ strongly in L?(0,T; L?(2)), we obtain

4T T
lim (P(vly(t),vin(t))dt = — lim s/o (Lven (t),vln(t))dt =

N—oo J N —o0

=—gA<mam¢u»u=A (xe(£), 0L (1)) dt, by (3.24).

Substituting in (3.25) we get

T
A (xe(t) — P=(), 0L(t) — =(t)) dt > 0.

This implies x.(t) = P(v.(t)). It is sufficient to set z = v. — Aw, A > 0, w arbitrary in
L0, T; W}4(Q)) and let A — 0. Note that v/ € L*(0,T; Wy * ().

Thus we have, in fact,
1
L. +=P@)=0 in LY30,T; W=14/3(Q)),
€
that is

/TLt t)) dt 1/TP’t t)ydt =0
; (Le(t), w(t)) dt + - ; (P(ve(?)), w(t)) dt =

for all w € L*(0,T; Wy *(2)).

The function v, satisfies all the conditions of theorem 2.3, which is now proved. O

From the convergences (3.20) and Banach-Steinhaus theorem, it follows from (3.20), (3.21) and
(3.22) that there exists a subnet (v:)p<c<1, such that it converges to v as € — 0, in the sense
of (3.20), (3.21) and (3.22). This function satisfies (2.11). Thus for z € L*(0,T; Wy*(Q)) with

z(t) € K a.e. in (0,T), we obtain

/0 (Lv.(t), 2(t) — vl(t))y(t)dt > 0.
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When £ — 0, we deduce that v is a solution of

T
/0 (Lo(t), z(t) —v(t))y(t) dt > 0.

We have uniqueness and v satisfies the initial conditions. To prove that v'(t) € K a.e. in (0,7,
observe that P(v’) — 0 in L*/3(0,T; VV(;M/3 (Q)) when ¢ — 0. This strong convergence happens
because, for all w € L1(0,T; W, *(Q)),

/0 (P(oL (1)), w(t)) di| = |~ / (L0 (1)), wi(t)) dt

<eM

with M a constant not depending on €.

Thus, since P is monotone, we have, for all w € L*(0, T’; W01’4(Q))7

T
/0 (P(w(t), w(t) —v'(t)) dt = lim ; (P(w(t)) = P(t), w(t) — vln(t))dt 2 0.

As P is hemicontinuous, we choose w = v + A&, with A > 0 and ¢ arbitrary in L*(0, T} W01’4(Q))7

in the above inequality. So, it follows that

/O (P(/ (1)), (1)) dt = 0,

for all € € L*(0,T; Wy *(€)), what implies that P(v/(t)) = 0 a.e. in (0,T), that is, v'(t) € K a.c.
in (0,7). O
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Abstract. In this paper, we introduce and study a new class of parametric general-
ized relaxed cocoercive implicit quasivariational inclusions with A-monotone mappings.
By using the parametric implicit resolvent operator technique for A-monotone, we an-
alyze solution sensitivity for this kind of generalized relaxed cocoercive inclusions in
Hilbert spaces. Our results generalize sensitivity analysis results on strongly monotone
quasivariational inclusions and nonlinear implicit quasivariational inclusions. Further-
more, relaxed cocoercivity is illustrated by some examples.
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1 INTRODUCTION

In order to enable us to study the behavior and sensitivity analysis of solution sets
of many important nonlinear problems arising in mechanics, physics, optimization and
control, nonlinear programming, economics, finance, regional structural, transportation,
elasticity, and various applied sciences in a general and unified framework, it is well
known that many authors had studied sensitivity analysis of solutions for variational
inequalities and inclusions in quite different methods. For example, by using the project
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technique, Ding and Luo [3], Ding et al. [5], Moudafi [14] dealt with the sensitiv-
ity analysis of solutions for variational inequalities and nonlinear project equations in
Hilbert spaces. By using the implicit function approach, Jittorntrum [10], Kyparisis
[11], Robinson [16] studied the sensitivity analysis of solutions for variational inequal-
ities under suitable second order and regularity assumptions. Recently, Agarwal et al.
[1], Dong et al. [6], analyzed solution sensitivity analysis for variational inequalities and
variational inclusions by using resolvent operator technique.

On the other hand, Verma [18, 19] introduced the concept of A-monotone mappings,
which generalizes the well-known general class of maximal monotone mappings, and
originates way back from an earlier work of the Verma [17]. The author also studied
some properties of A-monotone mappings and defined resolvent operators associated
with A-monotone mappings. Further, Verma [21] analyzed solution sensitivity for a
relaxed cocoercive quasivariational inclusions based on the generalized resolvent operator
technique, which generalizes the results on the sensitivity analysis for strongly monotone
quasivariational inclusions as well as for relaxed cocoercive quasivariational inclusions
[1,3,14,20] and others since the class of relaxed cocoercive mappings is more general
than the existing classes of mapping in literature. Some examples of relaxed cocoercive
mappings are also included. For more details, we recommend [1-11, 13, 14, 16-22].

Inspired and motivated by the works of [1, 2, 4, 9, 21], in this paper, we introduce
and study a new class of parametric generalized relaxed cocoercive implicit quasivaria-
tional inclusions with A-monotone mappings. By using the parametric implicit resolvent
operator technique for A-monotone, we analyze solution sensitivity for this kind of gen-
eralized relaxed cocoercive inclusions in Hilbert spaces. Our results generalize sensitivity
analysis results on strongly monotone quasivariational inclusions and nonlinear implicit
quasivariational inclusions. Furthermore, relaxed cocoercivity is illustrated by some ex-
amples.

2 PRELIMINARIES

Throughout this paper, we suppose that H is a real Hilbert space with the norm || - ||
and inner product (-,-), 2% denotes the family of all the nonempty subsets of H, C(H)
denotes the family of all the nonempty compact subsets of H and £ is a nonempty open
subset of H in which the parameter \ take values.

The notion of the cocoercivity is applied in several directions, especially to solv-
ing variational inequality problems using the auxiliary problem principle and projection
methods [18,20], while the notion of the relaxed cocoercivity is more general than the
strong monotonicity as well as cocoercivity. Several classes of relaxed cocoercive varia-
tional inequalities have been studied in [18-20].

Definition 2.1. A mapping 7" : H x H x £ — H is said to be
(i) m-relaxed monotone in the first argument if there exists a positive constant m

such that
(T(z,u,\) = T(y,u, \),x —y) > —mllz —y|*
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for all (z,y,u,\) € Hx H x H x L;
(ii) s-cocoercive in the first argument if there exists a constant s > 0 such that
(T(2,u,A) = T(y,u,\), 2 —y) > s||T(z,u, A) = Ty, u, A)||*
for all (z,y,u,\) e H x H x H x L;

(iii) ~-relaxed cocoercive with respect to A in the first argument if there exists a positive
constant 7 such that

for all (z,y,u,\) € Hx H x H x £;

(iv) (e, )-relaxed cocoercive with respect to A in the first argument if there exist
positive constants € and « such that

<T($,u, )‘) - T(yv U, /\)7 A(ZE) - A(y» > —O[”T(ZL‘,U, /\) - T(y7u7 )‘>||2 + 6“'17 - y“2
for all (z,y,u,\) e H x H x H x L.

In a similar way, we can define (relaxed) cocoercivity of the mapping 7'(-,-,-) in the
second argument.

Example 2.1. Consider a nonexpansive mapping 7' : H — H. If weset ' =1 —T,
where [ is the identity mapping, then F'is (%)—cocoercive.

Proof. For any two elements x,y € H, we have

IF(z) = FI* =1 -T)(x) - =T)»]*
(I =T)(z) = (I =T)(y), (I =T)(z) = (I =T)(y))

that is, F is (3)-cocoercive.

Example 2.2. Consider a projection P : H — C', where C' is a nonempty closed
convex subset of H. Then P is 1-cocoercive since P is nonexpansive.

Proof. For any x,y € H, we have

IP(x) = P(y)|I> = (P(x) — P(
<{(r—y,Px

S~— S
3
=

|
3
s

that is, P is 1-cocoercive.

Example 2.3. Consider an r-strongly monotone (and hence r-expanding) mapping
T :H — H. Then T is (r + r? 1)-relaxed cocoercive with respect to I.
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Proof. For any two elements x,y € H, we have

1T (z) =Tl = rllz—yl,
(T(x) = T(y),x —y) > rlz -yl
and so
IT(x) = T(W)I* +(T(2) = T(y),z —y) > (r +7°)lx — g%,
i.e., for all x,y € H, we get

(T(z) = T(y),x —y) = (=DIT(x) = T + (r +r°)llz — yl*

Therefore, T is (r + 12, 1)-relaxed cocoercive with respect to I.

Remark 2.1. Clearly, every m-cocoercive mapping is m-relaxed cocoercive, while
each r-strongly monotone mapping is (r + 72, 1)-relaxed cocoercive with respect to I.

Definition 2.2. A mapping T : H x H x £ — H is said to be p-Lipschitz continuous
in the first argument if there exists a constant p > 0 such that

1T (2, u, A) = Ty, u, M| < pllz —

for all (z,y,u,\) € Hx H x H x £. In a similar way, we can define Lipschitz continuity
of the mapping 7'(-, -, ) in the second and third argument.

Definition 2.3. Let F': H x £ — 2% be a multivalued mapping. Then F' is said to
be T-H-Lipschitz continuous in the first argument if there exists a constant 7 > 0 such
that

H(F(z,)), F(y.\) < ]z = y]

for all 2,y € Hand A € £, where H : 28 x 25 — (—00, +00) U {400} is the Hausdorff
metric, i.e.,

H(A, B) = max{sup inf ||z — y||, sup inf ||z —
(4,B) = max{sup inf o — . sup int [l — o]}

for all A, B € 2%,
In a similar way, we can define H-Lipschitz continuity of the mapping F'(-,) in the
second argument.

Lemma 2.1. ([12]) Let (X, d) be a complete metric space and 11,75 : X — C(X)
be two set-valued contractive mappings with same contractive constant ¢ € (0, 1), i.e.,

H(T;(2), Ti(y)) < td(z,y)

for all z,y € X and ¢ = 1,2. Then we have

A~

H(F(Th), F(Ty)) < sup H(T (x), Ty(x)),

— U zeX

where F'(T7) and F(13) are fixed-point sets of 77 and T, respectively.
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3 A-MONOTONICITY

Recently, Verma [18, 19] introduced and studied a new class of mappings A-monotone
mappings, which have a wide range of applications. The class of A-monotone mappings
generalizes the well-known class of maximal monotone mappings. The notion of the
A-monotonicity is illustrated by some examples.

Definition 3.1. ([18]) Let A : H — H be a nonlinear mapping on a Hilbert space
H and let M : H — 2" be a multivalued mapping on H. The mapping M is said to be
A-monotone if M is m-relaxed monotone and R(A + pM) = H holds for p > 0.

Note that this is equivalent to stating that M is A-monotone with constant m if
(i) M is m-relaxed monotone,

(ii) A+ pM is maximal monotone.

Remark 3.1. Obviously, if m = 0, that is, M is O-relaxed monotone, then the A-
monotone mappings reduces to an H-monotone operators (see, for example, [2]). There-
fore, the class of A-monotone mappings provides a unifying frameworks for classes of
maximal monotone operators and H-monotone operators. For details about these oper-
ators, we refer the reader to [2, 22] and the references therein.

Example 3.1. ([19]) Let H be a reflexive Banach space with H* its dual space and
A : H — H* be r-strongly monotone. Let f : H — R be locally Lipschitz such that
df is m-relaxed monotone. Then df is A-monotone, which is equivalent to stating that
A+ 0f is pseudomonotone (and in fact, maximal monotone).

Proposition 3.1. Let A : H — H be an r-strongly monotone single-valued mapping
and M : H — 2% be an A-monotone mapping with constant m on a real Hilbert space
H. Then M is maximal monotone.

Proof. Given that M is m-relaxed monotone, it suffices to show:
(u—v,2—y) > —mfz -y
if (y,v) € graph(M) implies u € M (x). Assume that (zo,ug) € graph(M) such that
(g — v, 20 = y) = (=m)|[zo -yl (3.1)

for all (y,v) € graph(M). Since M is A-monotone, R(A + pM) = H for all p > 0. This
implies that there exists an element (zq,u;) € graph(M) such that

A(z1) + pur = A(zo) + puo. (3.2)
It follows from (3.1) and (3.2) that
plug — uy,xg — x1) = —(A(xg) — A1), 20 — 1) > —p||T0 — leQ.

Since A is r-strongly monotone, it implies 7 = z; for p < . As a result, we have
uy = uy, that is, (zg, ug) € graph(M), a contradiction. Hence, M is maximal monotone.
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The next property is helpful in shaping up the generalized resolvent operator, which
is crucial to the main results on sensitivity analysis on hand.

Proposition 3.2. Let A : H — H be an r-strongly monotone mapping and let M :
H — 2% be an A-monotone mapping with constant m. Then the operator (A + pM)~*
is single-valued.

Proof. If, for a given x € H, u,v € (A+pM)~!(z), then we have —A(u) +z € pM (u)
and —A(v) + z € pM(v). Since M is m-relaxed monotone, it implies that
(—A(u) +2— (—A) +2),u—v) = (AW)— Alu),u—v)
> —mllu— v
Since A is r-strongly monotone, it implies u = v for m < r. Therefore, (A + pM)~! is
single-valued.
This leads to the generalized definition of the resolvent operator:

Definition 3.2. ([18]) Let A : H — H be an r-strongly monotone mapping and
M : H — 2% be an A-monotone mapping with constant m. Then the generalized
resolvent operator J ,];\,4,4 : H — H is defined by

IV (u) = (A+ pM) ! (u).
Lemma 3.1. ([18, 19]) Let A: H — H be r — strongly monotone and M : H — 2%
be A-monotone with constant m. Then M is maximal monotone and the A-resolvent

operator J%A : H — H associated with M and defined by

Toa(z) = (A+ pM) ™ (z)

for all x € H is T_l -Lipschitz continuous for 0 < p < = i.e.,
pm m

1
M M
3@ = ) € e~ ]

for all z,y € H.

4 THE MAIN RESULTS

Let N:HxHxL — H, T:Hx£L — 2% and ¢ : H x £ — H be three nonlinear mapping
and M : HxH x £ — 2 be a nonlinear mapping such that for each given (y, \) € Hx L,
M(-,y,\) : H — 2% be a A-monotone mapping with g(H, A\) N domM (-, y, \) # 0.

We will consider the following parametric generalized relaxed cocoercive implicit
quasivariational inclusion problem:

For each fixed A € £, find x(\) € H such that u(\) € T'(z(\), \) and

0 € N(u(), z(\), A) + M(g(z(N), \), z(\), \). (4.1)
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Example 4.1. If g = I, the identity mapping and 7" : H x £ — H is a single-valued
mapping, then a special case of the problem (4.1) is: determine element x(\) € H such
that

0€ N(T(x(A),A), (A),A) + M(z(A), z(A), A). (4.2)

Further, if T'= I, then the problem (4.2) is equivalent to finding x(\) € H such that
0 € N(@(V), 2(N), A) + M(z(), 2(0), \), (43)

which is studied by Verma [21] when x(\) =z for all A € £ in (4.3).

Remark 4.1. For appropriate and suitable choices of N, T, g and M, it is easy to see
that the problem (4.1) includes a number of (parametric) quasi-variational inclusions,
(parametric) generalized quasi-variational inclusions, (parametric) quasi-variational in-
qualities, (parametric) implicit quasi-variational inequalities studied by many authors
as special cases, see, for example, [1-11, 13, 17-22] and the references therein.

Now, for each fixed A € L, the solution set S(A) of the problem (4.1) is denoted as

S(A) = {x(N\) € H: there exists u(\) € T'(x(X), A) such that
0€ N(u(A),z(A),\) + M(g(x(X), ), z(X),\)}.

In this paper, our main aim is to study the behavior of the solution set S(\), and the
the conditions on these mappings 7', N, M, g under which the function S(\) is continuous
or Lipschitz continuous with respect to the parameter \ € L.

Next, we first transfer the problem (4.1) into a problem of finding the parametric
fixed point of the associated resolvent operator.

Lemma 4.1. For each fixed A € £, an element z(\) € S()) is a solution to (4.1) if
and only if there is x(\) € H and u(X\) € T'(x(\), \) such that
M (-, x(N),\
g(x(N).N) = LAV (Ag(2(V), 1) = pN(u(A), 2(3), V), (4.4)
where Jﬂ"x(’\)”\) = (A + pM(-,z()\),\))"! is the corresponding resolvent operator in
first argument and of an A-monotone mapping M(-,-,-), A is an r-strongly monotone
mapping and p > 0.

Proof. For each fixed A € L, by the definition of the resolvent operator JM ). A M) of
M(-,z(X), A), we know that there exist x(\) € H and u(\) € T'(x(\), A) such that (4.4)
holds if and only if

A(g(x(2), \)) — pN(u(A), 2(\), A) € A(g(x(\), N) + pM(g(z(A), A), 2(A), ).
- 0€ N(u(A), 2(X), A) + M(g(x(N), A), z(A), A).

It follows from the definition of S()), we obtain that z(\) € S(\) is a solution of the
problem (4.1) if and only if there exist z(\) € H and u(\) € T(xz(\), A) such that (4.4)
holds. This completes the proof.
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Remark 4.2. The equality (4.4) can be written as
z(A) = 2(\) = g(z(\), A) + LTIV (A(g(2(N), V) = pN (u(A), 2(N),N).  (4.5)

Theorem 4.1. Let A : H — H be r-strongly monotone and s-Lipschitz continuous,
T :Hx £ — C(H) be 7-H-Lipschitz continuous in the first variable, g : H x £ — H is 4-
strongly monotone and o-Lipschitz continuous in the first variable, and M : HxH x £ —
2" be A-monotone with constant m in the first variable. Let N : H x H x £ — H be
(7, a)-relaxed cocoercive with respect to ¢g; and p-Lipschitz continuous in the second
variable, and let N be (-Lipschitz continuous in the first variable, respectively, where
g1 : H x £ — H is defined by g;(z) = Ao g(x,\) = A(g(z, \)) for all (x,\) € H x L. If

118N (w) — I ()| < pllu — o (4.6)

for all (u,v,\) € H x H x £ and there exists a constant p > 0 such that

(k=n++V1-20+02<1, so>r(l—k),
h=pr+m(l—k)<up,

p < min{~, ri- k)}, (4.7)
y—ap—rh(1-k) | _ A/ [r(=hthk)—ap?]2—(u2—h?)[s?02 —r2(1—k)?]
|,0 - uZ h2 | 12 —h2 )

L (1 —h + hk) > ap® + /(2 — h?)[s202 — r2(1 — k)2,
then, for each A € L, the following results hold:
(1) the solution set S(A) of the problem (4.1) is nonempty;

(2) S(A) is a closed subset in H.

Proof. In the sequel, from (4.5), we first define a multivalued mapping G : H x £ —
2" by

G, = |J lr—gl@ )+ 00"V (Alg(e,\) — pN(u,z, )]

weT (z,\)

for all (z,\) € Hx £. For any (z,)) € Hx L, since T(z, \) € C(H), g, A, N and J, '\ "V
are continuous, we have G(z,\) € C(H).

Now, for each fixed A € L, we prove that G(z, \) is a multivalued contractive map-
ping. In fact, for any (z, A), (2,A\) € Hx £ and any a € G(z, ), there exists u € T'(z, \)
such that

a=x—g(x,\) + NN (A(g(w, ) — pN (u, 2, N)).

Note that T'(z,\) € C(H), it follows from Nadler’s result [15] that there exists 4 €
T(z, ) such that

Setting
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then we have b € G(z, \). It follows (4.6) and Lemma 3.1 that

la —b]
= ||z — g(a, A) + IV (Ag(x, A)) — pN (u, 2, N))

HIYEEV (A, N) = pN (u, 2, N)) — TPV (A(g(@, N) — pN(u, 2, \) |
TN (A(g (2, N) = pN (u, 2, X)) — TN (Ag(,0)) — pN (@, 2, M) |
<& =& — [g(a, A) — g(& V]| +7llz — &)

Ayl ) — pN () = (Alg(@, ) = pN (i W)
<lle = &~ gl N) = gl VIl + 1l = &1 + L [N (w2 A) = N, V)
Ayl V) = Alg(@ ) = pIN (., ) = N2 )|

The ¢-strongly monotonicity and o-Lipschitz continuity of g in the first argument, the
7-H-Lipschitz continuity of T in the first argument, the (v, a)-relaxed cocoercivity with
respect to g; and p-Lipschitz continuity of N in the second argument, the (-Lipschitz
continuity of N in the first argument and the s-Lipschitz continuity of A, and the
inequality (4.8) imply that
|z =& —[g(z, A) — g(z, A)]]|
<V1 =20+ 02|z — 2],
HN<U73A77 )‘> T N(/&? 9%7 )‘))”
< Bllu —all < BH(T(2,A), T(#,A)) < Brlz — 2],
IA(g(x, A) = Alg(&, ) = p[N (u, 2, A) — N(u, 2, N)]|]*
< | Ag(z, N) — Alg(@, M)II* = 2p(N (u, 2, X) = N(u, &, A), A(g(z, \)) — A(g(@, )
+0* [N (u, 2, A) = N(u, &, M|
< | Alg(z, A)) = A(g(, )II* = 20—l N(u, 2, X) = N(u, &, A)||* + [z — &[|°]
+0%||N (u, 2, ) — N(u, &, \)|?
< (s*0% = 2py + p*p? + 2pay®) |z — &%

In light of above arguments, we infer
la = bl < 0f|x — 2], (4.9)

where

9:n+v1_25+0_2+pﬁ7—|—\/3202—2p7+p2u2+2pau2
r—pm

It follows from condition (4.7) that # < 1. Hence, from (4.9), we get

d(a, G(E,A)) = et la = bl < Ofle — 2]
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Since a € G(z, \) is arbitrary, we obtain

a€G(z,\)

By using same argument, we can prove

beG(2,))

It follows from the definition of the Hausdorff metric H on C' (H) that

A~

H(G (2, ), G(2, ) < O]z — ]

for all (z,z,\) € Hx H x L, i.e., G(x, \) is a multivalued contractive mapping, which is
uniform with respect to A € L. By a fixed point theorem of Nadler [15], for each A\ € L,
G(z, ) has a fixed point z(\) € H, ie., z(\) € G(z(N),\). By the definition of G, we
know that there exists u(A) € T'(xz(\),A) such that (4.5) holds. Therefore, it follows
from Lemma 4.1 that x(\) € S()) is a solution of the problem (4.1) and so S(\) # () for
all A € L.

Next, we prove the conclusion (2). For each A € £, let {z,} C S()\) and z,, — z¢ as
n — oo. Then we have z,, € G(x,,\) for all n = 1,2,--- . By the proof of conclusion
(1), we have A

H(G (20, A), G0, M) < 0l — o]

for all A € L. It follows that

d(xg, G(xo, ) < |lxo — x| + d(xpn, G(xn, N)) + I:I(G(xn, A), G(zg, N))
< (L4 0)|lzn — o[-

Hence we have xy € G(xg,\) and xy € S(A). Therefore, S(\) is a nonempty closed
subset of H. This completes the proof.

Theorem 4.2. Under the hypotheses of Theorem 4.1, further, assume that
(i) for any x € H, A — T(x, \) is Ip-H-Lipschitz continuous (or continuous);

(i) for any w,v,z,w € H, A — N(u,v,\), A — g(u,\) and A — Jé\ﬁ"v’)‘)(w) both
are Lipschitz continuous (or continuous) with Lipschitz constants Iy, [, and [,
respectively.

Then the solution set S(A) of the problem (4.1) is a Lipschitz continuous (or continuous)
from £ to H.

Proof. From the hypotheses of the theorem and Theorem 4.1, for any A, A€ L,
we know that S(A) and S(A) are both nonempty closed subset. By the proof of Theo-
rem 4.1, G(x,\) and G(x,\) are both multivalued contractive mappings with the same

contraction constant 6 € (0, 1). It follows from Lemma 2.1 that

H(S(A),S(\) <

sup H(G(z, A), G(x, \)). (4.10)
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Setting any a € G(z, A), there exists u(\) € T'(x, A) such that
a == g5, A) + L5 (Algle, X)) = pN (u(N), 7, 0)).

Since T'(x,A),T(x,\) € C(H), it follows from Nadler’s result [15] that there exists
u(A) € T(x, \) such that

lu(A) = u)|| < H(T(x, ), T(z, A)).

Let
b= —g(z, )+ IV (Ag(x, X)) — pN(u(}), z, X)),

then b € G(z, \). It follows the assumptions of g, Jé\ﬁ""'), N, A and T that
la —b]
= |l& — gz, A) + IV (A(g(w, N) — pN(u(N), 2, N))
~{a = g(x,X) + IV (A2, N) — pN (u(N), 2, A) Y|
IV (A(g(,N) — pN (u(N), 2, ,
HIEED (A(g(, ) = pN((N), 2, N)) — To "N (Ag(x, X)) — pN (u(X), 2, V)|
< lIx = X+ Ly[|x = X
1 _ _ _

< (g + 1) A = A+ —F

+
r

p 5 3 N .3 1 _ 3
L N, 2, %) = N(u(h), 2, D]+ ——— [ Ag(, ) = Alg(a, V)
_ 03 _
< — _
< (ly +L)[IA AH+T_WJWO) u(N)]|
ply S -
+T ||A Al + m||9(x, A) =gz, Al
ply PB4 X Y
< gt bt 28I = Al AT (0 0), T A) 4+ A
SFII/\—AH,
where

pl]v + pﬂlT + Slg
r— pm ’

T=1l,+1,+

Hence we obtain B B
a€G(z,\)

By using a similar argument as above, we get

beG(z,\)
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It follows that X B B

for all (x, A\, A) € H x £ x £. Thus (4.10) implies

A~

_ T _
H(S(A), S(N) < 7—5lIA = All

This proves that S(A) is Lipschitz continuous in A € £. If; each mapping in conditions
(i) and (ii) is assumed to be continuous in A € L, then, by similar argument as above,
we can show that S()) is continuous in A € £. This completes the proof.

Remark 4.3. In Theorems 4.1 and 4.2, if N : HxH x £ — H is a-strongly monotone
in the second variable, i.e., when v = 0 in (4.7), then we can obtain the corresponding

results. Theorems 4.1 and 4.2 improve and generale the known results in [1, 3, 7, 8, 14,
20, 21].
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Abstract. This paper studies support vector machine classification algorithms. We
analyze the 1-norm soft margin classifier. The consistency is considered in two forms.
When the regularization error decays to zero, the Bayes-risk consistency is proved
and learning rates are derived by means of techniques of uniform convergence. The
main difficulty we overcome here is to bound the offset. For the consistency with

hypothesis space, we present a counterexample.

Key words: Support vector machine classification, misclassification error, Bayes-
risk consistency, consistency with hypothesis space, Mercer kernel, regularization

error.

1 Introduction

Support vector machines (SVMs) form an important part of learning theory. They
are very efficient for many applications in science and engineering, especially for
classification problems (pattern recognition).

Motivated by classification algorithms for separating data of Fisher [11], Rosen-
blatt [18], and Vapnik [24], the support vector machines were introduced by
Boser, Guyon and Vapnik [4] with polynomials kernels, and by Cortes and Vapnik
[6] with general kernels. Since then there has been a rich study of SVM: applica-
tions to various practical problems; many variances of the original model; and some
theoretical investigation. Some convergence analysis has been done recently [23, 29].
In this paper we investigate the original model, SVM 1-norm soft margin classifier,
probably the most important SVM classification algorithm.

Let (X,d) be a compact metric space and Y = {1,—1}. A binary classifier
f: X — {1,—1} is a function from X to Y which divides the input space X into

two classes.
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Let p be a probability distribution on Z := X XY and (X, )) be the correspond-
ing random variable. Then the misclassification error for a classifier f : X — Y
is defined to be the probability of the event f(X') # V:

‘MﬁZPMﬂﬂ@#y}jAPW%f@MMm@) (1)

Here px is the marginal distribution of p on X and p(-|x) = P(-|x) is the conditional
probability measure given X = x.

If we define the regression function of p as
o) = [ wdoyle) = PO/ = 1) = PO = ~1]0).  w€X,  (2)
Y

then one can see (e.g. [9]) that the best classifier, called the Bayes rule, is given by
fe :=sgn(f,), the sign of the regression function. Here for a function f : X — R, the
sign function is defined as sgn(f)(x) = 1 if f(x) > 0, sgn(f)(z) = —1 if f(z) < 0.

That means,

1, i PQY=1z)> P =—1),

=1, ifPQY=1z) < P(Y=—1). (3)

fe(x) = sgu(fy)(z) = {

As p is unknown, the best classifier f. cannot be found directly. What we have

in hand is a set of random samples z = (2;)", = (x;,y;)",. Throughout this paper,

-1 =
as usual [25, 7], we assume that {z;}!", are independent and identically distributed
drawers according to a Borel probability distribution p. A classification algorithm

is a map from the set of samples to a set of classifiers H:
A: U 7" — H,
i=1

which produces for every z a classifier A(z). The set H is called the hypothesis

space.

Definition 1. A classification algorithm A is said to be Bayes-risk consistent

(with p) if R(A(z)) converges to R(f.) in probability, i.e., for every € > 0,

lim Prob {z € 2™ R(A(z)) — R(f) > g} —0.

It is said to be consistent with hypothesis space H (and p) if R(A(z)) converges
to }n7f1 R(f) in probability, i.e., for every € > 0,

€
lim Prob {z € Z™: R(A(z)) — inf R(f) > 6} = 0.

m—00 feH
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It is easy to see that these two concepts coincide if the Bayes rule can be well
approximated by the hypothesis space H in the sense that
inf R(f) = R(fe)- (4)

fer

When (4) does not hold, the Bayes-risk consistency cannot hold no matter which
algorithm is used, since A(z) € H. But the consistency with hypothesis space may
still be true. So consistency with hypothesis space concerns the algorithm only,
but Bayes-risk consistency also concerns the approximation power of the hypothesis
space.

The 1-norm soft margin SVM is a classification algorithm depending on a re-
producing kernel Hilbert space associated with a Mercer kernel.

Let K : X x X — R be continuous, symmetric and positive semidefinite, i.e.,
for any finite set of distinct points {xy,--- ,z,} C X, the matrix (K (x;,x;))f;_, is
positive semidefinite. Such a function is called a Mercer kernel.

The Reproducing Kernel Hilbert Space (RKHS) Hy associated with the
kernel K is defined (see [1]) to be the completion of the linear span of the set of
functions { K, := K(z,-) : x € X} with the inner product (-, )3, = (-, )k satisfying

m 2 m m
E CiK:E»L‘ = < E CZ'KQJN § Clel>
i=1 K i=1 i=1

The reproducing property is given by

Z CZ'K<I‘,L', q:j)cj.

K ij=1

<Kxag>K: g(l'), V$€X,QEHK. (5)

Denote C'(X) as the space of continuous functions on X with the norm || |[|o. Then
(5) leads to
9l < #llgllee, Vg € H, (6)

where k = sup y/ K (z, z). This means Hy can be embedded into C(X).

zeX
Define Hy = Hy +R. For a function f(x) = fi(x)+b with f; € Hx and b € R,

we denote f* = f; and by = b € R. The constant term b is called the offset.
The SVM 1-norm soft margin classifier associated with the kernel K is

defined as sgn (f,), where f, is a minimizer of the following optimization problem:
N C &
fo= argmin {S1F 1%+ =D& }
B2 = 7)

subject to  y;f(x;) >1—¢,,§ >0, fori=1,...,m.
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Here C = (), > 0 is a trade-off parameter which may depend on m. The original
model used the linear kernel K (z,y) = z -y for X C R".

The performance of the 1-norm SVM on strictly separable distributions has been
well understood in the literature. We say that the distribution p is strictly separable
by Hy with margin v > 0 if there is a function f, € Hy such that yf,(z) > v
almost surely. Margin-based analysis shows the learning rate R(sgn(f,)) — R(f.)
for separable distributions and C' = oo is O(=), see [25, 19, 7).

For nonseparable distributions, some data dependent upper bounds have also
been given, mainly based on the VC (or V,) theory. These bounds are posteriori.
Even they cannot be used to verify the Bayes-risk consistency.

When K is a universal kernel in the sense that H is dense in C'(X), the Bayes-
risk consistency for all distributions was confirmed in [23, 29]. But this result on
the consistency does not cover the most important case of polynomial kernels.

Observe that in (7), & can be found:

& = max{0, 1 —yif (z:)} = (1 — i f (2:))+,

where (t); := max{0,t}. Thus, if we define the loss function V' as V(y, f(z)) =
(1 —yf(x))y, then the scheme (7) can be written as

1
, = argmin< &, — I F*lI% b, 8
fo = angmin {&(1) + 5511} ®)

where
Ef) = % Z Vi, f(zi))

is the empirical error associated with the loss V. This is a regularization scheme
[10].

Define the generalization error

E(f) = / V(y, f(@)) dp(z,y) = E(V(y, f(x).

Then f. is a minimizer of £(f) [27]. The empirical risk minimization (ERM) tech-
nique for the uniform convergence tells us that £(f,) — inf 4, £(f) as m,C — oo.
But we are interested in the excess misclassification error R(f,) — inf 7, R(f) for
classification algorithms. A bridge between R(f) and £(f) was established by Zhang
[29]: for any f: X — R,
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Thus, when inf, 4, E(f) = £(f.), the consistency and error analysis for (7) can be
given, as done in [29] by a leave-one-out analysis. But no offset term is involved in
Zhang’s analysis.

In this paper, we shall further investigate the SVM 1-norm soft margin classifier.
First, we shall do the error analysis in the regularization framework in Section 2. It
is different from the known methods, and can handle the case when inf ;7 E(f) #
E(f.). In our analysis, we will overcome the difficulty caused by the offset in Section
3, which will be essential to determine the hypothesis space for the ERM analysis in
Section 4. Also, our analysis will give a strategy to choose the trade-off parameter so
that the convergence in probability or the almost sure convergence holds. Secondly,
we study the consistency with hypothesis space which has not been studied in the

literature. A counterexample for the divergence will be presented in Section 5.

2 Error Analysis

In this section study the convergence in the regularization framework.
Let

: L.
[Kk.c = argmin {5(f)+%||f ||§<}- (10)
feHK
We have the following proposition.

Proposition 1. For every C > 0, there holds
R(fz) — R(fe) < S(m,C) +D(C),

where
S(m, €)= {(f) = &lf) } + {Eulfc) — E(fc) }. (11)
and
D)= inf {&(5)=&(f)+ 5517}

Proof. Write

£(f) — (1) = {6t — &} + { (800 + 551521
— (&l fre) + ZCHchuK)} {€ufro) = Efro)
HEUre) — €0 + 5l } = el il
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By the definition of f,, the second term is < 0. By the definition of fx c we see
the fourth term is just D(C'). Hence E(f,)—E&(fe) can be bounded by S(m, C)+D(C).
This together with (9) finishes the proof. O

The first term S(m, C) is called the sample error and the second term D(C)
is called the regularization error [21].

To bound the sample error, since f, runs over a set of functions as z changes,
we will use the concentration inequalities concerning the uniform convergence. This
technique has been well understood in learning theory, e.g. [24, 2, 9, 8]. To use this
technique, we need the concept of covering numbers to measure the capacity of the

hypothesis space.

Definition 2. For a compact set F in a metric space and € > 0, the covering
number N (F,¢) is defined to be the minimal integer ¢ € N such that there exist ¢

balls with radius € covering F.

Note that various covering numbers measured by the empirical metric are also
used in the literature, see e.g. [2]. For their comparisons, see [2, 16].
Let Br = {f € Hk : ||fllx < R} be the ball of Hx with radius R > 0 centered
at 0. Denote
N(e) =N (By,e), e > 0.

The covering number A (g) has been extensively studied, see e.g. [3, 28, 30, 31].

Proposition 2. For every C > 0 and € > 0, there holds

3me? 32B € 3me?
Probisim, ) > e} < exp {_2563} i (T i 1> N (32«20) P {_W}

where B = Bo :=1+ kV2C.

The proof of Proposition 2 will be given in Section 4.

By Proposition 1 and Proposition 2 we immediately obtain that for 0 < e < 1,

Prob {R(sgn(f,)) ~R(,) > e+ D(C)} < 3iBN (325%) exp {—%} (12)

If the regularization error D(C') decays to 0 as C' — oo, then the consistency holds

by choosing the trade-off parameter properly.
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Corollary 1. Assume lim D(C) = 0. Choose the parameter C = C,, to satisfy

C—oo
VCm 1
Crn — 00 and - log (N(\/?W)) —0 (13)

as m — oo, then
lim Prob {R(sgn(fz)) ~“R(f) > 5} ~ 0.

If, in addition, C,, < m® for some o < 2, then the almost sure convergence holds.

Proof. The first assertion follows directly from (12).

To show the almost sure convergence, we apply the Borel-Cantelli Theorem
(see e.g. [25]), because the right hand side of (12) decays exponentially fast when
C < m® with o < 2. O

Corollary 1 gives a strategy of choosing the trade-off parameter for the consis-
tency. To get better learning rates, the parameter needs to trade-off the sample
error and the regularization error.

Let us derive the error bound and see how to choose the constant C' correspond-

ingly. For every 0 < 0 < 1, set

<16\£§B ' 1) N (16;5}2) ep {_%} =4. (14)

This equation has a unique solution (9, m,C) since the left hand side is strictly

decreasing as a function of € € [0, +00). Once the information of the covering number
is available (which can be obtained from the kernel K), the sample error bound
e(d,m,C) can be explicitly estimated. Thus, with confidence at least 1 — ¢ the

excess misclassification error can be bounded as
R(fz) = R(fe) < e(d,m,C) +D(C). (15)
We need to bound the the regularization error. Since V' is Lipschitz:
V(y, f(x)) = V(y, g(x))| < | f(z) — g()],
we have the following proposition.

Proposition 3. For every C > 0, there holds

1
D(C) < inf — fellon. + == % ¢
© < inf {IF = fll, + 5 N}
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Proposition 3 tells that the regularization error can be estimated by the approx-
imation in a weighted L' space. A direct corollary is for those distributions p such
that f. lies in the closure of Hy in L,l)x. For such a distribution, the K-functional
in Proposition 3, and hence the generalization error, tend to 0 as C' — oo. This
together with Corollary 1 gives the consistency of the 1-norm soft margin SVM for
these distributions. In particular, if K is a universal kernel, for any Borel probability
measure p, the consistency holds, since Hg is dense in C'(X) and hence also dense
in L},X.

Define

Ii(g,R) = inf g—fllr ;-
1 ) fEﬁK:Hf*”KSR{ | HLPX}

Then there holds

, A R R?
_ 1 — | F* < — .
fg;i{“f felly, + 5517 IIK} < inf {Il(fc,R) + 20} (16)

The functional I;(g, R) is closely related to the approximation error studied by

Smale and Zhou in [20] (see also [15] for related discussion):

I R) = inf — )
2(9, ) feHKl,ﬂlfHKSR{Hg Flaz. }

In fact, as \|f||L}7X < ||f”L,%X> with the choice by = 0 we obtain
L(f, R) < L(f.,R), ¥R>0. (17)

The following example shows how to get learning rates from the above analysis.
Example 1. Let X =[0,1]", 0 > 0,0 < s,n/2 and K be the Gaussian kernel

a2
K(z,y) = exp{— L 023/’ I

Assume dpjl(—x(x) < Oy for almost every x € X. If f. is the restriction of some function

fc € H°(R™) onto X, then with probability at least 1 — & there holds

(log m)n+1

£ - (1) < 0 (LB 4 o (g0 ).

This yields the learning rate O((logm)~*/*) by choosing C = m* with 0 < a < 2.

Proof. First we estimate the sample error. A result in [30] tells that the covering

number can be bounded as

log A'(c) < ¢ (log é)nﬂ | (18)
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By solving (14), with confidence at least 1 — ¢ we have

S(m,C) <e(6,m,C) =0 <01/2M) .

ml/2

Second, we estimate D(C'). By the approximation error estimate given for dpx =
dx in [20] (see also [32]) we see that

L(f.,R) < CyCi(logR) ™", VR>C,,

where C, is a constant depending on s,0,n and ||f.||gs + || f||lz2. This in con-
nection with (17) implies that [,(f., R) has the same order. Choose R to be
VC(log C) “*/*1 Then by (16) and Proposition 3 we obtain

D(C) < 0 ((log ) ).

Combing the estimates for the sample error and generalization error, our state-

ment follows. O

Further improvements of our analysis for the Bayes-risk consistency are possible.
Better bounds for the regularization error estimates may be obtained by refining the
approximation in L;X. The sample error bound can also be improved if some priori

knowledge is known, since we only consider the worst case in our analysis.

3 Bounding the Offset

Regularization schemes without offset are much easier to analyze, see [5, 29]. When
the offset is involved, the analysis becomes more difficult. This difficulty can be
seen from the stability analysis [5]. The 1-norm soft margin SVM without offset is
uniformly stable, as shown in [5]. However, the 1-norm soft margin SVM with offset
is not uniformly stable. To see this, we choose 7o € X and samples z = {(zo, y;) }2"1*
withy, =1fori=1,...,n+1,andy; = —1fori =n+2,...,2n+ 1. Take 2’ to be
the same as z except that (xq,y,+1) is replaced by (zg, —1). As x;’s are identical,
one can see from the definition (8) that f} = 0 since &,(f,) = E.(fz(x0)). It follows
that f, = 1 while f,, = —1. Thus, |f, — for| = 2 which does not converge to zero
as n tends to infinity. Thus we cannot use the stability analysis to illustrate the
statistical performance of the 1-norm soft margin SVM.

In order to bound the sample error (11), we use the uniform convergence. This

means we allow f, to run over a hypothesis space for which the capacity can be
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measured. To this end, we need bound the offset involved in f, and fx . The
difficulty of bounding the offset has been realized in the literature (e.g. [23]). We
shall overcome this difficulty by means of the special feature of the loss function V.

By x € (X, px) we mean that z lies in the support of the measure px on X.

Lemma 1. For any C > 0, m € N and z € Z™, there is a minimizer of (8)
satisfying
. N
min [ fa(z:)] < 1 (19)
and a minimizer of (10) satisfying

inf [fro(r)| < 1. (20)

Proof. Suppose a minimizer of (8) f, satisfies

ri= 122,1”2(%)’ = fa(zy) > L.

Then for each i, either y; fo(z;) > r > 1 or y; fa(z;) < —r < —1. Fore € {1, -1}, set

Ia = {Z € {17 s >m} Y = €7yifz<xi) < _T}'

Denote #1,. the number of elements in the set I..
If #1; = #I1 4 (possibly zero), then the function f, = f, —d with d = (r —
1)sgn f,(x;,) satisfies | f,(2:,)| = 1 and |f,(x;)] > 1 for each i. Hence

Ef)= D (L—wifalm) +ud) =E(f.) + > d— > d=E(f)
€Ul S iel_q
This means f, is a minimizer of (8) satisfying (19).
If for some ¢ € {1,—1}, #I. > #I_., then we see that y,c = 1 for i € I. and
y;e = —1 for i € I_.. Hence the function f, := f, + e(r — 1) satisfies

Ef) = Y (1=yifalw) —ye(r — 1))

= gz(fz) - (T - 1)#([€> + (7“ - 1)#(175) < 8z(fz)

This is a contradiction to the definition of f,.

Therefore, (19) is always true for a minimizer of (8).
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In the same way, suppose r :=  inf )|fKC(x)| > 1 for a minimizer fx o of

z€(X,px
(10). Consider the sets
I..={zx e (X,px): P(Y=c¢|z) >0, efxc(z) < —r}, e=1,-1.

Then I; N 13 = and for € € {1, —1},

(e +elr=1) = [ (1= fieolo) = =l = 1) PY = le)dpx

I

+/1 (1+ fro(e) +e(r — D)PY = —1|z)dpx

~ (i) ctr- 1) { [ PO=1okdox - [ POY=-1le)dp .

I I_q

If
[ P =1dpx = [ PO =-1i)dpx

I 14

we can define

Froo = fxo+r—1, when sup{frxc(z):z¢€ (X, px), frco(r) <0} =—r,
’ frxo—r+1, when inf{fxc(z):2¢e (X, px), frco(z) >0} =1

Then &(fx.c) = E(fxc) and hence fx ¢ is a minimizer of (10) satisfying (20).
If for some € € {1, -1},

/ P = el2)dpx > / PY = —ela)dpy,

I I

then

[ Py =tiodtox — [ PO = tiaidpx} >0

I1 I—l

Set ch = fxc+e(r—1). We find that S(fK,c) < &(fr.c) which is a contradiction
to the definition of fx ¢.
Thus, (20) can always be realized by a minimizer satisfying (10). O

In what follows we shall always choose f, and fx o to satisfy (19) and (20),

respectively. Also, denote by, . simply as b c.
Lemma 2. For any C' > 0,m € N and z € Z™, there hold

(1) [1f7llx V20, b <1+ kvV2C, and &(f,) < 1.
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2) Ifxclloo <1+ 26v2C and E(fxc) < 1.

Proof. By the definition (8) and the choice f = 0+ 0, we see that

m

1

1
&) + el < — ;vwz,m +0=1.

This gives || fillx < v2C and &,(f,) < 1. The former in connection with (6) and
(19) leads to
bul < min |fuls) |+ 1 e < 1+ 1V2C.

This proves Part (1).
By (10) and the choice f =0+ 0, we see that

1
amm+—wﬁa&s/V@mw+o:L
20 ;

This gives || fx cllx < v2C and E(fk¢) < 1. The former in connection with (6) and
(20) leads to

lbxcol < inf [fro(@)|+ || frcolle <1+ rV20.

xE(vaX)

Hence
[frclloo < [ fxclleo + brcl <1+ 26V2C

and Part (2) follows. O

4 Estimating the Sample Error

In this section we prove Proposition 2. For this purpose, we shall establish some

probability inequalities. These inequalities are modified versions of Bernstein in-

equality and motivated by sample error estimates for the square loss [3, 12, 8|.
Recall the Bernstein inequality: Suppose a random variable ¢ has mean p = E¢

and variance 02 = ¢%(¢) and satisfies |€ — pu| < M. Let z = (2;)™, be independent
samples. Then

Prob ‘ —lzm:f(z) >ep < 2ex _m—52
a m ’ = o 2(0%+3Me)

The one-sided Bernstein inequality has no leading factor 2.
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Lemma 3. Suppose a random variable & satisfies 0 < &€ < M and p = FEE.
Then for every € >0 and 0 < a < 1, there holds

_ 1 Nm . 2
o (S s )

Proof. As ¢ satisfies | — pu| < M, the one-sided Bernstein inequality tells that

Prob{”_%zznlazi) >a} Sexp{—2( ma’(p +e)e }

p+ € o+ sMa(u+e))

Here 0% < E(£?) < ME(§) = My since 0 < ¢ < M. Then we find that

1 4 AM 2
This yields the desired inequality. 0
In the same way, we have
1 \m 2
1 §5m ) — 3
Prob{mzzﬂlf_(z) a >a} gexp{— Z;;g}. (21)

Lemma 4. Under the assumptions of Lemma 3, for everye >0 and 0 < a < 1,
there holds LS e ,
== . 182 3ma‘e
Prob L > < — .
" { Iy € +e 0‘} - eXp{ 32M }

Proof. By Lemma 3, it suffices to show that

P i §(24) H i )
TN () 4o =
pte m ic1 §(zi) + e

<o =

| e

The left hand side of (22) implies

1

This gives

Then we get
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and
. m,u‘l‘g _,Ul__zl 1€(Zz)+1§2
m i §(z) e 3 E(z) +e
Thus
P w2 §(z) _ p— o 3 8() p+e “u
i §(z) + e pte i §(z) e
This proves (22) and hence finishes the proof. O

By the Lipschitz property of the loss function V, we find that
Ea(f) = &) < I = glloos  [ECF) = E@ SIS = gllco- (23)

Now we can prove a result concerning the uniform convergence.
Lemma 5. Let F be a subset of C(X) such that || f|le < M for every f € F.
Then for every e >0 and 0 < a < 1, we have

Prob {?‘QEW > da } < N (F,ae) exp{—%}.

Proof . Let {f;}}., C F with N = N (F,ae) such that F is covered by balls
centered at f; with radius ae. Note that for every f € F the random variable
€ =V(y, f(z)) satisfies 0 < & <1+ ||f|loc <1+ M. Then for each j, Lemma 4 tells

P 20} = o)

For each f € F, there is some j such that || f — f;||« < ae. This in connection
with (23) tells us that |£,(f) — £,(f;)| and |E(f) — £(f;)| are both bounded by ae.

B e el () — )
e =0 m o Tege =°
The former implies that &,(f;) +& < 2[E,(f) + ¢]. Therefore,
E(f) —&lf - Eu(1:)
e 2 ) = (St 2
which is bounded by N exp{ %} O

By Lemma 2 (1), f, always lies in the set
FrpB = {f:f:f*+bf€BR+[—B,B]} (24)

with R = v2C and B = 1+xv2C'. In order to apply Lemma 5, we need the covering

numbers of the function set Fr p.
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Lemma 6. Let Frp be given by (24) with R > 0 and B > 0. For any e > 0
there holds

2B €
< | — — ).
N<fR,Byg)_(€ +1)N<2R)
Proof. It is easy to see that N'(Fg g, €) is bounded by (22 + 1)\ (B, £) since

1" +05) = (97 + bg)lloo < NIS* = g"[loo + [b5 = byl

=

5-covering of Bg, our conclusion follows.

But an 5-covering of B; is the same as an

2R
U

Proof of Proposition 2. Set R = v2C and B =1+ xkv2C.
From Lemma 2 we know the random variable £ = V(y, fx.o(z)) satisfies 0 <
¢ < 2B. By the fact £(fx,c) <1 we obtain

Prob {5z(fK,C) — Efre) > %} < Prob {‘c”(éf@f]jg) i({K’C > Z} .

Applying (21), we find that the right hand side above is bounded by exp{—g’gzj; :

Let Frp be given by (24). Then f, € Frp. This together with the fact
E,(f2) <1 leads to

Prob {5(1;) —&(f) > 5} < Prob { S = &:lls) |

E(fa) +1 i}

SR P A >4}'

According to Lemma 5, it can be bounded by

€ 3me?
N (Fra ) e { -2 L

Bounding the covering number N (]-"37 B, 1%) by Lemma 6 completes the proof . [J

5 Consistency with Hypothesis Space may Fail

The above analysis shows that the Bayes-risk Consistency holds if D(C) — 0 as
C — oo.
In this section we consider the case when D(C') 4 0. In this case we would not

expect the Bayes-risk consistency in general. But the consistency with hypothesis
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space becomes a natural question. This kind of consistency is meaningful, since in
practice, one may not need a classifier to approximate the Bayes rule very well. All
we need is that the misclassification error is endurably small. Thus, we may face

the following question:

Suppose a priori knowledge ensures that Hy contains a classifier with endurably
small misclassification error which does not approrimate the Bayes rule. Does SVM

produce a sufficiently good classifier?

Unfortunately, this is not true in general, as shown by the following example.
Example 2. Let X = [—1,1], K(z,y) =z -y, and p be the probability measure
supported at four points defined as

1 1 1 3

Define f, by (7). Then for m € N and C > 0, with confidence at least 1 —
8exp{m}, there holds

. 1
R(sgn(fs)) > Jof R{sgn(f)) + g-

Proof . Notice that Hx = {ax : a € R}, ||az||x = |a|, and Hx = {ax +b :
a,b € R}. For j = 1,...,4, denote z¥) = (219 y)) where zV) = (—1,1),z? =
<_i7 _1)7Z(3) = (iu 1)7 and Z(4) = (17 _1)

The definition of the misclassification error R tells us that

4
R() =D px (@)X qsgnisaon oy
j=1
If f € Hy satisfies sgn(f(2\))) # y9 for j = 2 or 3, then R(f) > 3/8 > 1/4.
It follows that .
inf R(f)= inf R(f)= -
nf (f) = inf R(f)=7
and a best classifier in Hx can be taken as fx(x) = x.
Now we consider the misclassification error of f,.

Let z consist of m; copies of z9), j=1,...,4. We claim that

m gy oLy _ e <coor 2 L
- px(xV)] < L Vi = f.(x) = azz + b, with a, <0 or o Z [ 24,24].
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Suppose to the contrary that f,(z) = az + b with @ > 0 and —b/a € [—5;, 5.
Denote zy := —b/a. Then f,(z) = a(x — x¢). Set f; (z) = —a(r — x2¢) € Hg.

Observe that pX(x(j)) —-1/32 < % < px(z9)) +1/32 for each j. Also, ||f;||lx =
()& = lal.

If @ > 5, then
1
Elfa) = — {m1 (1 =y D fua™), +mu (1 =y D D)), }
= 0 L a1 4 20)) + (1 4 a(1 = o) > —-(1 4 )
m 0 m 0= 16 '
For j = 1,4, we have yV) f- () = —ayV) (20) — z¢) = a2 + yWag| > 1. Hence

Efr) < % {mz (1- y(Q)fz_(il?(z))) +mg (1 — y(g)fz_(ﬂf(g)))Jr}

1 1 13 1
= 22(1 - a(—5; — @) + (1 +alg; — 00)) < 1o (1 + 57a).
Since a > 5, we have
E(fa) + 2Cllf 1% > Ea(f7) + ||( fo ) Ml

which is a contradiction to the definition (7) of f,.
If a < 5, then for j = 2,3, we have |y f,(z9))| = a|z¥) — x| < 5/12 < 1. For
j = 1,4, we also have —y9 f,(2)) = —yWa(z) — z0) > 0. Hence

Elfa) = 1 - ala) —20)) + 2 (1 +a(z® — )

m m
* mg<1 — a(a® — x0)) + ﬁ(l +a(z® — )
S1qp S Ba g,
16" 1624 32"
For f, we have
B my Mo 1 ms3 1 My
<My 2= St a(— — -
E77) <™+ 201~ a(— — o)) + 21+ alg — w0)) +
13a 3

< < .
- 326 32

Therefore, we also have a contradiction to the definition (7) of f,:

Ealfa) + Hf I > E(f,) + H( )l
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Thus our claim has been verified, and we must have a, < 0 or —b,/a, & [—5;, 5.
In this case, we see that sgn(f,(z))) # y) for j = 2 or 3, hence R(f,) > 3/8.

What we need to check finally is the probability of the event

For each fixed j, the random variable £ = x,_,;) is a binomial distribution with
mean p = px (%)) and variance 02 = px (%) (1 — px(29)))/m. By the Bernstein

inequality, we have

Prob {]% - u‘ > 3—12} < 2exp {_2@(1 - p;/l;%fl/(ii : 32))}

<20 { s iy |

Thus, the desired confidence is at least

m; 1 3m
Prob ‘—J— ‘ — i > 1—8expd— .
o { m T3 J}— eXp{ 64(1+45/(2m))}

The statements of Example 2 have been verified. O

In Example 2, the geometric structure of the underlying distribution is very
singular. There is a subset of X which, with respect to the optimal classifier over
the space, results in small misclassification error but large generalization error for
it is distributed far from the decision boundary. Generally speaking, when this
phenomenon happens, the sign function of the minimizer of £(f) over Hx may not

coincide with the optimal classifier and the convergence R(f,) — inf R(f) fails.
feHK
In practice, the SVM is still very efficient due to two reasons. Firstly, the

geometric structure of the underlying distribution is usually regular (i.e., those points
which are hard to classify are usually close to the decision boundary). Secondly, one
may vary the kernels (equivalent to using larger hypothesis spaces) to reduce the
gap between the misclassification error and the generalization error. For instance,
in Example 2, sgn(f,) will approximate the Bayes rule f,. very well if one uses the
kernel K (x,y) = (14 x - y)3.

The consistency with hypothesis space needs further study. It is interesting (in

mathematics) and useful (for applications) to have some positive results.
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Abstract

In a previous paper we constructed piecewise constant wavelets on spherical
triangulations, orthogonal with respect to a given inner product. In this paper
we generalize this construction to closed surfaces, finding conditions which have
to be satisfied by a closed surface to assure the Riesz stability of the wavelets.
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1 Introduction

Consider the unit sphere S? of R? with center O and the surface S C R3 defined by the

function o : S? — R3,
o(n) = p(n)n, (1.1)

for all n € S?, where p : S — R, is a continuous function. We intend to use the piece-
wise constant locally supported wavelets defined on S?, presented in [3], constructing
piecewise constant locally supported wavelets defined on §. Actually, we try to find
conditions which have to be satisfied by the function p to ensure the Riesz stability of
these wavelets.

The paper is structured as follows. In Section 2 we recall the construction of wavelets

defined on S?, construction which was realized in [3]. In Section 3 we show how this
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construction can be extended to closed surfaces. In Section 4 we introduce some inner
products and prove some norm equivalencies in L*(S). They are used in Section 6 for
studying the properties of our wavelets (orthogonality, Riesz stability). We show that,
under some assumptions on the function p, our wavelets are Riesz stable in L*(S).

Finally, we present some types of closed surfaces & where our wavelets are Riesz stable

in L?(S) .

2 Piecewise constant wavelets defined on spherical
triangulations

The construction of locally supported piecewise constant wavelets defined on S? was
realized in [3]. Let II be a convex polyhedron having triangular faces! and the vertices
situated on the sphere S%. Also we have to suppose that no face contains the origin O
and O is situated inside the polyhedron. We denote by 7° = {T},T5,...,T,} the set
of the faces of II and by € the surface (the “cover”) of II. Then we consider the radial

projection onto S?, p: Q — S2,

1
p(2,y,2) = ———=(1,4,2), (z,y,2) €Q.
VIt t+y +z2

Being given €2, we can say that 7 = 7 is a triangulation of Q. Next we consider its

(2.1)

uniform refinement 7. For a given triangle [M; My M3] in 79, let Ay, Ay, A3 denote the
midpoints of the edges MyMs, M3sM; and M M,, respectively. Then we consider the

set

T' = U {[MiAAs], [A1 Mo A3), [A) A M), [Ay Az As]}

[My1 M3 M3]eTO

which is also a triangulation of 2. Continuing in the same manner the refinement

process we can obtain a triangulation 77 of Q, for 5 € N. The projection of 77 onto the

IThe polyhedron could also have faces which are not triangles. In that case we triangulate each of

these faces and consider it as having triangular faces, with some of the faces coplanar.
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sphere will be U7 = {p (T7), T7 € T7}, which is a triangulation of S*. The number of
triangles in U7 will be [U7| =n - 479,
Let (-, ) be the following inner product, based on the initial coarsest triangulation
T
(f9)q= /f ) dx, for f,g€ C(T) VT € T°.

TeTO

Here a (T') denotes the area of the triangle T. Also, we consider the induced norm

£l = (f e

For the L?—integrable functions F' and G defined on S?, the following inner product

associated to the given polyhedron I was defined in [4]:
(F,G), 2= (Fop,Gop)g. (2.2)

There it was proved that, in the space L? (S?), the norm |||, ¢ induced by this inner

product is equivalent to the usual norm ||-|| 2z of L? (S?). Denoting

1 Y1 2

dr = T Y2 22

T3 Yz <3

for each triangle T having the vertices B; (x;,y;,2i), © = 1,2,3, we proved that

2 2 2
m [ Fl| a2y < [1FN s £ MIF( 22y (2.3)
with m = 1 min & —L- M = 2max If we use the relation
4 TeT0 a(T) TeTo0 |d [

|dr| = 2a (T) dist (O, T), with dist (O, T) representing the distance from the origin to

the plane of the triangle T, then the values m and M become

dist* (O, T)
m = min ————,
rero  a(T)
1
M = max

re70 a (T) dist (O, T)
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A\ 4

Figure 1: The triangle U’ and its refined triangles Ug“, k=1,2,34.

Then we constructed a multiresolution on S? consisting of piecewise constant functions
on the triangles of U7 = {Uf, Ui, ..., UZA]-} ,j€N.
By definition, a multiresolution of L? (S?) is a sequence of subspaces {V7 : j > 0} of

L? (S?) which satisfies the following properties:

1. VI CVitl forall j € N,

2. clospz(s2) Ej Vi=12(S?)),

3. There aig Oindex sets K; € K41 such that for every level j there exists
a Riesz basis {gp{ , t e ICj} of the space V7. This means that there exist constants

0 < ¢ < C < o0, independent of the level j, such that

277 H{Cg}te,gj

S 7], ,
12(K5) = EZK_CZ% = (2 H{Cg}tezcj

L2(S?)

La(K;)

A N1/2
_ 2
where “{d}teﬁ.i b(K) <Zte’c~7’(d) > '
For a fixed j € N, to each triangle U] e U7, k = 1,2,...,n-47, we associate the function

Py S? — R,
1, inside the triangle U ,g ,
Pui (m) =4 1/2, on the edges of U},
0, elsewhere.

Then we constructed the spaces of functions V7 = span {SOU,{’ k=1,2,...,n- 4j} ,

consisting of piecewise constant functions on the triangles of 7. If U ,f“ =p (T,f“) , k=
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1,2,3, 4 are the refined triangles obtained from U’ as in Figure 1, we have

Yyi = QOUerl + <,0U§+1 + QOU§+1 + QDUZ+1,

which holds? in L? (S?). Thus, V7 C V7t for all j € N. With respect to the scalar
product (-, -), g , the spaces V7 and V7! become Hilbert spaces, with the corresponding
norm |-, s = (-, >i/§2

Next we defined the space W7 as the orthogonal complement, with respect to the

scalar product (-,-), g , of the coarse space V7 in the fine space V7! :
Vit =vigHw

The spaces W/ are called the wavelet spaces. The dimension of W7 is dim W/ =
dim VIt — dim V7 = 3n - 4. In [3] we proved that we have two classes of orthonormal
3 wavelet bases. They include the “nearly orthogonal” wavelets obtained by Bonneau

in [1] and Nielson, Jung and also those constructed by Sung in [2]. With the notations

of Figure 1, the wavelets have the expressions

1

\IJFjl-&-l’Uj =yt Qg+ o SOUJH B (2 ta+ CY?) Puitts
1 1

\I/FJ-2+1,UJ‘ = Pypn T Qppe £ 90U3+1 {3 +on+ag ) g,
1

\I;FJ3+17Uj = gy + Qo+t + 30U1+1 — ( +a; + Oég) Pyt

with ay, as such that 4 (a? + ajas + o) + 2 (ay + a) — 1 =0 and

1 1
2\I!F31+1,UJ' = oyt + QaPyg+t — §¢U§“ + <§ -y — Oég) Pyt
) 1 1
\IIFJ‘2+17Uj = OzlgoUZJrl + OzQQOU{H — EQOU%‘H + 5 — p — Q9 QOU?])'H,
) 1 1
\I/Ff+1,Uj = OzlgoUg+1 + OzQQOUZ+1 — EQOU%'-H + 5 — Q] — Qo QOUf+17

2 Actually the equality holds at all the points of the sphere, except the vertices of the triangles of
Ui+t

3The orthogonality is with respect to the norm || - ||, g2
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with ay, as such that 4 (a2 + ajas + a2) — 2 (a; + ) — 1 =0.
An application of these wavelets in data compression, together with numerical examples
can be found in [3]. A comparison of these classes of wavelets with respect to the

reconstruction error was realized in [5].

3 Piecewise constant wavelets defined on triangula-
tions of the closed surface &

We project the spherical triangulations 7 onto the surface S, obtaining the triangu-
lations Z7 = {o (U?), U’ € U’} of the closed surface S. For a fixed j, to each triangle
Z,Z €2, k=1,2,...,n-4, the associated piecewise constant scaling functions defined
on § will be defined as
1, inside the triangle Z,z ,
¢z (M) =4 1/2, on the edges of Z] ,
0, in rest.

and therefore the wavelets will have the following expressions.

1 1
1TF_1 zi = ozlgbZ{H + OéQ(bZ§+1 + §¢Z§“ — <— + oy + 042) ¢Zi+1,

J+1 2
Y = , ot i ! » 3.1
FJ.2+1,ZJ = Oélﬁbzfrl + 042¢Z{+1 + §¢Z%+1 — 5 + o1 + o ¢Z§+17 ( . )
X 1 1
TF;’H,Zj = Ozlgbzgﬂ + Oéggzﬁziﬂ + §¢Z§+1 — 5 + a1 + Qo ¢Z{+17

with ay, as such that 4 (a? + ajas + o) + 2 (ay + az) — 1 =0 and

1 1
QTF;H,ZJ- = 041¢Z{'+1 + 042¢Z§'+1 — §¢Z§“ + (5 —oq — 042) ¢Zz{+1’
9 1 1
TszH’Zj = &1¢ZZ+1 + CYQ(bZ{Jrl — §¢Z§“ + 3T ¢Z§“7 (3.2)

Jt+1 2

1 1
2TF3 zi = al¢z§+1 + O‘2¢zﬁ+1 - §¢Zg+1 + <_ - — a2) ¢Z{+1’
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with ay, as such that 4 (a2 + ajas + a2) — 2 (a; + ) — 1 =0.
Before we establish the orthogonality of these wavelets defined on & and their Riesz
stability, we need to establish some equivalencies between norms. These equivalencies

will be presented and proved in the next section.

4 Inner products and norms in L*(S)

Consider the following parametrization of the sphere S
r = x(u,v) = sinvcos u,
n(x,y,2) €S* & ¢ y=y(u,v) =sinvsinu, (4.1)
z = z(u,v) = cosw,

(u,v) € A =[0,27] x [0,7]. Then we define the functions r : A — (0,00) and XY, Z :
A — R by

r(u,v) = p(sinvcosu,sinvsinu, cosv), (4.2)
X(u,v) = r(u,v)z(u,v),
Y(u,v) = r(u,v)y(u,v),

Z(u,v) = r(u,v)z(u,v).

The following proposition establishes the relation between the surface element of the

sphere and the surface element of S.

Proposition 4.1 Let dw be the surface element of S* and do be the surface element of

S. Then, the relation between dw and do is

2
do? = r? (7“2 + 72+ —.Tg ) dw?, (4.3)

ST v

where r = r(u,v) is defined in (4.2) and r,, r, : A = (0,27) x (0,7) — R denote its

partial derivatives.
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Proof. Let us denote

77(%”) = (m(u,v),y(u,v),z(u,v)),

R(u,v) = (X(u,v),Y(u,v), Z(u,v)).

An immediate calculation shows that

dw = ||y X Nyl dudv = sinv du dv,
r2 O\ M2
do = ||R, x Ry||dudv =rsinv (r2 +rl+ 2 ) du dv,
sin® v
where || - || denotes the Euclidian norm and u x v stands for the cross product of the
vectors u and v in R®. Therefore
do = E(u,v)dw,
where E : (0,27) x (0,7) — R,
r2 0\ V2
E(u,v):r<r2+r3+ —5 ) . (4.4)
sin® v

Definition 4.1 Let F,G : S — R be functions of L*(S). Then (-,-), : L*(S)x L*(S) —
R defined by
(F,G)o = (Foo,Goo)rys2) (4.5)

is an inner product in L*(S). We also consider the induced norm
1/2
I, = (07 (4.6)
Regarding this norm, the following norm-equivalency is true.

Proposition 4.2 If there exist the constants 0 < m, < M, < oo such that m, <
E (u,v) < M, for all (u,v) € A, then in L*(S) the norm [ 2(s) s equivalent to the

norm |||,
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Proof. Let F' € L*(S). We have
IFling = [P = [ P (oo o
= //A F? (X (u,v),Y (u,v), Z(u,v)) E(u,v) sinv du dv.
Taking into account the inequalities m, < E(u,v) < M, for (u,v) € A, we can write
Me //A F? (X (u,v),Y (u,v), Z(u,v)) sinvdudv < HF||2LQ(S) <
<M, //A F? (X (u,v),Y (u,v), Z(u,v)) sinv du dv,
and therefore
me [ P (o) do < [Pl < M, [ P
MollF 0 0122ty < 1 F3ags) < MollF o ][22
which means
VialFlle < 1Pl < VAL IFlo. (47)
[
Definition 4.2 Let F,G : S — R. Then (-,-), , : L*(S) x L*(S) — R defined by
(F,G)s,, =(Fo0,Goo), s (4.8)
is an inner product in L*(S). We also consider the induced norm
o = G005 (4.9)
Proposition 4.3 In L*(S) the norm |||, is equivalent to the norm ||-|, ,
Proof. Let F € L*(S). Then ||F|} , = ||F o 0|2 &. Using now the inequalities (2.3)

we can write

m||F ool (52) < <||F|? M||FOU”L2 $2)

*,0 —
and therefore, using the definition 4.1 we obtain

2 2 2
m||Flly < [FI. < MIF|;,

which completes the proof. m
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5 Orthogonality and Riesz stability of the wavelets

The results established in the previous section allow us to establish the following results.

Proposition 5.1 The wavelets 'Y given in (3.1) and (3.2) are orthonormal with respect

to the inner product (-,-). _, meaning that

<2J Y g2 TF;H’ZM>*,U = 5. (5.1)
Proof. The wavelets 'l were orthonormal with respect to the scalar product (-, ), g,
meaning that

*, S

Using the definition 4.2 and the fact that ¥ = T oo, we immediately obtain the relations
(5.1). m

Proposition 5.2 If the numbers my, = min(y,, yyea £(u,v) and M, = max, yyea £(u, v)
are such that m, > 0 and M, < oo, then the wavelets obtained in the previous section
satisfy the Riesz stability property, meaning that there exist the constants 0 < ¢ < C' <
oo, independent of the level j, such that

3
> D dim <

=1 ZieZi

3 2

Z Z dl’Zij iTFJl'ﬂ’Zj

I=1 ZieZzi

3
<O D i

fori=1,2 and arbitrary real numbers d; z;.

Proof. In [3] we proved the following inequalities

3
%Z > diwi <

=1 Uielyi

3 2

Z Z dl’U]Qj i‘IJFJl'H’Uj

=1 Uieli

3
<Y

L2(S?) =1 Uiels

for i = 1,2 and arbitrary real numbers d; ;;;, where the numbers m and M are given in
Section 2. Combining these inequalities with the inequalities given in (4.7) we obtain,
for i = 1,2 and arbitrary real numbers d; z;,

3
%Z > i <

=1 ZiezJ

3 2

D IRPEL S

=1 ZieZi

3
<Y Y
=1 J

ZieZ

L2(S)

inequalities which prove the Riesz stability of our wavelets. m
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6 Some closed surfaces which assure the Riesz sta-
bility in L*(S)

The question is now: how should we choose the function p such that the hypotheses of
Proposition 5.2 are satisfied.

The supposition we have already made was that the function r defined in (4.2) is
continuous and has partial derivatives on A = (0,27) x (0, 7). We want to see how the

functions p or r should be taken to assure the boundness of the function £ : A — R,

2 1/2
E(u,v) =7 <r2 N _T; > .
sin” v

A natural choice is the following.

Proposition 6.1 Let Q C R3? be a domain such that S* C intQ. If the function p :

Q — (0,00) is such that p € C* (Q), then the function E is bounded on A.

Proof. Let mgy, My, M, be real positive numbers such that

mo < p(n) < My,

max {|p. (M|, |py (M, |p- (M|} < M,

for all n € S. Here py, py, p. denote the partial derivatives of the function p. Evaluating

r, and r, we obtain

Ty = pPgCOSVCOSU+ Py COSVSINU — p,Sinv,

Ty

- = —pzSInU+ P, COSU
sin v

and further, using the Cauchy-Schwarz inequality we get

r2 < (,0326 + pf/ + pi) (0082 wcos® v 4 cos? vsin? u + sin? v) = p> + pz + p2,

2 2
( - ) < (P2 +p}) (sin®u + cos®u) = pi + p}.
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With these inequalities we finally get

mi < E(u,v) < Moy/ MG + 5M2,

for all (u,v) € A. m
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Key words: Legendre polynomials, linear differential operator, eigenfunction,

eigenvalue, Jacobi polynomials.
1. INTRODUCTION

We denote {P,}°_, the system of Legendre polynomials standardized by
the condition P, (1) =1 (m = 0,1,...). We introduce linear differential op-
erator Dy, (f;2) = ((1 — xz)Tf(T)(x))(T) (r € N) of order 2r defined on the
set Oy, = {f: f?") € C[—1,1]}. It is easy to prove (see Lemma 1 below) that

Vr € N Legendre polynomials P,,, (m+1 € N) are eigenfunctions of the operator
Dy, (for m < r it is obvious). It implies that for any differential operator

Doy = Xl + Z A Do, (1)
k=1
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where \; € R (i =0,1,...,r) and I is the identity operator, Legendre polyno-
mials P, (m+ 1€ N) are its eigenfunctions.
Suppose we have a linear differential operator

Dy, (f;z) Zb () fD(z), b € C[-1,1] (i=0,2r),

defined on Cy,. As we indicated before, for an operator D,,. to be representable
in the form (1), it is necessary for the Legendre polynomials to be eigenfunctions
of D,,, i.e. it is necessary that ¥Ym (m +1 € N)

Dy, (Pr) = ply) P, 1) € R (m+1€ N). (2)

We assume now that a linear differential operator D,, satisfies the conditions
(2). In this note we find necessary and sufficient conditions imposed on the

eigenvalues u( ") (m+ 1 € N) for such an operator to be representable in the
form (1).

2. SOME AUXILIARY STATEMENTS

Lemma 1. For r,m € N, m > r we have

Dor(P) = (1) - %Pm. (3)

Proof. We denote P\ () (m+1 € N) Jacobi polynomials orthogonal on
[~1,1] with the weight (1 — 2)*(1 + z)? (a, 3 > —1) and standardized by the

conditions
Fla+m+1)

(v, 3) —
P ) = M+ 1)

(m+1eN).

Making use of the formulas

m—-r

P“%—54m+1mn+m.”on+mp“” (m >r)
and
(1 =22 P @) = (—1) 2" m(m —1) ... (m—r+ 1) Pp(z) (m>r).
[2], pp. 75 and 107 respectively, we obtain (3). Lemma 1 is proved.

Lemma 2. Ifm—1€ N,ie N, 1<i<m, then

m

(m + k)! -
;(_m (m =R+ h+ DIk =] (4)

Proof. We denote S the sum on the left side of (4). By introducing new index
of summation j = k — i we get

) S (m+j +1)! )
:0 m—i— ) (2i+7+ 1)

<.
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If we denote n =m +1i+ 1, M = m + i, we obtain

_ 1”” (M +)!
B m—i—n—m+i+j)’ (6)

]:O
The following formula holds true: if p,m,n € N, p <n, then

n! p(—l)i. (Im—i—i)! ' :(n—m—l)(n—m—2)...(n—m—p),

e p—i)l(n—p+1)! p!
(7)

[3], p- 18. If we put in (6) m — i = p and take into account (7) we get
_ zp: (M +j)! _
= J) (n—p+j)
Lemma 2 is proved.

Lemma 3. If m € N then

Ui (m+k
> (-1 (k—)% N —L (8)

k=1

Proof. If we put in formula (7) p = m,n =m + 1, we get

i m +1i)!
2 (=1 i!(m(— i)!(i)+ o=

whence

- i (m +1)!
2(_1) Mm—iGr -

Lemma 3 is proved.

3. THE MAIN THEOREM

Theorem. For a linear differential operator D,,., defined on Ca and satisfying
conditions (2), to be representable in the form (1), it is necessary and sufficient
that

. M1y 2+ 1
()+Z<ZZ“() z+k+$!(k—i)!>(_1)k

(m+R)!
(m— k)
If the conditions (9) hold then

(r) (™) (_1yi 2041
— Ho I+Z (Z” (i+k+ 1)!(k—i)!> Dot (10)

m>r+ 1L 9)

135
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Proof. We prove first that the differential operator

(T) i 214+1
=nfl ”Z <Z“ Gtk 1)!(ki)!> Dok (11)

satisfies the conditions

ﬁgr(Pm) = ufj;)Pm, 0<m<r. (12)
Taking into consideration (3) and obvious equalities Day(Pp,) = 0 (k > m),
we get
m k .
~ +k)! - 2i+1
Doy (Po) = iV P, _pem RS oy Po.
2r (Pm) = 19 +;( ) (mfk)!;'u’ S Gy e T
(13)
If we change order of summation on the right side of (13), we derive
m
~ +k)!
Do (o) = il P+ ) S (1) .
2r(Fm) = iy ;( S o = i £
(T) - (m + k)
+ W20+ 1) P,.
Z“ ! g Itk + D)k — )]

By making use of (4) and (8) we obtain (12).

We will prove now that the conditions (9) are sufficient for the operator D,,.
to be representable in the form (1). To this end, we find 752,.(Pm), m > r.
Taking (3) and (9) into account, we obtain

~ D1y 2 +1
Day(Pm) = 1 P +Z<ZM() z+k+1)!(k—i)!>D2k(Pm)

() (") (_1y? 2041 (m + k)!
P +Z<Z“ Vi) Y e

3

_|,m OVERTY 2i+1 (m + k)!
= +§(§“ V) U e P
= uDP, (meN, m>r). (14)

It follows from (12) and (14) that
Dy, (Pp) = Dor(Pn), m=0,1,...,
which, in turn, implies that for any algebraic polynomial f we have

Dy, (f) = Dar(f)- (15)
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Since Vf € Oy, and Ve > 0 there is algebraic polynomial @ such that || f(*) —
Q(’“)HC[,MJ <e(k=0,1,...,2r), [1], we conclude that (15) holds Vf € Cy, so
that D, = Dy, and equality (10) is valid. Sufficiency is proved.

We will now prove necessity, that is we assume that D,,. can be represented
in the form (1) and we will deduce from this assumption that the relations (9)
hold true. We observe first that a linear operator

D,, = 1ol + ZVkDQk (vo,v1,...,Up € R)
k=1

such that D,,.(P,,) = ,uS,c)Pm (m = 0,7) is unique. This fact is obvious if we
take into account (3). It follows from this observation and from relations (11),
(12) that

r k .
_ (Y ") _qyi 2i+1
=1 1=

We derive from (16) and (3) that Ym € N, m > r + 1 we have

. ()i 2+ 1
) Py = Dy, (Pra) —Mo)Pm+Z<ZN() Sy T )>Dzk<P )

r i 2i+1 m+k)!
=y P +Z(ZM() z+k+1)!(ki)!>(_1)k'wp’"’

which implies (9). This completes the proof of the theorem.
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1. Introduction and Preliminaries

Recently, much attention has been given to solve the nonlinear operator equa-
tions, general variational inequalities, multi-valued variational inequalities and
multi-valued quasi varitional inclusions in uniformly smooth Banach spaces and
Hilbert spaces by using the three-step iterative processes. Glowinski and Le
Tallec [5] used the three-step iterative schemes for solving elastoviscoplasticity,
liquid crystal and eigenvalue problems. Haubruge et al [6] have also studied the
convergence analysis of the three-step iteration schemes of Glowwinski and Le
Tallec [5] and applied these three-step iterations to obtain new splitting type
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algorithms for solving variational inequalities, separable convex programming
and minimization of a sum of convex functions. For applications of the splitting
techniques to partial differential equations, see [1] and the referees therein.

In recent years Noor [10-13] and Noor et al. [14] have suggested and analyzed
three-step iterative methods for solving nonlinear operator equations, general
variational inequalities, multi-valued quasi-variational inclusions and for finding
the approximate solutions of the variational inclusions in Hilbert spaces or uni-
formly smooth Banach spaces.

The purpose of this paper is to prove that the convergence of the three-step it-
erations suggested by Noor [10-13] and Noor et al. [14] for solving nonlinear oper-
ator equations, general variational inequalities and multi-valued quasi-variational
inclusions in Hilbert spaces or uniformly smooth Banach spaces are equivalent
to the that of the one-step iteration.

For the purpose, we divide our paper into two parts. The first part is devoted
to study the equivalence between three-step iteration and one-step iteration for
nonlinear accretive operator equations in uniformly smooth Banach spaces. The
second part is devoted to study the equivalence between three-step iteration and
one-step iteration for general variational inequalities in Hilbert spaces.

2. Nonlinear operator equations in Banach spaces

Throughout this section we assume that E is a real uniformly smooth Banach
space, E* is the dual space of E, K is a nonempty closed convex subset of E,
F(T) is the set of fixed points of mapping T and J : E — 2F " is the normalized
duality mapping defined by

J@)=A{f e B : (@ f) = zlIfl, 171 = =}, =€ E.

Definition 2.1. Let T': E — FE be a mapping.

(i) T is said to be strongly accretive, if there exists a constant 0 < ¢ < 1 such
that for any =,y € F there exists a j(x — y) € J(z — y) satisfying

(Tx =Ty, j(x—y)) > clla -yl (2.1)

(ii) T is said to be strongly pseudo-contractive, if there exists a constant
0 < k < 1 such that for any x,y € F, there exists j(z —y) € J(x — y)
satisfying

(Tx =Ty, j(x—y)) < kllz—yl* (2.2)

The concept of accretive mapping was at first introduced independently by
Browder [2] and Kato [7] in 1967. An early fundamental result in the theory of
accretive mapping due to Browder states that the initial value problem

du(t)
dt

+Tu(t) =0, u(0)=wug

is solvable, if T is locally Lipschitzian and accretive on E.
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Definition 2.2. [14] Let T': K — K be a mapping, o € K be a given point,
{an}, {Bn} and {7y,} be three real sequences in [0, 1] satisfying some certain
conditions. Then the sequence {z,} € E defined by

Tpt+1 = (1 - an)xn + anTyn,
Yn = (L= Bp)xy + BnT2n, V120, (2.3)
Zn = (1 - ’Yn)l'n + ’YnTxn;

is called the three-step iteration process, which was suggested and analyzed by
Noor et al. [14] for nonlinear equations in uniformly smooth Banach spaces.

Definition 2.3. [8] For given uy € K, the sequence {u,} defined by
Upt1 = (1 — ap)uy + @y Tu,, ¥Yn>0 (2.4)

is called the one-step iteration process (or Mann iteration process [8]), where the
sequence {a,,} appeared in (2.4) is the same as in (2.3).

Remark 2.1. It is easy to see that if ug = xg, 8, = 0 and ~,, = 0 for all n > 0,
then the three-step iteration process (2.3) is reduced to the one-step iteration
process (2.4).

The following lemmas will be needed in proving our main results.

Lemma 2.1. [4] Let E be a real Banach space and let J : E — 287 be the
normalized duality mapping. Then for any z,y € E, we have

=+ yll* < ll2l* + 2y, j(z + ), Vile+y) € J(z+y). (2.5)

Lemma 2.2. [3] E is a uniformly smooth Banach space if and only if the normal-
1zed duality mapping J is single-valued and uniformly continuous on any bounded
subset of E.

Lemma 2.3. [15] Let {a,} and {b,} be two nonnegative real sequences satisfying
the following condition:

Apn+41 S (1_>\n)an+bna annOa

where ng is some nonnegative integer and A, € [0,1] is a sequence with b, =
o(An) and ZZOZO Ay, = 00. Then lim,,_, o an, = 0.

Theorem 2.1. Let E be a real uniformly smooth Banach space, T : E — E be
a strongly pseudo-contractive mapping with a constant 0 < k < 1 and the range
R(T) of T be bounded. Let {x,} and {u,} be the three-step iteration scheme
and one-step iteration scheme defined by (2.3) and (2.4) respectively, p be a fized
point of T and {a,}, {Bn} and {yn} be three real sequences in [0, 1] satisfying
the following conditions:

lim o, =0, lim 8,=0, lim v,=0 and Z oy = 0. (2.6)

n—oo
n=0

141
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If xog = uo, then {x,} converges strongly top € F(T) if and only if {u,} converges
strongly to p € F(T). Furthermore, p is the unique fixed point of T.

Proof. First we prove that p € E is the unique fixed point of 7. In fact, let
p,q € E be two fixed points of T'. Since T is strongly pseudo-contractive with
constant 0 < k < 1, we have

lp—al’=®-—q.J(p—q) =(Tp—Tq,J(p—q)) < klp—q|*.

This implies that |[p — ¢|| =0, i.e,, p=gq.

Next we prove the first statement.

Since E is uniformly smooth Banach space, by Lemma 2.2 we know that the
normalized duality mapping J is single-valued and uniformly continuous on any
bounded subset of . Again since T : ¥ — FE is strongly pseudo-contractive with
0 < k <1, from Lemma 2.1 we have

(1 = ) (@n = un) + an(Tyn — Tun)||?

(1- an)z”xn - unH2 + 200 (Tyn — T, J(Tny1 — Unt1))
(1- O‘n)Q”xn - unH2 + 20 (TYn — Ttin, J (Y — Un))

+ 20, (Typ, — Tny J(Trg1 — Uns1) — J (Y — un))

< (1= an)?[lzn — unll® + 200 k|lyn — unlf?

+ 20, (Typn, — Tty J (1 — Unst1) — T (Yn — Un)).

[@nt1 — Ungr ||

IN N

(2.7)
Now we consider the second term on the right side of (2.7). From (2.3) we
have

yn = unll* = (1 = Bn)(@n — un) + Bu(Tzn — un?
< (1= Bu)?llzn — unll? + 260 (T2 — tn, I (Yo — un))
< (1= Bn)?llzn — unll? + 26a T2 — wnllllyn — wnll
< (1= Bn)’llzn = unll? + Ba{llT2n — wnll® + llyn — unl*}.

Simplifying, we have
(1= Bu)llyn — un”2 < (1- 5n)2‘|$n - un||2 + Bull T2n — unHQ (2.8)

Since G, — 0, there exists a nonnegative integer ng such that for n > ng, 8, < %,
and so 1 — 3, > %, for all n > ng. Therefore from (2.8) we have

lyn — un”2 < (1 =Bn)llzn - Un”2 + 26| T2, — un”Q’ V'n > ng. (2.9)
Since the range R(T") of T is bounded, there exists a constant M; > 0 such that

sup||Tz|| < M;. Since p = T’p, we have
relE

Slipo{HTan, [Tyl 1Tzl | Tunll, lpll} < M. (2.10)
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Putting

M = ||zol| + M,

we can prove that

SUD LT zall, Ty NT2nll, [Tl 121 2l ol el < M. (2.11)

In fact, for n = 0 we have

lyoll = 1[(1 = Bo)zo + BoT 20|l < (1 — Bo)llzoll + BollT20l| < M;
[20]l = I(1 = v0)zo +v0Txo|l < (1 — Bo)llzoll + ol Txoll < M.

For n = 1, noting that x¢o = ug we have

21 = [[(1 = ao)zo + ceTyol| < M;
y1ll = [|(1 = B1)z1 + B1Tz1|| < M;
2]l = [|(L = y1)z1 + T2 || < M;
Jut |l = [[(1 = ao)uo + apTugll < M.

By induction, we can prove that (2.11) is true.
It follows from (2.11)and (2.9) that

Hyn - un||2 S (]- - ﬁn)”xn - un||2 + 2ﬁn : 4M2
= (1= Bp)llzn — unl® +8M?B, (212)
< Hxn_un||2+8M2ﬂnv V'n > ng.

Now we consider the third term on the right side of (2.7). We have

2O‘n<Tyn — T'uy, J(xn—&-l — Upy1) — J(yn - un))
< 20, || TyYn — Tun|||J(Tns1 — tny1) — J(Yn — un)||

(2.13)
< 4MOln||J(33n+1 - un—i—l) - J(yn - Un)H

Since a,, — 0 and (G, — 0, we have

Hanrl — Up41 — (yn - un)”

= [|(1 = 0n) (@0 — ) + @ (T — Ttt) — (1= Bo) (@ — ) — B(T20 — )|
S ’an - ﬁnmxn - un” + OénHTyn - TUHH + IBHHTZ” - U"H
S 2M|an - ﬁn| +2M(an +ﬂ”) - O’

(2.14)
By the uniform continuity of J, it follows from (2.14) that

€n ‘= ||J(xn+1 - un-i—l) - J(yn - un)” - 07 as m — o0. (215)
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Therefore, it follows from (2.15), (2.13), (2.12) and (2.7) that

2041 = Unga ]| < (1= an)? |20 — un|®
+ 20 k{||zn — un|l® +8M?8,} + 4Maye,
= (1 =20, (1 = k))|zn — unlf?
+ anfan||zn — un|* + 16M3kB, +4Me,}
< (12001 = k) lzn — un|?
+ a,{4M? o, + 16M3kB3, + 4Me,}, ¥V n > ng.

(2.16)

Taking a, = ||z, — un||?, A\n = 20,(1 — k) and b, = a,{4M?«,, + 16 M?kf3,, +
4Me,} in (2.16), we have

an+1 < (1= Ap)an +bn, V0 >ng.

Since «,, — 0, there exists a positive integer n; > ng such that \,, € [0, 1], for all
n > ny. Again since Y -, @, = 00, we have Y7 /A, = co. Moreover, we have
that b, = o(\,,). Therefore by Lemma 2.3 we know that a,, — 0, as n — oo, and
80 ||zy, — up|| — 0, as n — oo. Therefore if z,, — p, then we have

[un = pll < [Jun — @nll + &0 = pll = 0, as n — oo.
Conversely, if u,, — p, then we have
[2n = pll < [[n — unll + [[un —pl| = 0, as n — oo.

This completes the proof of Theorem 2.1. O

Remark 2.2. We also, can easily prove that the one-step sequence {u,} con-
verges to p € F(T'). In fact, from (2.4) and Lemma 2.1 we have

1(1 = ) (un = p) + an(Tun — Tp)||?

< (1= an)?[lun = plI* + 200 (Tun — Tp, J (unt1 — p))

< (1= an)?[lun = plI* + 200 (Tun — Tp, I (un — p))
+ 20, (Tuy, — Tp, J (U1 — p) — J(up — p))

< (1= an)?||up = plI? + 200k |un — pl|
+ 20| Tun — Tpl| - |/ (unt1 — p) = J(un — )|

< (1 =200 (1 = K)) |lun = plI* + af lun — pl|®
+4AMa || J (upt1 — p) — J(un — p)||

< (1= 2001 = k) lun — plI*> + 4Mai, + 4AM ey,

< (120, (1 = k)) lun — pl* + 4M o {0, + cn},

[tnt1 = pl®

(2.17)
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where ¢, 1= ||J(upt+1 — p) — J(u, — p)||. Since

[tUnt1 —p— (un —P)I| = [unt1 — unl|
= [Jan (Tun — un)||

<2Ma, — 0, as n— oo,
from the uniform continuity of J we know that
cn — 0, as n— oo. (2.18)

Taking a,, = ||un — p||*, A\ = 20, (1 — k)) and b, = AMa,{a, + ¢, } in (2.17),
we have

Gn41 S (1 - )\n)an + bn

Since ZZOZO a, = oo and a, — 0, as n — oo, there exists a positive integer nq
such that A, € [0,1], for all n > ny and > - ;A\, = co. Again since b, = o(\,),
by Lemma 2.3 we know that a,, — 0, hence u,, — p € F(T), as n — oo.

Remark 2.3. Theorem 2.1 shows that for solving nonlinear accretive operator
equations in a uniformly smooth Banach space, we can use the simple one-step
iteration to replace the complicated three-step iteration suggested and analyzed
in Noor et al. [14].

3. General variational inequalities in Hilbert spaces

Throughout this section we assume that H is a real Hilbert space whose inner
product and norm are denoted by (-,-) and || - ||, respectively. Let K be a
nonempty closed convex subset of H.

For given nonlinear operator T,¢g : H — H consider the problem of finding
u € H, g(u) € K such that

(Tu,g(v) - g(uw)) > 0, ¥ g(u) € K. (3.1)

This kind of inequality is called a general variational inequality which was intro-
duced and studied by Noor [9] in 1988.

Definition 3.1. Let T : H — H be a mapping.

(i) T is said to be strongly monotone, if there exists a constant a > 0 such
that

(Tx—Ty,x—y)ZaHx—yHQ, vxayeH;

(ii) T is said to be Lipschitz continuous, if there exists a constant 5 > 0 such
that

[Tz — Tyl < Blle —yll, VayeH.
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From (i) and (ii), we know that o < f3.
Recently, in [10] Noor suggested the following three-step iteration for solving
the general variational inequality (3.1):

Tpt1 = (1 — an)zp + an{wn, — g(wy) + Pr (9(wy,) — pTwy,)},
wn = (1= Bp)xn + Bu{yn — 9(yn) + Pr (9(yn) — pTyn)}, (3.2)
Un = (1 = Vn)on + Y{2n — g9(xn) + Pr (9(x0n) — pTx0)};

where x¢g € H is a given point and Px : H — K is the projection operator, and
proved the following theorem:

Theorem 3.1. [10] Let the mappings T, g : H — H be both strongly monotone
with constants o > 0, 0 > 0 and Lipschitz continuous with constants 3 > 0,
0 > 0, respectively.

(1) If

_ VR FPR2R)

7 Ca>pBVER—k), k<], (3.3)

’ o

- 5

where

k=2v1-20+ 062, (3.4)

then there exists a unique solution p € H, g(u) € K of the general varia-
tional inequality (3.1).

(2) If0 < ap, Bnsvn < 1, foralln > 0 and Y2 o, = o0, then the three-step
iteration {x,} defined by (3.2) converges strongly to the exact solution p
of the general variational inequality (3.1).

In the sequel, we shall prove that under the conditions given in Theorem

3.1, the convergence of the three-step iteration process {z,} defined by (3.2) is
equivalent to the that of the one-step iteration {u,} defined by

Unt1 = (1 = an)up + an{u, — g(un) + Pr (9(un) — pTun)}, (3.5)

where ug € H is a given point and {a,,} is the same as given in (3.2).
In order to prove our result, we need the following lemma:

Lemma 3.1. [9] p € H is a solution of the general variational inequality (3.1)
if and only if p € H satisfies the condition:

9(p) = Pk (9(p) — pTp),

where p > 0 is a constant.
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Theorem 3.2. Let the mappings T, g : H — H satisfy all the assumptions
of Theorem 3.1. Let 0 < ay, Bnyyn < 1, for all n > 0 with >~ o, = oc.
If 9 = wo and if the condition (3.3) is satisfied, then the convergence of the
three-step iteration {x,} defined by (3.2) is equivalent to the that of the one-step
iteration {u,} defined by (3.5), i.e., x,, — p (the solution of general variational
inequality (3.1)) if and only if u, — p.

Proof. Necessity. If x, — p, as n — oo, then take 3, =, =0, for all n > 0 in
(3.2) and noting that xo = uy, it is easy to see that u,, — p.

Sufficiency. Let u,, — p, next we prove that x,, — p. In fact, since p is the
unique solution of general variational inequality (3.1), by Lemma 3.1, we have

p=(1—an)p+a{p—glp)+ Px (9(p) — pTp)}
= (1= Bu)p+ Bu{p —9(p) + P (9(p) — pTp)} (3.6)
= (1 =v)p +yuip — 9(p) + Px (9(p) — pTp)}.

From (3.2) and (3.5), we have

[Zn41 — tngrl] = [[(1 = an)(@n — un) + an {wn — un — (g(wn) — g(un))}
+ an {Pr (9(wn) — pTwy) — Pk (g(un) — pTun)} ||
< (1= an)l[zn = unll + 2an[lwn — un — (g(wn) — g(un)) |
+ ay||wy, — up — p(Twy, — Tuy)||.
(3.7)
First we consider the third term on the right side of (3.7). Since the operator T’
is strongly monotone with constant o > 0 and Lipschitz continuous with constant
G > 0, it follows that

lwn — wp — p(Twy, — Tun)H2 = ||lw, — un||2 —2p(Twy, — Ttp, Wy — Uy)
+ pQHTwn - TunH2
< (1= 2pa+ p*B°)||wn — un .

Therefore, we have

[wn = un = p(Twn = Tun)|| < t(p)l[wn = unll; (3-8)

where t(p) = \/1 — 2pa + p2/32.

Now we consider the second term on the right side of (3.7). Since the oper-
ator g is strongly monotone with constant o > 0 and Lipschitz continuous with
constant § > 0, in a similar way we have,

lwn = un = (g(wn) = g(un)) I < (1= 20+ 6%)|lwn — un*.

Therefore, we have

[wn = un = (9(wn) = g(un)) [| < V1 =20 + 62[jwn — un. (3.9)
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Substituting (3.8) and (3.9) into (3.7) and simplifying, we have
[Zn41 — tngal] < (1 —an)l|zn — unll + an (H(p) + k) ||wn — un ||

= (1 = an)l|zn — unl| + anb|lwn — unll,

where k := 2v/1 — 20 + 62 and 0 := k +t(p). By the condition (3.3), it is easy to
prove that

(3.10)

0<0<1
Finally we consider the last term on the right side of (3.10). We have
[wn = un|| < [lwn = pll + [lun —pll, ¥Vn=0. (3.11)

In a similar way as given in the proof of (3.8), (3.9) and (3.10), it follows from
(3.2) and (3.6) that

lwn —pll < (1 = Bu)llzn — pll +28allyn —p — (9(yn — 9(p)) ||
+ Bullyn —p — p(Tyn — Tp)|

(3.12)
< (1= Bp)llzn = pll + Bn (k +t(p)) llyn — pll
= (1 - ﬁn)”l'n _pH + Bn - QHyn _pH'
Similarly, it follows from (3.2) and (3.6) that
lyn = pll < (1= yn)llzn = pll + V0620 — pll
S (1 - ’Yn)Hxn _pH + Vn“mn _p” (313)
= ||z — pl|-
From (3.12) and (3.13) we have
wp, — pl| < 1_ﬁn LIn — P +ﬁn0 Ipn —P
i = pll < (1= Bo)llon =l + B - Ol = -
< |lzn = pl|-
Substituting (3.14) into (3.11), it gets that
Wp, — Un|| < ||Tp — || + [|Uup — P
i = tall < i = 9l + i~ -

< zn — unll + 2[lun — pl-
Substituting (3.15) into (3.10), we have
[Zn+1 = Untall < (1= an)llzn — uy|
+ o {[|zn — un |l + 2[jun — pl} (3.16)
= (1 —an(1=0)) [[zn — un| + 2000 urn —p|.
Let ay, = ||xn — un||, An = an(1 —60) and b, = 2c,0||uy, — pl||. Therefore (3.16)
can be written as follows
ant1 < (1 = Ap)an +b,, Vn>0.
Since 0 < 6 < 1 and by the assumption, Y > a, = oo, hence A, € [0,1] and

>0 o An = 00. Again since |u, — p|| — 0, as n — oo, we know that b, = o(\,).

Therefore by Lemma 2.3, ||z, — u,| — 0, and so
[2n = pll < [lzn = unll + lun —p[ — 0, as n— oc.

That is, z,, — p, as n — oo. This completes the proof of Theorem 3.2. (]
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Remark 3.1.

(1) Theorem 3.2 shows that the convergence of the three-step iteration (3.2)
suggested and analyzed by Noor [10] is equivalent to the that of the one-
step iteration (3.5). Therefore in order to solve the general variational
inequality (3.1) in Hilbert spaces, we can use the simple one-step iteration
(3.5) to replace the complicated three-step iteration (3.2).

(2) At the end of this paper we would like to point out that the three-step it-
erations suggested and analyzed by Noor [11-13] for solving multi-valued
quasi-variational inclusions and multi-valued variational inequalities also
can be replaced by the corresponding one-step iterations. Owing to the
methods of proof are similar, the details are omitted.
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Abstract : In this paper, we study a numerical approach to find the solu-
tion of the boundary-value problems for singularly perturbed differential-difference
equations with small shifts. Similar boundary-value problems are associated with
expected first-exit time problems of the membrane potential in models for activity
of neuron [2-6] and in variational problems in control theory. Here we propose
an exponentially fitted method based on finite difference to solve boundary-value
problem for a singularly perturbed differential-difference equation with small shifts
of mixed type, i.e., which contains both type of terms having negative shift as well
as positive shift and consider the case in which the solution of the problem exhibits
layer behavior. We calculate the fitting parameter for the exponentially fitted finite
difference scheme corresponding to the problem and establish the error estimate
which shows that the method converges to the solution of the problem. The effect
of small shifts on the boundary layer solution is shown by considering the numeri-
cal experiments. The numerical results for several test examples demonstrate the
efficiency of the method.
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1 Introduction

We continue the study of boundary-value problems for singularly-perturbed
differential-difference equations with small shifts. There are many biological and
physical models in which one can encounter such type of problems, e.g., in vari-
ational problem in control theory and first-exit time problem in modeling of de-
termination of expected time for generation of action potentials in nerve cell by

random synaptic inputs in the dendrites [2, 6].

On the theoretical side there have been many advanced models for activation
of nerve membrane potential in the presence of random synaptic inputs in the
dendrites. Reviews can be found in Segundo et. al [11], Fienberg and Holden [1].
Stein first gave a fairly realistic DDE model incorporating stochastic effects due
to neuronal excitation, in which after refractory period, excitatory and inhibitory
exponentially decaying inputs of constant size occur at random intervals and add
up until a threshold value is reached. In [14], Stein generalized his model to handle
a distribution of post-synaptic potential amplitudes and then approximating the
solution using Monte-Carlo technique. Other methods for obtaining approximate
solution have since been developed by Tuckwell and cope, Tuckwell and Richter
[9, 10] and Wilber and Rinzel [15].

In [2], Lange and Miura considered the problem of determining the expected
time for the generation of action potentials in nerve cells by random synaptic inputs
in the dendrites. The general boundary-value problem for the linear second-order
differential-difference equation that arises in the modeling of activation of neuron

(0?/2)y" (x) + (u— )y’ (x) + Apy(z + ap) + Ay(z — ar) — (Ap + A)y(x) = -1,

where o and p are the variance and drift parameters, respectively and y is the
expected first-exit time. The first order derivative term —xy’(z) corresponds to
exponential decay between synaptic inputs. The undifferentiated terms correspond
to excitatory and inhibitory synaptic inputs modeled as Poisson process with mean
rates A\g and \;, respectively, and produce jumps in the membrane potential of
amounts ag and ay, respectively, which are small quantities and could depend on

voltage. The boundary condition is
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where the values x = x; and x = x5 correspond to the inhibitory reversal potential

and to the threshold value of membrane potential for action potential generation,

respectively.

This biological problem motivates the investigation of boundary-value prob-
lems for differential-difference equations with small shifts. The singular pertur-
bation analysis of boundary-value problems for differential -difference equations
with delay has been given in a series of papers by Lange and Miura [2-6] and
they presented an asymptotic approach for solving such type of problems. In their
papers [2] and [6], the study of BVPs for the two classes of singularly perturbed
differential-difference equations with small shifts is given and the effect of small
shifts is shown on the boundary layer solution [2] and on the oscillatory solution
[6]. It is also pointed out that shifts affect oscillatory solution more than the
boundary layer solution and the term having shift can be expanded using Taylor
series, provided shift is of small order of parameter €. In the above biological
model, the shifts are due to the jumps in the potential membrane which are very
small. There, the biologist Hutchinson [8] states “there is a tendency for the time
lag to be reduced as much as possible by natural selection”. Thus arguments
for small delay problems are found through out the literature on epidemics and

population [8]. Hence the small shift plays an important role in practical problems.

We make a numerical study for a class of BVPs for singularly-perturbed dif-
ferential difference equations with small shifts of mixed type(i.e., which contains
both the terms having negative as well as positive shifts) and present an expo-
nentially fitted finite difference numerical scheme to solve such types of boundary-
value problems. We show that the scheme is e-uniform convergent of order h by
proving the error estimate. In this method, we first approximate the terms con-
taining shifts by Taylor series and then apply exponentially fitted finite difference
scheme, provided the shifts are of small order of . The effect of small shifts on the
boundary layer solution of the problem is shown by considering several numerical

experiments.

2 Statement of the Problem

Here, we consider the boundary-value problem for a singularly perturbed

differential-difference equation of mixed type (i.e. which contain both terms hav-

153



154

. - . . KADALBAJOO,SHARMA .
ing positive shift and negative shift) with small shifts and with boundary layer

behavior given by

e’y () + a(x)y(e — 0) +w()y(x) + Bla)y(z +n) = f(z), (1)

on [0, 1],

under the boundary conditions

y(@) = ¢
y(x) = YP(z), 1<z<1+n.

(2)

where ¢ is small parameter, 0 < ¢ < 1, § and 7 are also small shift parameters,
0<d<land 0<n<l;alx), (z), f(x), d(e), n(e), ¢(x) and ¢ (x) are smooth
functions. For a function y(z) to be a smooth solution of the problem (1), it must
satisfy Eq. (1) with the given boundary conditions (2), be continuous on [0, 1] and
continuously differentiable on (0,1). We present a numerical method to study the
above problem under the condition (a(z) + 8(x) + w(z)) < 0, z € [0,1], i.e., when
it exhibits a boundary layer solution.

2.1 Numerical Scheme
We have by Taylor series expansion

y(r —6)
y(x +n)

From (1), (2) and (3), we obtain

L
= =
s &
+
I s
NS
/\\/\\
SE
—~
=«

e’y () + (B(x)n — a(2)d)y' () + (a(x) + B(z) + w(@)y(z) = f(z).  (4)

on [0, 1],

under the boundary conditions

y(O) = oo,
y(l) = .

For discretizing the problem BVP (4), (5), we place an uniform mesh Q2 of size h =
1/N on the interval [0, 1]. After discretization of the problem using exponentially

fitted finite difference scheme, we obtain

e2pi(T) Dy D_y; + (nB(x;) — a(w)) D_y; + (o) + B(a;) +w(x;)) = f(x:), (6)
i=1,... N-1



. AN EXPONENTIALLY FITTED FINITE...
with the boundary conditions

y(0) = ¢o,
y(l) = 1/107
where (n3(er) = el — oxplrni) — balei))
A(sinh(7 (3 (x;) — da(x;))/2))?

is a fitting parameter with 7 = h/e?.

pi(T) =

2.1.1 Calculation of Fitting Parameter

To compute the fitting parameter, we first prove the following Lemma.

Lemma. Let § = y,+ 2, be the zeroth order asymptotic approximation to the
solution, where y, represents the zeroth order approximate outer solution(i.e., the
solution of the reduced problem) and z, represents the zeroth order approximate
solution in the boundary layer region. Also we assume that the scheme (6) is

uniformly convergent, then for a fixed positive integer n

lim y(nh) = u(0) + (6 — 1,(0)) exp(~n(nB(0) — da(0))r). (®)

Proof
We have

Ly (x) = §(x))|

IN

[ L(y(2)) = Lyo(x))] + [L(z(2))];
= |f(2) — () — () — dax())y,()
(

~(a(z) + 8(2) + w()yifa)
o 1Sl () - sty )

+Haz) + B(z) + w(z))z.(v)],

where v = x/e”.

Since y, and z, are the solutions of the reduced problem

(nB(x;) — da(:))yo(x) + () + B(x) + w(x))yo(z) = f(2),

yo(l) =7
and of the boundary-value problem

d*z,(v)

dv?

+(0(0) — da(o) 2 — g
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2,(0) = (¢0 — ¥,(0))
2o(00) =0,

respectively and using Taylor series for (n3(z) — da(x)), we obtain

dzo(v)

[Lly(x) = 92 < lyg(@)] + B (€) = 0 (O)(&) 7

+Haz) + B(z) + w(z))z.(v)],

where £ € (0,1).
Since 2,(v) = (o — 4o(0)) exp(—=v(nB(0) — dc(0))), we get

|L(y(z) — §(2))] < €lyg(2)] + [[=(8'(§) — 0a/(§))v(nB(0) — d(0)) + (a(x)
+6(2) + w(@))l(¢o = ¥0(0)) exp(=v(1n5(0) — 6a(0)))],

now if (nB(z) — da(z)) is monotonically decreasing then (ng'(§) — da/(€)) < 0,
using this and the fact that texp(—t) < exp(—t/2), in the above inequality, we

obtain

L(y(2) —9(2))] < ¥y (@) +[(15'(€) — 00/ (£))(do — 50(0)))]
cexp{(=z(nB(0) — da(0)))/2e%}.

Since y/(z) is bounded independently of € for sufficiently smooth (n3(x) —da(z)),
(a(x)+ B(z) +w(x)) and f(x), so there exists a positive constant C, s.t |y (z)] <
C for x € (0, 1) using this fact in the above inequality, we obtain

|L(y(2) — ()| < *Co[C" + iexp( z(nB(0) — 0a(0))/22%)], (9)

where Cy = |d'(§) (o — yo(0))] and C" = Cy/Cs.

Now let us introduce a barrier function

() = (1 — 2/2)Ac® + B exp{—Muz/e*} £ (j(z) — y(x)),

where A and B are positive constants. We have

L(y(z)) = %" () + (nB(x) — da(x))¥' () + (a(z) + B(x) + w(x))(z)
= —AMe*/2+ BM[M — (nf(z) — da(x))] exp{—Mz/c?)}
() + B(z) + w(z))[(1 — 2/2)Ae* + Be* exp{—Muz/e*}]
£1(5() — y()),
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using assumption on (nB(x)—oa(z))(i.e., (n8(x)—da(x)) > M > 0) and inequality

(9), we obtain
L(y(x)) < —AMe?/2+ (a(z) + B(x) + w(x))[(1 — z/2)Ae® + Be?
cexp{—Mz/e*}] + 2C[C" + {exp(—2(nB(0) — dax(0))/26%)} /€?].

Now since first and second terms are non-positive while third term is positive on
right side of the above inequality, so we choose the constants A and B such that

the total of the negative terms dominate the positive term. Thus we obtain

L((x)) <0, (10)

also one can easily show that ¢ (z) > 0 at the both ends of the interval [0, 1], then

by maximum principle, we obtain

¥(x) =0,

after simplification, we obtain

[y(z) = 56(0) — (b0 — ¥o(0)) exp{—=z(nB(0) — 0a(0))/e*}| < Ce. (11)

Which gives the required result.
O

Now assume that the solution of (6), (7) converges € uniformly to solution of
BVP (4), (5). This implies that f(z;) — (a(z;) + B(x;) + w(z;))y; is bounded.

From (6), we have

52/%'(7')(%—1 —2y; + yi+1)/h2 + (nB(xi) — 6a(wi)) (Yirr — vi) /o
= f(zi) — (a(xi) + B(xi) + w(xi))ys, (12)

Now multiplying Eq. (12) by h for i = n and then taking limit as h — 0, we

obtain

W [(on (7)/7) (Yn1 = Yo + Yni1) + (06(20) = 6(20)) (Y11 = yn)] = 0.

We use the assumption that the scheme (6) is uniformly convergent, so we replace
yn—; by y((IV —7)h) in the above equation, we obtain

lim [(pn (7)/7){y((n = 1)h) = y(nh) + y((n + 1)h)}
(nﬁ(nh) — da(nh)){y((n+1)h) —y(nh)}] =

157
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Now using the above Lemma in the above equation, we obtain

lim (95 (7)/7) (0 = yo(0)) exp{—n7(nB(0) — 6c(0)) }exp{7(nB(0) — dx(0))}
— 2+ exp{—=7(n3(0) — 6(0))}] + (13(0) — 6x(0))(¢0 — %o(0))
-exp{—n7(nB(0) — 6c(0))}exp{—7(nB(0) — 6a(0))} — 1] = 0.
Which implies that
o PolT) _ (13(0) = 80(0))[1 = exp(~7(13(0) ~ da(0)))]
h0o T A(sinh(7(n6(0) — 6(0))/2))?

On simplification, Eq. (6) reduces to following tridiagonal system of difference

(13)

equations
Eyin — Fiyi + Giyigr = H;, (14)
where
E; = &pi(t)/h?,
F, = ¢ pz(T)/ + (B(xi) — da(z;))/h — (@) + Blai) + w(zi)),
Gi = p(r)/h* + nB(x:) — da(xy))/h,
H, = f(x;), i=1,2,...,N—1.

The difference equations (14) form a tridiagonal system of N — 1 equations with
N + 1 unknowns yo, y1,...,yn. The N —1 equations together with the given two
boundary conditions are sufficient to solve the system. The coefficient matrix of
such system of equations is non-singular, if it is either strictly diagonally domi-
nant or irreducible diagonally dominant [13]. To solve this system of difference

equations, we will use discrete invariant imbedding algorithm.

2.1.2 Discrete Invariant Imbedding Algorithm

Let us set a difference relation of the form
Yi = Wiyiyn + 15, (15)

where
W; = W (z;) and T; = T'(z;) are to be determined.
From Eq. (15), we have
Yi-1 = Wisayi +Tia. (16)
Using Eq. (16) in (14), we obtain
G; EiTi o — H;
F—EW) " T E - EWL)

Yi =
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By comparing Eq. (15) and Eq. (17), we get recurrence relations for W; and T;

Wi = Gi/(Fi — EW;-1),

T = (ETy — Hy)/(Fy — EWi).

To solve these recurrence relations for ¢ = 1,2,..., N — 1., we need the initial
conditions for Wy and Tj.

By the given boundary conditions, we have

Yo = ¢o = Woyr + T,

if we choose Wy = 0, then Ty = ¢o. Now by using these initial conditions, we can
compute W; and T; for : = 1,2,..., N — 1 and using these values of W; and 7T; in
Eq. (15), we obtain y; for i =1,2,..., N — 1.

Under the conditions

the discrete invariant imbedding algorithm is stable [12].
One can easily show that if the assumptions (ng3(z) — doa(z)) > 0, (a(z) + B(z) +
w(x)) < 0 and (¢ — da(x)) > 0 hold, then the above conditions (18) hold and thus

the invariant imbedding algorithm is stable.

2.2 FError Estimate

Theorem 1. Suppose (n3(z)—oda(x)) > M > 0 and (a(x)+[(z)+w(z)) <0,
Vz € [0, 1], and if y; is the solution to the discretized problem (6), (7) and y(z) is

the solution of the corresponding continuous problem, then
ly(z:) — yil < Ch, (19)

where C is independent of 7, h and ¢.
Proof.

Let w; be any mesh function defined on the uniform mesh Q7.
Suppose
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then

wo =0 =wn,

and
| Ly (wi)| < Dih + exp{—M (z; — h)/2e%}], (21)

where D; is independent of i, h and ¢ [7].
Then by discrete stability result [7], we obtain

il < Di{fuf] + ]+ max [La(w!)]}

ie.,

[yl — a!*] < Difh+ exp(~M(z; = h)/25%}, 0<i<N. (22)
Now to establish the estimate, let us construct a barrier function
Y = W1 — 2 + exp{—M(z; — )/2:%}] (23)
We have
Ly(¥i) = Epbioy — Fby + Gitbiqa,
substituting for F;, F; and G; from Eq. (14) and simplifying, we obtain
Li(;) = 4e%pi(7)sinh?(Mh/2e?) exp(—M (x; — h)/2¢?)
—h(nB(x;) — da(x;)) + (nB(w:) — da(a;))[~1 + exp(—Mh/2¢?)]
cexp(—M (z; — h)/2e%)
(o) + Blar) + w(@))h[l — 7o + exp(~M(z; — h)/25%)].

Now after omitting the positive terms on the right side of the above equation and

simplification, we obtain
Ly (¥;) > —Dylh + exp{—M (z; — h)/2e*}], (24)
where
Dy = (|[(n8 —da —a = B — w|lneo)-
From inequalities (22) and (24), we obtain

Lu{Dvs + (4P —y5/*)} <0, (25)

where D = —D;/D,, independent of 7, h and €. also one can easily show that

1; > 0 at the both end points, therefore by discrete maximum principle, we have

h
Dy + (g —yb/*) > 0,
WP —yt? < Dy, 0<i<N.
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Which give the estimate (19), since this result is trivially true for i=0.

3 Numerical Results and Discussion

To demonstrate the efficiency of the method, we consider some numerical
experiments. The exact solution of the BVP (1), (2) for constant coefficients
(i.e.,a(x) = «a, B(x) = [ and w(x) = w are constant), ¢(x) = 1 = ¢ (x),
with f(x) =11is

y(r) = (a+ 4+ w—1)[(exp(mg) — 1) exp(mix) — (exp(my) — 1) exp(moz)]
/[(a+ B +w)(exp(ms) — exp(m1))] + 1/(a + 8+ w),

and if f(z) =0 is

y(a) = [(1 = exp(my)) exp(myz) — (1 — exp(ma)) exp(maz)]/(exp(ma) — exp(ms)),

where

mi = [~(8n—ad) + /(8 — ad)? — 4e2(a + B + w)] /262,
my = [=(Bn—ad) = /(Bn— ad)’ —4e2(a + B+ w)] /26>
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: B(z) =0 i.e., he case when there is no terms

Case
containing positive shift in Eq.(1).
—y(x —9)+0.5y(z) =0,

under the boundary conditions

Example 1. %y (z)

ylz) = 1, —96<z<0,

y(l) = 1.

We solve the example using the method presented and compare the results
with exact solution and plot graphs of the computed and exact solution of the
problem, which are represented by dotted and solid lines respectively, for ¢ = 0.1
and € = 0.01 for different values of § as shown in Figures (1) (2), respectively. We
also compute the maximum error for e = 0.1 and € = 0.01 for different values of ¢

and grid size h as shown in Table (1).

Table 1 : The maximum error for example 1

e=0.1

0] N— FE+01 E 402 E+03 E 404
0.1 0.00780619 0.00008369 0.00000084 0.00000001
0.5e 0.00979599 0.00010248 0.00000103 0.00000001
0.9¢ 0.01105879 0.00011778 0.00000118 0.00000001
e =0.01

0.1 0.02896148 0.00755964 0.00008200 0.00000082
0.5e 0.08468024 0.00976235 0.00010214 0.00000102
0.9¢ 0.13193658 0.01104920 0.00011772 0.00000118




0.8

0.6 -

y(X)
0.4

0.2

Figure 1: Comparison of exact and numerical solution for example 1 (¢ = 0.1).

0.8

0.6
y(X)

0.4 i

0.2

Figure 2: Comparison of exact and numerical solution for example 1 (¢ = 0.01).
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"exact
computed ------
6=0.01 6=0.09
6=0.05 6=0.05
6=0.09 6=0.01
| | | |
0 0.2 0.4 0.6 0.8

T T T Yexa:t
computed ------
§=0.001 6=0.009
i / §=0.005 6=0.005
§=0.009 6=0.001 /
1 1 1 1
0 0.2 0.4 0.6 0.8
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From the graphs of the solution of the above example, we observe that boundary

layer solution depend on the both parameters 0 as well as €. For fixed €, as d
increases thickness of boundary layer on the left side of the interval [0, 1] decreases

while on the right side of the interval [0, 1] increases.

3.2 Case :

containing negative shifts.

a(x) = 0 i.e., The case when there is no term

Example 2. %y (z) + y(z) — 1.25y(z +n) = 0,
under boundary conditions

y(0) = 1,

ylz) = 1, 1<z<1+4n.

In this case, we have considered an example in which there is no term containing
negative shifts and solve the example using numerical scheme presented here. We
plot the graphs for ¢ = 0.1, ¢ = 0.01 and for different values of  and compare the
computed result with exact solution as shown in the Figures (3) and (4). Table
(2) give the maximum error for ¢ = 0.1 and € = 0.01 and for different  and grid

size h.

Table 2 : The maximum error for example 2

e=0.1

nl N— FE+01 E 402 E+03 E+04
0.1 0.00463982  0.00004756 0.00000048 0.00000000
0.5e 0.00577129 0.00005937 0.00000059 0.00000001
0.9¢ 0.00642460 0.00006711 0.00000067 0.00000001
e =0.01

0.1 0.05225074 0.00417902 0.00004306 0.00000043
0.5e 0.13766296 0.00567762 0.00005861 0.00000059
0.9¢ 0.16092712 0.00641204 0.00006693 0.00000067




AN EXPONENTIALLY FITTED FINITE... 165

1 T T T T exact
computed ------
=0.01
0.8 [ n=0.09 n
n=0.05 n=0.05
n=0.01 n=0.09
0.6 - N
y(x)
04 N
02 N
0 1 1 1 1
0 0.2 04 0.6 0.8 1

Figure 3: Comparison of exact and computed solution for example 2 (¢ = 0.1).

1 T T T T exact
computed ------
0.8 1
y(x)

n=0.001

n=0.005
n=0.009 |

| | | |

0 0.2 0.4 0.6 0.8 1

Figure 4: Comparison of exact and computed solution for example 2 (¢ = 0.01).
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As in the case when only negative shift occurs we have shown the effect on the

boundary layer solution of negative small shift by considering numerical example.
Similarly in this case we have considered the example in which only positive shift
occur and observe from the graphs in figures (3) and (4), that for fixed, e the
thickness of the boundary layer on the right side decreases while on the left side

increases of the solution as 7 increases.

3.3 Case : a(r) # 0 and ((z) # 0, i.e., The case of mixed
type (i.e., contains terms with both terms with nega-

tive as well as positive shifts).

Here, we consider the most general case where both type of shift i.e. positive as
well as negative shift occur. To demonstrate the efficiency of the method, the

following numerical experiments are carried out

—y(z —90) +y(x) — 1.25y(x +n) =1,
under the boundary conditions

Example 3. y"(z)

—0<z<0, ylx) =1, 1<z<1+n.

In this case to demonstrate the method we have solved the more general exam-
ple in which both the negative as well as positive shifts occur using our method
and compare computed results with the exacts solution by plotting the graphs for
e = 0.01 and for different values of § and 7 as shown in Figures (5) and (6). The
maximum error between computed and exact solution are shown in table (3) for

e = 0.01 and for different §, n and grid size h.

Table 3 : The maximum error for example 3

e=0.01; n=0.9¢

0] N— E+02 E+03 E +04
0.1 0.04112737 0.00048798 0.00000489
0.5¢ 0.03873699 0.00043715 0.00000438
0.8¢ 0.03555902  0.00039383 0.00000394
nl €=0.01; 6=009

0.1e 0.03988186  0.00045703 0.00000458
0.5¢ 0.03492230 0.00038652 0.00000387
0.8¢ 0.03248877 0.00035962 0.00000360




0.5

Y

Figure 5: Comparison of exact and numerical solution for example 3 (¢ = 0.01 and

n = 0.9).

0.5

yx) ot

-05

Figure 6: Comparison of exact and numerical solution for example 3 (¢ = 0.01 and

d =10.9¢).
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T

exact —
computed ---- -
6=0.001 6=0.008
i 6=0.005 6=0.005 |
6=0.008 6=0.001
L 1 1 1 1
0 0.2 0.4 0.6 0.8

T

exact —
computed ---- -
n=0.008 n=0.001
n=0.005 n=0.005
H n=0.001 n=0.008 i
L | | | |
0 0.2 0.4 0.6 0.8
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From the graphs of the solutions of the above example, we observe that the

variations in boundary layer solution of the problem with the parameters ¢, § and
n are similar to previous two cases i.e., when only one shift (negative or positive)
is present at a time.

Finally we consider the following numerical examples with variable coefficients

and solve these examples using the proposed numerical scheme.

Example 4. y"(z) — exp(z)y(z — ) + y(z) — (1 + x)y(xr + 1) =0,
under boundary conditions

ylz) = 1, —0<z<0,
ylz) = 1, 1<z<1+4n.

Example 5. y”(x) — exp(0.5)y(z — 6) + zy(z) — (1 + 2H)y(z +n) = 1,
under boundary conditions

ylz) = 1, —0<z<0,
ylz) = 1, 1<z<1+4n.

Since the exact solution for the examples 4 and 5 is not known, so we just compute

the numerical solution and plotted in Figures 7 and 8, respectivelly.



AN EXPONENTIALLY FITTED FINITE... 169

! ‘ ‘ ‘ 3=0.001 ___
5=0.005-----
5=0.000- - - -

08 i

0.2 0.4 0.6 0.8 1

! ‘ ‘ ‘ eta=0.001 ___
eta=0.005 ------
0.8 eta=0.009 ----- -
06 | .

y(x)

Figure 8: Numerical solution for example 5 (¢ = 0.01 and § = 0.5¢).
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4 conclusion

In this paper, we propose an exponentially fitted finite difference numeri-
cal scheme to solve boundary-value problems for singularly perturbed differential-
difference equations with small shifts of mixed type (i.e., which contains both the
terms having negative as well as positive shift). We observed from the numerical
experiments discussed above that very small changes in shift affect the boundary
layer solution by a considerable amount and does not affect the smooth solu-
tion. We also observe that as negative shift increases the thickness of the left side
boundary layer decreases while of the right side boundary layer increases, whether
the term containing positive shift occurs or not and the positive shift affects the
boundary layer solution in the same form but reversely. This method works nicely

for small shifts and easy for implementation.
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Abstract. One considers the nonlinear viscoelastic evolution equation
uy + Au+ F(z,t,u,ur) —g* Au=0 on I' x (0,00)

where T is a compact manifold. When F' # 0 and g = 0 we prove existence of global
solutions as well as uniform (exponential and algebraic) decay rates. Furthermore, if
F =0 and g # 0 we prove that the dissipation introduced by the memory effect is
strong enough to allow us to derive an exponential( or polynomial) decay rate provided
the resolvent kernel of the relaxation function decays exponentially (or polynomially).

Key words:Asymptotic Stability, Viscoelastic Evolution Problem
2000 AMS Subject Classification 35G25, 37C75

1 Introduction

This manuscript is devoted to the study of the existence and uniform decay
rates of solutions u = u(z,t) of the evolution viscoelastic problem

(%) { up + Au+ F(z,t,u,ur) —g+x Au=0 on I' x (0,00)

u(z,0) = ul(z), w(x,0)=u'(zx), z€Tl

where I' is the boundary, assumed compact and smooth, of a domain  of R",
not necessarily bounded.

When g = 0, we will consider A : H'/?(T') — H~Y?(T) a linear and con-
tinuous operator, that is, A € L(H/?(I"), H~/2(I)), self-adjoint and such that
verifies the coercivity condition

(Au,u) g 1s2(ry, g2y 2 @ HUH?{l/z(r) for all uw € H'/*(I), (1.1)

for some « > 0. In this case we prove global existence results and also exponen-
tial and algebraic decay rates of the energy associated to problem (x), following
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the perturbed energy method; see, for instance, A. Haraux and E. Zuazua [3].
We observe that when g = 0 and the operator A verifies the above conditions,
we have, as a particular example, that the existence of solutions of problem (x)
is related to the existence of solutions of the following one

—Ay+ky=0 in Qx (0,00), k>0
auy+ytt+F(x7t7yayt):0 on FX(OaOO)
y(.]?,O) = uo(x)v yt(xao) = ul(l‘)a S Fa

where v is the outer unit vector normal to the boundary I'; see J. L. Lions [[4] ,pp.
134-140] for details. In this situation the operator A : HY/?(T') — H~Y2(T') is
defined as follows: Given ¢ € H'/2(T'), it is well known that the elliptic problem

—Aw+kw=0 in Q
w=¢ on [

admits a unique solution w € H(Q,A) = {u € H*(2); Au € L*(2)}. Therefore,
the operator

A:HY2D) - HY2M), ¢~ Ap=0d,w

is well defined and furthermore, A € L(H'/?(T"), H='/2(T")). On the other hand,
making use of Green’s formula we deduce that

0= [, (—Aw + kw)wdz = [, |Vw|*dz +k [, |w]* dz — (Ap, @) H-1/2(1),H1/2(T)

and consequently, (Ap, ©) g—1/2ry /2@y = CH<,0||§{1/2(F) for some C' > 0. In
this direction is important to mention the work from the authors M. M. Cav-
alcanti and V. N. Domingos Cavalcanti [2] who proved global existence and
asymptotic behaviour for degenerate equations on manifolds. On the other
hand, when F' = 0 and g # 0, we will assume that A is the self-adjoint operator,
not necessarily bounded, defined by the triple {H/2(T"), L*(T"),

((*)) /2yt~ In this case, A is characterized by

D(A) = {u € H'?(T); there exists f, € L*(T') such that (1.2)
(Fur0) pary = (,0)) oy s forallv € HY2(ID)}, fu = Au

(Au,v) oy = ((4,0)) grajery; for all uw € D(A) and for all v € HY2(D).

Since the embedding H'/?(T") < L?(T') is compact, we recall that the spec-

tral theorem for self-adjoint operators guarantees the existence of a complete

orthonormal system {w, },en of L?(T) given by eigen-functions of A. If {\, },en
are the corresponding eigenvalues of A, then \, — +o00 as v — 400. Besides,

D(A) = {u € LD B30 (,0,) o [ < 0,
Au =X, (w,wy)parywy;  for all w € D(A).
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Considering in D(A) the norm [Au| 2, it turns out that {w, } is a complete

system in D(A). In fact, it is known that {w,} is also a complete system in
H*'/2(T"). Now, since A is positive, given § > 0 one has

2
D(A(S) = {’U, S L2(F), Eji?Agé (U‘?wl’)Lz(F)‘ < +OO} 5

A%y = BTN (u, wy) 2y wy;  forall u € D(A%).

In D(A?) we consider the topology given by |A5u|L2(F). We observe that
from the spectral theory, such operators are also self-adjoint, that is,

(Adu,U)Lz(F) = (u,AJU)Iﬂ(F); for all u,v € D(AJ)
and, in particular,
D(AY?) = HY2(T). (1.3)

At this point it is convenient to observe that, according to J. L. Lions and
E. Magenes [[5], Remark 7.5] one has

HY*(I') = D[(-Ar)"/?), (1.4)

where Ar is the Laplace-Beltrami operator on I'. Then, from (1.2), (1.3) and
(1.4) we deduce that

(Au,v)p2py = (=Arw,v)po(ry;  for allu € D(A), forallv e HY2(T), (1.5)

that is, Au = —Aru for all w € D(A) which implies that A < —Arp. This means
that when A is the operator defined by the above triple, problem (%) can also
be viewed like the wave operator on the compact manifold T.

Now, if one considers the extension A : H'/2(I') — H~'/2(T) of A defined
by

< Au,v > =12y, w12y = (4, 0)) gajery s forall u,v € HY2(T)  (1.6)

it is well known that A is bijective, self-adjoint, coercive and continuous (indeed
isometry). Then this extension satisfies the assumptions of the operator A
introduced in the beginning of this introduction, more precisely in (1.1).

When F' # 0 and ¢ = 0 we derive exponential and algebraic decay rates.
Finally when F' = 0 and g # 0 we show that the energy associated to the related
problem decays exponentially (or algebraically) assuming that the kernel of the
memory also decays exponentially (or algebraically). In other words, the unique
dissipative mechanism is due to the memory term. For this end we follow ideas
introduced by J. Munioz Rivera in [6].

Our paper is organized as follows: In section 2 we present some notations,
the assumptions on g and F' and state our main result. In section 3 we prove
existence and uniqueness for regular and weak solutions and in section 4 we give
the proof of the uniform decay.
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2 Assumptions and Main Result
Define (u,v) = [.u(z)v(z)dz; > = (u,u), ||u\|§ = [;|u(2)|’ dz. The

precise assumptions on the function F'(x,t,u,u;) and on the memory term g of
(*) are given in the sequel.

(A.1) Assumptions on F(x,t,u,u;)
We represent by (z,t,£,1) a point of T' x [0,00) x R?. Let

F:T x[0,00) x R =R
satisfying the conditions
FeC" (T'x[0,00) xR?). (H.1)
There exist positive constants C, D and 3 > 0 such that

[Pzt &) < C (1+ [ + ") (H.2)

WhereO<£,p§ﬁifnZSand£7p>Oifn:1,2;

Fa,t,6,m)C > |67 6C+ BIn|*TH[¢];  for all ¢ € R; (H.3)
Fulw,t,6m)| < C (140l 4167 5 (H.4)
|Fe(a t,€,m) < C L+ Inl + €[ : (H.5)
Fy(z,t,6,m) > Bnl”; (H.6)

(P.t.&m) = Fla.t.60) (¢ = ¢) (H.7)

>-D (" +[€]) [¢ - €[ [c ¢ forancler.

A simple variant of the above function is given by the following example
F(a,t,&n) = Bnl"n+[¢]" €
(A.2) Assumptions on the Kernel

We assume that g : Ry — R is a bounded C? function satisfying

1—/0 g(s)ds=1>0 (H.8)

and such that there exist positive constants &1, £2 and &3 verifying
—&1g(t) < g'(t) < —&a9(t); forall t >0, (H.9)

0<g"(t) <&g(t); forallt>0, (H.10)
0>g"(t) > &g (t); forallt>0. (H.11)
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Next, we present two technical lemmas that will play an essential role when
establishing the existence of weak solutions.

For this end let us consider V' and H Hilbert spaces with V' dense in H and
the imbedding V' — H is continuous. Let A : V' — V'’ be a linear operator such
that A € L(V,V’). Suppose that A is self-adjoint and verifies the coercivity
condition:

(Av,v) )y >« ||v\|%/ forallveV, (2.1)

for some a > 0.
Lemma 2.1. A is bijective.

Proof. The condition (2.1) implies immediately that A is injective. Then, it
remains to prove that A is onto. First, we are going to prove that

AV is closed in V. (2.2)
Indeed, let {v,} C V and w € V' such that
Av, —w in V' as v — +oo. (2.3)
From (2.1) we obtain, for all v,u € N
2
<Avl/ - A”U#,vy - U#>V/7V > HUV - UHHV

which implies that
[Avy, = Avlly, = allv, —vplly,

and consequently, from (2.3) we deduce that {v, } is a sequence of Cauchy in V.
Therefore, there exists v € V' such that v, — v in V. Since A is continuous, it
results that

Av, — Av in V' as v — +o0. (2.4)

Taking (2.3) and (2.4) into account, we conclude that Av = w and conse-
quently AV is closed in V' as we desired to prove in (2.2).
On the other hand, since V' is a Hilbert space, we can write, in view of (2.2),
that
VI =AV & AVt

Next, we are going to prove that
AVt = {0}. (2.5)
In fact, since V is a Hilbert space, we can write
AVE={feV;(fiu)yy, =0 forallue AV}
or, in other words

AVE = {f e V;i(f, Av)y, =0 forallv eV}
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We argue by contradiction. So let us suppose that there exists fy € V;
fo # 0 such that
(fo, Av)y, , =0; forallve V.

Then, the last identity and (2.1) yield
0= <f07Af0>V’,V Z (0% ||f0||%/ implies 0= 0.

But this is a contradiction and consequently (2.5) holds, which implies that
A is onto. &

Identifying H = H’ one has the following embedding
Ve H=H <V

with H' dense in V', see H. Brézis [1].
Lemma 2.2. The space H = {u € V;Au € H} is dense in V.
Proof. Let T € V'’ such that

(T,w)y,y =0 forallweH. (2.6)
We will prove that
(Tyw)y, =0 forallweV. (2.7)

Indeed, let v € V. Then Av € V' and since H is dense in V', there exists
{y.} C H such that

Yy, — Av in V. (2.8)

But, for each u € N, according to lemma 2.1, y, = Az, with x,, € V. Then,
from (2.1) and for all v, u € N, we have

(Az, — Az, x, — xu>v/,v > allx, — mHH%, ,

that is,
|Azy, — Azylly,) = ollay — aully, -

The last inequality and the convergence given in (2.8) yield that {x,} is a
sequence of Cauchy in V. Consequently, there exists x € V such that x, — =
in V and therefore

y, = Az, — Az in V. (2.9)
From (2.8) and (2.9) we deduce that
Av = Az which implies that v =2 and Az, — Av in V. (2.10)
However, from (2.6) we have

(T, 2y)y:yy =0 since x, € V and Az, =y, € H. (2.11)



EXISTENCE AND ASYMPTOTIC STABILITY...

Passing to the limit in (2.11) we obtain (2.7) as we desired to show. o
In the sequel we will consider V = H'/%(I"), H = L*(T") and A : H'/*(I") —
H~'/2(T") the linear, continuous, self-adjoint and coercive operator above men-

tioned in this section.
We define

H = {ue H/*(I'); Au € L*()}. (2.12)
Then, H is a Hilbert space endowed with the natural inner product
(w,0)g = (W) 2o(ry + (Au, Av) . (2.13)

Moreover, according to lemma 2.1, H is dense in L?(T").
Now we are in a position to state our main result.

Theorem 2.1. Let the initial data {u® u'} belong to H x H'*(T) and
assume that the assumptions in (A.1) hold and g = 0. Then, problem (x)
possesses a unique reqular solution u in the class

ue L®(0,00;H), ' € L®(0,00; HYX(), u" € L>®(0,00; L*(I)). (2.14)

Moreover, the energy

lu()215} (2.15)

1
E(t) = S{lu'OF + (Aut), w(t)) gr-1/20) ey + 42

v+2

has the following decay rate
E(t) < (0t + [E(0)]”/*)"2/7, forallt >0, forallee (0,e), (2.16)

where 0 and €y are positive constants.
When p = 0 and therefore we have a linear dissipation, exponential decay
rates are also obtained, namely

E(t) < CE(0)e™ " for all ,t >0 forall ¢ € (0,e0], (2.17)

where C, w and g are positive constants.

Theorem 2.2. Let the initial data belong to HY/?(T') x L*(T') and assume
the same hypotheses of theorem 2.1 hold. Then, problem (x) possesses a unique
weak solution u in the class

u e C°([0,00), HY/2(I')) N C*([0, 00); L4(I)). (2.18)

Besides, the weak solution has the same decays given in (2.16) and (2.17).

Theorem 2.3. Suppose that the assumptions in (A.2) hold and F = 0.
Then, given {u®,u'} € D(A)x D(A'/?), problem (x) possesses a unique solution
w in the class

ue 00 ([0,00; D(A)) N CL ([o, o0; D(A1/2)> . (2.19)
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Moreover, the energy
EB(t) =3 {lw @ + (1= Jy g(s)ds) [AYV2u(t)> + g o AVu(t) } (2.20)
decays exponentially, that is, there exist positive constants C and v such that
E(t) < Ce™ ™ forallt>0. (2.21)
When, instead of hypothesis (H.9) we consider
—Cog*tVP(t) < ¢'(t) < —C1g"tV/P(t) for all t > 0, (H.12)
for some positive constants Cy, C1 and p > 2, we have the following decay

E(t)<CE@0)(1+t)"" forall >0. (2.22)

3 Existence and Uniqueness of Solutions

In this section we first prove existence and uniqueness of regular solutions to
problem (%) making use of Faedo-Galerkin method. Then, we extend the same
result to weak solutions using a density argument.
3.1 Regular Solutions: First of all we consider the case ¢ = 0 and A :
H'Y2(I') — H~'/2(I") is the linear, continuous, self-adjoint and coercive operator
mentioned before.

Let {w,} be a basis in H and let us consider V, the space generated by
w1, ,wWm. Let

U (t) = X1 0jm (H)w; (3.1)
the solution of the approximate Cauchy problem

(ull (), w) + (Aup, (t), w) + (F(x,t, um(t), un, (), w) = 0 for allw € V,,,(3.2)

m ? m

U (0) = tugm — u® in H, ul,(0) = uy, — u' in HY2(T). (3.3)

m

We observe that, in view of assumptions (H.1) — (H.2) and noting that
HY2(T) — L20+9()  and HY?(T) — L2PH(D) (3.4)

the nonlinear term in (3.2) is well defined, that is, belong to L*(T'). By standard
methods in differential equations, we prove the existence of solutions to the
approximate problem on some interval [0, ¢,,) and this solution can be extended
to the closed interval [0,T] by using the first estimate below.

3.1.1 - A Priori Estimates. The First Estimate: Setting w = ul, (¢) in (3.2),
observing that A is self adjoint and taking the assumption (H.3) into account,
we obtain

L4 Lol (07 + (A (8), um (0) + 525 (D053} + Bl (D151 < 0.(3.5)
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Integrating (3.5) over (0,t) taking (1.1) into account, we deduce

2 2 +2 +2
[y, (D7 + @[ (O)[522(ry + 572 Jum OIS +2ﬂf0 [y, ()12 ds
< |U1m| + || Avom|| - 1/2(T) ||u0m||H1/2 @ T 7+2 ||UOM‘|7+2
From the last inequality, from the convergence in (3.3), observing the em-
bedding in (3.4) and employing Gronwall’s lemma, we obtain the first estimate

[t ()1 + et (D] 37220y + N DI 55 + [ lp (s)]555ds < Ly (3.6)

where L; is a positive constant independent of m € N and ¢ € [0,T].

The Second Estimate: First of all we are going to estimate v, (0) in L?(T")
norm. Considering w = u/,, (0) and ¢t = 0 in (3.2) and considering the hypothesis
(H.2), it holds that

[ (0)] < [ Auom| + Clmeas(D)? + [Juoml |3} 1y + lumllfiy 1))l (3.7)

Considering the convergence in (3.3) and the embedding in (3.4) we conclude
that
|t (0)] < Lo (3.8)

where Loy is a positive constant independent of m € N.

Taking the derivative of (3.2) with respect to ¢, substituting w = !/ (¢) in
the obtained expression, and taking the assumptions (H.3) — (H.6) into account,
we obtain

2 2
L L OF + (Au, (0, ()} + 8 Jp | (g)? a0 (3.9)
< O Jo (14 P [ |
+C o (L [up, | + [um| ") [ug,] |, | dT.
Next, we going to analyze the two terms on the right hand side of (3.9).
Estimate for Iy := [ (1 + |l [P |um|v+1) |u2 | dT.

From Cauchy-Schwartz inequality and considering the inequality ab < ﬁa%r
nb?, where 7 is an arbitrary positive number, we deduce

2
11| < meas(T) + Jup, (0 + 0 [ |ul” uin ] dT + 25 [l (811513

2 1 2
L Jum (B [5051 + 5 Jutn (1) (3.10)

Estimate for Iy := [ (14 [u],|” + |um|”) |ul,| [uj,| dT.
From Cauchy-Schwarz inequality, making use of the inequality ab < § a +
nb? above mentioned and the generalized Holder inequality observing that 5 (7 ot
1 1
m+§:1,wehaVe

2 2 2 +2
|I2] < 5 Jup, (O + 5 lum (O + 0 fr [ug,|” uiy |7 dT + 45 lug, (1175

[t O[3y 1) [ Oy [ ()] (3.11)
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Integrating (3.9) over (0,t), considering (1.1), (3.4), (3.10) and (3.11), we
deduce
Lt (O + & N (s + (8 — 2Cm) J2 o P 1t 2 dTds
< 3 lum O + 3 [[Awimll 1720y llwaml | g1 /2y + CT meas(T) - (3.12)
+C fo (Hum s)HHY/—ZEF) + Jul,(s) )ds—|— ek fo [|lul, Zi; ds
+C [y g ()1 ds + Ca [ |[um (s )||H1/2(F)Hum(S)HHl/?(F) |urm (8)] ds,

where C'; and Cy are positive constants.

From (3.12), making use of the first estimate (3.6), considering the conver-
gence in (3.3), taking (3.8) into account, choosing 1 > 0 sufficiently small and
applying Gronwall’s lemma, we obtain the second estimate

e (O + et () 3120y + o S [ufal” | d0ds < Lo, (3.13)

where L3 is a positive constant independent of m € N and ¢ € [0, 7.

3.1.2 - Passage to the Limit: From the estimates (3.6) and (3.13) we de-
duce that there exists {u,}, subsequence of {u,}, which from now on will be
represented by the same notation, and a function u, such that

w, = u' weak-star in L5, (0,00; L*(I)), (3.14)
u, —u weak-star in LS,(0,00; H/*(I)), (3.15)
w, —~u”  weak-star in Lj%,(0,00; L*(T')), (3.16)
ul, = ' weak-star in Lf%,(0,00; H'/*(T)). (3.17)

On the other hand, from the assumption (H.2) and having in mind the
embedding in (3.4), we infer

Jo Jo |F (2t w, ) |* drt (3.18)
<4C {meaS(F)T+ Jo Mau @I dt+ [ [Jus, (¢ ||2§ZE§ dt} <o

where C” is a positive constant independent of ;€ N and ¢ € [0, 7.
On the other hand, from the a priori estimates, we also deduce that
{u,} is bounded in L2 (0,00; HY/*(I)),
{u,} is bounded in L2 (0,00; HY/2(T)),
{w;} is bounded in L7,.(0,00; L*(T)).

Since the embedding H'/2(I") < L?(T') is compact, using the Aubin-Lions
theorem, see J. L. Lions [4], pp. 57-58, we conclude

u, — u strongly in L% (0, 00; L*(T)),
w, —u'  strongly in Lj,.(0,00; L*(T')). (3.20)
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Consequently,
F(x,t,uy,u,) — F(z,t,u,u') ae in T'x(0,T). (3.21)

Then, combining (3.18) and (3.21) we conclude, applying Lions’ lemma, see
J. L. Lions [[4], pp. 12-13], that

F(x,t,uy,u,) = F(z,t,u,u’) weakly in L% .(0,00; L3(T)). (3.22)
Finally, since A € L(HY/?(T"), H='/2(T)), from (3.15) we infer

Au,, — Au  weak-star in L2.(0,00; H/*(I)). (3.23)

The above convergence are sufficient to pass to the limit in (3.2) to obtain

u” + Au+ F(z,t,u,u’) =0 in L} .(0,00; L*(T)). (3.24)

3.1.3 Uniqueness: Let u and 4 be two regular solutions of () satisfying
theorem 2.1. Defining z = v — @, from assumption (H.7) we obtain

LA L1/ + (A=), 2() } < D i (ul + [al") 2] || T (3.25)
< ) (1) By 1) + 1Oy ) 12O a1y 120

where the last inequality comes from the generalized Holder inequality.
Integrating (3.25) over (0,t), observing (1.1), (3.4), (3.6) and (3.15), we
deduce

LI OF + § 12 (3.26)
< LY fy (316 rzry + 3127 ds.

Employing Gronwall’s lemma, from (3.26) we obtain that |2/ (£)|* = ||z(t)\|ip/2(r)

= 0, which concludes the proof of uniqueness.

Now, let us consider the existence of regular solutions for (x) when F = 0
and g # 0 making use of the special basis {w;} formed by eigen-functions

of the operator A defined by the triple {HI/Z(F), L3(T), ((-, -))H1/2(F)} whose

properties were mentioned in the introduction of this paper. So, put V,
[wi, -, wm] and u, () = Z;nzl djm (t)w; satistying the Cauchy problem

(ull (t),w) + (Aup, () fo ) (At (1), w) dr = 0, Yw € V,y, (3.27)

m

Um (0) = ugm — u¥ in D(A), u’m(O) = Uy, —u' in D(AY?).  (3.28)
3.1.7 - A Priori Estimates: Considering w = Au!,(¢) in (3.27), it holds that
3 UAY2un, (01 + [Aum (1)} + 9(0) | A (2)? (3.29)
*fo (t —7) (Aum (1), Aup(t)) dr
+3 {fo (t = 7) (Aup (1), Aupm (1)) dT} .
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But, from assumption (H.9) and making use of the inequality ab < ﬁaz +
nb?, n > 0, we have
g (t = T) (A (1), Aug (1)) dr (3.30)
2 t 2 2
< 2119l 0,00y Jo 9 = ) [Aum ()] dr + 1] A (8)]*

Integrating (3.29) over (0,t) taking (3.30) into account, we deduce

LAY, (0 + 5 [Aun (OF + (9(0) = ) [y [Aun ()] ds  (3.31)
< LA + | Ao > + 551191310 00) Sy 1At (5)[* ds
+ [3 gt = 7) (A (1), Auy (1)) dr.
‘We notice that
I3 gt = 7) (A (7), Aup, (1)) dr (3.32)
<At (B + 2 11911 11 (0,00 11911 0w (0,00) Jo [Atim (7)[* 7.

Combining (3.31)-(3.32), choosing 1 > 0 small enough, observing the con-
vergence in (3.28) and employing Gronwall’s lemma we conclude the estimate

A2l (O + | Au (8)? < Lo, (3.33)

where L7 is a positive constant independent of m € N and ¢ € [0, 7.

3.1.8 - Passage to the Limit: From the estimate (3.33) we are able to pass
to the limit in (3.27) in order to obtain

'+ Au—g* Au=0 in L} (0,00; L*(T)). (3.34)
The proof of the uniqueness is similar to the above case. Thus, it will be
omitted.
Let us consider, now, my and m; positive natural numbers such that mo >
my and let us define in w,,(t) = Z;nzl 0jm(t)w; the following
Ojm, =0 for my < j < mo.
Under this assumption we can conclude that both u,,, and u,,, are ap-
proximated solutions of system (3.27), since it is a linear one. Denoting z,, =

Um, — Um, the Cauchy difference, we deduce, proceeding as we have done in the
uniqueness of solutions that

A2 (O + [ Aen (O < € {|AY220,(0)P + | Azn ()P}, (3.35)

where C'is a positive constant independent of m € N and ¢ € [0, T].
. 2 2
We can write (3.35) as ||u§n2 (t) — u;nl(t)HHl/Q(F) + |ty (8) — tm,y (t)||D(A)

2 2
<C {Hulmz - ulmlHHl/2(F) + [|uom, — u0m1||D(A)} ‘
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The last inequality yields {u,,} is a sequence of Cauchy in C°([0,7T]; D(A)),

{un} is a sequence of Cauchy in C°([0,T]; H'/?(I")). Therefore, there exists
a function u such that

Uy — u  strongly in C°([0,T); D(A)); forall T >0, (3.36)
ul, — ' strongly in C°([0,T); HY?(T)), forall T >0. (3.37)

This concludes the proof of existence of regular solutions of Theorems 2.1 and
2.3.

3.2 Weak Solutions: We begin this section considering the case F' # 0 and
g=0and A: HY/*T) — H~'/2(T) is the linear, continuous, self-adjoint and
coercive operator mentioned in the introduction. So, let {uo, ul} € H'Y2(T) x
L2(T'). Then, according to lemma 2.2, H = {u € H'/?(T'); Au € L*(I') }is dense
in H'/2(T") and since H'/?(T") is also dense in L?(I'), there exists {ud,uy} €
H x HY?(T') such that

u) -’ in HY*(T) and u} —u' in L*(T). (3.38)

For each p € N, let u, be the regular solution of (x) with g = 0, and initial
data {ug,ui}, that is

{ uy + Auy, + F(z,tu,,u;,) =0 ae. in T x (0,00)

u,(0) = ug; u,,(0) = u}t

Repeating analogous arguments used in section 3.1.1, we deduce as in (3.6)
that

t —+2
[, (O + et Ol 0y + w1205+ Jo [ (9] 5 ds < O (3.39)

for all ¢t > 0 and for all u € N, where (' is a positive constant independent of
w and t.

Now, defining z, , = u, — us; p,0 € N, taking (3.39) into account and
making use of the same arguments considered in the proof of the uniqueness,
section 3.1.3, we obtain

2
[ (t) = up ()1 + () = wo (8)1l571/2pr) (3.40)
2 2
< 00 T) (= b P e = a2
where C(v,T) is a positive constant independent of 1 € N.

From the last inequality and considering (3.38) we conclude that there exists
a function u such that , for all T > 0, we have

u, — u strongly in C°([0,T], HY*(T)), (3.41)
w), —u' strongly in C°([0,T]; L*(I)). (3.42)
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The strong convergence in (3.41)-(3.42) and the weak ones which came from
(3.39) are sufficient to pass to the limit using arguments of compactness in order
to obtain a weak solution to problem (x) with g = 0. More precisely, one has

{ u' + Au+ F(z,t,u,u’) =0 in L2 (0,00, H Y/2(T)) (3.43)

u(0) =u°, o/(0) =u!

The uniqueness of weak solutions requires a regularization procedure and
can be obtained using the standard method of Visik-Ladyzhenkaya, c.f. J. L.
Lions [[4], pp. 14-16]. The case F' = 0 and g # 0 is similar. Then, its proof will
be omitted. So, the proof of existence of weak solutions of Theorem 2.2 and 2.3
is concluded.

4 Asymptotic Stability

In this section we obtain the uniform decay of the energy for regular solutions,
since the same occurs for weak solutions using standard density arguments.
Let us consider, initially, ¢ = 0 and F' # 0 according to theorem 2.1.
From (3.24) and taking the assumption (H.3) into account, we deduce that

+2
E'(t) < =Bl ()2 (4.1)
where E(t) is defined in (2.15). Let us define the Liapunov functional

() = [B0))? (u/(t), ut)). (4.2)

Taking the derivative of 1 (t) with respect ¢ and substituting v” = —Au —
F(z,t,u,u’) in the obtained expression, it follows that

vt = BT B O W0,u0) (43)

+ [EOF {= (Au(),u®) — (Fle,tu(t), o' @), u(t) + (1)}

On the other hand, from (1.1) and noting that H'/?(T") — L?(T) it holds
that

(@ (t), u(t))]

IA

ot [/ () (]| ey (4.4)
krau' ()] (Au(t), u(t)/* < CE(t),

IA

where k1 and C' are positive constants.
The inequality in (4.4) yields

—L1E0)?, (4.5)

LB (/(1),u(t) B'(t) < ~C1E' (1) (46)
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where Cy = % [E(O)]p/2. Combining (4.3), (4.6) and considering the hypothesis
(H.3), we infer

P'(t) < —CLE'(t) (4.7)
+ B { = (Aut), ut) = w7 = 8 fr " ul dT + [ @) }

Estimate for J; == B [.|u'|°"" |u|dT. Noting that Zié + m = 1, having in

mind that H'/2(I") < LP*2(T"), taking (1.1) into account and applying Holder
and Young inequalities, we obtain

1 1
|1 Bl Ol u(@)]] o < ke llu' @105 1wl /ey (48)

IN

< ko ||/ ()00 (Au(t), u(t)?
< ka(n) [l (DI1775 + 0 (Au(t), u(t) T

where > 0 is arbitrary and ks(n) is a positive constant which depends on 7.
But,

(Au(t),u()F <27/ [B©))* (Au(t), u(t)) (4.9)
Then, from (4.7), (4.8) and (4.9) we arrive at
P(t) < —CiE'(t) (4.10)
+ [BOP? {= (1= n2 2 [EO)?) (Au(t), u(®) + ks(n) |10/ O] 15
— @733 - W' @)}
Choosing 1 > 0 such that 1 — 72°/2 [E(O)]p/2 = 1, from (4.10) we obtain
W(t) < —CE'() + ks [EOF [l 0]l (4.11)
p/2 1 1 ¥+2 1 2
+ 1BOP {5 (Au0.u0) - —5 @R + WO
From (4.1) and (4.11), we have
Pt) < —(Ci+C)E'(t) (4.12)
+ IBOF {5 () - 5 I3+ B W OF,

where Cy = B~ 1k3 [E(0))”/2.
Defining the perturbed energy by

E.(t) = (1+¢(C1+ Co)) E(t) + e(t) (4.13)
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then, there exists, in view of (4.4), L = L(F(0)) such that
|E.(t) — E(t)| <eLE(t); foralle>0. (4.14)
Considering € € (0,1/2L], from (4.14) we deduce
1E(t) < E.(t) < 2E(t) (4.15)

and consequently

p+2 pt2 pt2 2 pt2

o= BT < [B.(t)T <2 [B()])T ; c€(0,1/2L].  (4.16)

Getting the derivative of (4.13) with respect to ¢, taking (4.1) and (4.12)
into account, we infer

EL(t) < =Bl (D]I515 (4.17)

e B { =4 (Au(®), u(t) - 5 @I} + 2 B o).
Having in mind that —% (Au(t),u(t)) = —E(t) + % \u'(t)|2 + % ||u(t)|\7yi§
and since LP*2(I") — L*(T), from (4.17) it holds that

LB WP @18

where Cy comes from the imbedding LP2(T") — L2(T).

BL(t) < —BCo [u/()]"7* — e [E(t)]

Observing that ﬁ + p% = 1 the Holder inequality yields
/2 2 p 2\ 5 2 1 2 &>
E®)) = (¢ < 7( Etp)” +( ‘(¢ ) 4.19
[E@) " W' @) < 12 n[E()] T2 MIU()I (4.19)
p+2 pt2 1 2
< W EOIE - Wl
where p > 0 is arbitrary.
Combining (4.18) and (4.19), we obtain
3 1 3 piz pt2
Bl < - (ﬂCo - ”) W -e (1- 30 ) B0 a20)

Choosing p > 0 sufficiently small such that § =1 — %,u¥ > 0 and € small

enough in order to have 3Cy — 3e—L+ > 0 from (4.20) we conclude that
"

o2
EL(t) < —e0 [E()] T . (4.21)
Combining (4.16) and (4.21) we infer that E’(t) < ——2 [E(t)]® , where

N = 0. Therefore

B () [B()] % < -

pt2

27
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But since % [Eg(t)rp/2 = -2 [E(t)]fpT+2 EL(t) from (4.22) it holds that
—p/2
i P07 > B
Integrating the above inequality over (0,t), it follows that

pN

ptda
2

[E-()]7"? > [E.(0)] "% + t. (4.23)

Finally, from (4.23) and (4.16) we deduce that

—2/p —2/p
_ pN _ pN
E.(t) < {[EE(O)] P2y ST t} < {2/”2 [E(0)] 7" + ST t}

which implies

—2/p
E(t) < {[E(O)]p/2 + zpl)]_t;t} . (4.24)

We observe that when p = 0 then, from (4.15) and (4.18) the exponential
decay holds easily. The proof of theorems 2.1 and (by density arguments) the-
orem 2.2 is completed. < From now on, we will consider the last case, that is,
F = 0 and g # 0, according to Theorem 2.3. We will prove that the kernel
is strong enough to derive an exponential (or polynomial) decay provided the
kernel decays exponentially (or polynomially).

As F' =0, equation (*) becomes

w + Au— [} g(t —m)Au(r)dr =0 on T x (0,00). (4.47)

Taking the duality product between equation (4.47) and u/(t) and using identity
(4.26) we obtain

E'(t) = %(g’ o AV2u(t) — g(6)| AT Pu(t)]?). (4.48)

Now, let us introduce the following functional

1 1 1
Ri(t) == {—(u’, (g*u)) — ig"ou + ig’(t)|u|2 + §|g * A1/2u|2} )

The duality product between the equation (4.47) and (g * u)’ together with
identity (4.26) imply that

1 1
Ri(t) = —g(O)lu P = 3¢ 0wt 5g"()lul> + (AY2u, (g AV2u)).

Similarly, for the functional
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we have, by considering the duality product between equation (4.47) and w, that
RL(t) = |u/|? — B(t)|AY?u)? — (Almu,gaAl/Qu)7
where the function 8 and the binary operator » are given by

=1- fo s) ds, (gah)(t fo (t — s)(h(t) — h(s)) ds,

Note that, from definition and Holder inequality, this binary operator has the
following properties

(gah)(t) = ( / () ds) W) — (g h)(0),
gn) < ( /Otg@ds) (g0 m)(1). (4.49)

In these conditions, for the functional
0
R(t) := R1(t) + %Rz(t),

we have that, from the previous estimates

/ g 0 / g 0
R(t) — *%hj |27 (T) ( )|A1/2 |2 ( )(A1/2u ga A1/2 )
1 1
—59" out Sg"(Oluf® + (A ?u, (g + AV?uY). (4.50)

The term (g * AY/?u)’ of the above identity can be written as
(g% AY2u) = g(t) AV ?u + ga AV 0.

Applying Young’s inequality to (4.50), using the above identity, hypothesis
(H.10) — (H.11), inequality (4.49) and adding the term g o A'/?u we get

0
R/ (t) < —% )+ C{g(t)|AY2u(t)|* — g’ o AY?u(t) + go AV 2u(t)}. (4.51)
In this point we will see that the rate of decay of the energy will depend of a
appropriate estimate of the last term of the above inequality.

Exponential Decay: We consider hypothesis (H.9) which implies that in-
equality (4.51) can be written as

R'(t) < —@ (t) + C{g(t) )| A 2u(t)|? —g’0A1/2u(t)}.

Let us consider the perturbed energy Ej(t) := E(t) + 0R(t). It is easy to verify
using Young’s inequality that this functional satisfies, for § > 0 small

%E(t) < Es(t) < 2E(t). (4.52)
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The definition of Es and inequalities (4.48), (4.51) imply that, for § small

0g(0 dg(0
(1) < -4 gy < 29D gy,
from where follows that Ejs(t) < E5(0 )e*%t. Therefore, in view of inequality

(4.52) we conclude that E(t) < 4FE(0)e~ 242t This proves the first part of The-
orem 2.3.

Polynomial Decay: In this case we consider hypothesis (H.12). For to esti-
mate the last term of inequality (4.51) we will need some technical lemmas.
Lemma 4.1. Suppose that g € C([0,00[), w € L}, (0,00) and 0 < 0 < 1, then
we have that

Jt e dr < { 1ol dr ™ Lo E o) ar)

Proof. For any fixed t we have

S lgryw(m)] dr = [} g(n)] 7 fuw(r)|77 |g(r)]' 55 fuw(r)|757 dr.

=wq =wa

Note that w; € L3, (0,00), wy € L§. (0,00), where s = o + 1 and s' = otl,
Using Holder’s inequality, we get

Jilay(r) dr < Lo dr T L la )] de )

This completes the proof.
Lemma 4.2. Let us suppose that v € L>=(0,T; D(AY?) and g is a continuous
function. Then, there exists C > 0 such that

go A2y < C {fot |AY 20| dr +1€|Al/2v|2}m {gl+% <>Al/211}m .

o0
Moreover, If there exists 0 < 0 < 1 such that / g'7%s) ds < oo , then we
0

have

L _bp
g<>A1/2U < C{(foo 1-6 dT) HA1/21}||L°°(07T;L2)}QP+1 {gH? 0A1/2U}9p+1 .

Proof. From the hypothesis on v and Lemma 4.1 we get

g<>A1/2v = fg gt —7) |A1/2U(t) — Al/zv(7)|2 dr

=w(r)

<{fyor0- T)w(T)dT}ﬁ {Jog" - T)w(T)dT}"‘%

1 _Op
< {91700A1/2U}79p+1 {gl-i-% <>A1/2v}9”“

(4.53)
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Now, for 0 < # < 1 we have
900 A2y = [T g1 0t — 1) | AV 20(t) — AV 20(r)[2dr
< C(Jy g0(0) dr ) 14203 1,10
From where the second inequality of this Lemma follows. when 6 = 1 we get
Lo AY20 = [J|AY20(t) — AY20(7)|? dr
<C {t|A1/2v(t)|2 + 1A 2(7) 2 dT} .
Substitution of this inequality into (4.53) yields the first inequality. The proof
is now complete.
Next, we will estimate the term g o A'/2u. From hypothesis (H.12) it’s easy

to verify that g(t) < C(1 + ¢)~P for some C' > 0. Let us fix § = 1/2, then
(1 —60)p > 1, from where follows that

Jo gt s)ds < C 7

1
0 Wd8<00.

(1+s)

Using this estimate in the second part of Lemma 4.2 we get
_Op
go AV < CE(0)7 e (gH% o Al/Qu) v (4.54)

Substitution of this inequality into (4.51) we arrive at

Since R(t) < CE(t) for some C > 0, the above inequality implies that

EFRI() = LROBFOF @)+ EFOR(

—CE% (t)E'(t) + E% ()R ()
ki (BY ) (1) - @Elﬁ(t) +CEH(0) {g(t)|A2uf? - ¢ 0 A1?u}

IA

IN

_Op
YCE® (1) (gH% o A1/2u> s (4.55)

for some positive constant k1. Now, we will estimate the last term of the above
inequality. Applying Young’s inequality yields, for ¢ > 0

_Op
E7 (t) (gH% o Al/Qu) T < B (1) + CgttE 0 AV, (4.56)
Substitution of (4.56) into (4.55) and taking e small we arrive at

[E% (R + klE)y(t)g—@EH% () +C {g(t)|A1/2u|2 —ge Al/zu} . (4.57)
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We consider a perturbed energy Es(t) := E(t)+8E (t)(R(t) + k1 E(t)). Using
Young’s inequality we can verify that, for § > 0 small

%Ea>gEstzEa> (4.58)

From definition of the functional Fs and inequalities (4.48), (4.57) we get, for §
small Ff§(t) < —5ngEl+ﬁ(t), from where follows, in view of (4.58), that

Bj(t) < —koE; (1), (4.59)
for some ks > 0. Hence, we obtain
C C
E, < 4. EFt) < —mM—.
< Trgm = (b 459))  E() < (1+¢)%

Since p > 2 e 8 = 1/2 we have that 6p > 1. Therefore
ST JAY2u(r) 2 dr + t|AY2u(t) 2 < C {7 E(r) dT + t E(t)} < o0.

From the first part of Lemma 4.2 we get the following estimate
go AV < C (QH% <>Al/2u)m )

Using this inequality instead of (4.54) and repeating the same calculations and
changing 6p by p, we conclude that

C
Et) < —.
1) < (141t
This completes the proof. <
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Abstract:

Even solutions, odd solutions, skew odd solutions, and periodic solutions to a per-
turbed Hamilton-Jacobi equation in N dimension are established via the theory of
invariant sets for semigroups of nonlinear operators. These solutions are related to
the Neumann, Dirichlet, and periodic initial-boundary value problems in the first

quadrant. Lipschitz regularity of the solutions are also explored.
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SYMMETRIES,INVARIANCES,AND BOUNDARY ...

1. INTRODUCTION

Of concern is the study of solutions to some initial and boundary value problems

(IBVP) of the perturbed Hamilton-Jacobi equation

(1.1) up + H(Vyu) + G(-,u) =0, (x € RY, £ >0),

on the first quadrant RY = {z = (z1,22,...,2n) € RY : 2; > 0} of RN. The
Hamiltonian H and the perturbation term G satisfy assumptions which will be
stated later. In particular, we consider the Dirichlet, Neumann, and periodic bound-
ary conditions for the perturbed problem (1.1). We will show that the corresponding
initial-boundary value problems are governed by nonexpansive semigroups on cer-
tain closed subsets of the space of bounded and uniformly continuous functions on
the first quadrant BUC (Rﬁ). The Crandall-Liggett theorem can be used to prove
that the above problem is governed by a non linear semigroup, hence well-posedness
of the problems follows.

The initial boundary value problems are related to the existence of solutions of
the corresponding Cauchy problem on the whole space RV having certain symme-
tries. The even solution on the whole space will solve the Neumann problem on the
first quadrant. The skew-odd solution on the whole space will solve the Dirichlet
problem on the first quadrant. Due to some sign counting problem this case in par-
ticular (i.e. skew-odd solutions) will only work in even spatial dimension. By the
same token, periodic solutions on the whole space will correspond to the periodic
problem on the first quadrant.

As a preparation, in Section 2, we will establish the notion of skew-odd and

even functions (solutions) in RV. In Section 3 we will apply the Crandall-Liggett
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theorem to the problems. More specifically, we apply the Crandall-Liggett theorem
to closed (invariant) subspaces of BUC(RY). The boundary conditions are already
built into the definition of the domain of the operator. In Section 4, we explore
Lipschitz regularity of the solutions in questions; here we employ some recent results
of Goldstein and Goldstein [9].

The Cauchy problem for a related perturbation of the Hamilton-Jacobi equa-
tion was addressed in Goldstein-Soeharyadi [10]. Interplay among even solutions,
periodic solutions, Dirichlet, Neumann, periodic, and mixed boundary value prob-
lems for the Hamilton-Jacobi equation in the positive ray was explored in Burch-
Goldstein [5]. Boundary value problems of the Hamilton-Jacobi equation are also
discussed, for example, in Ishii [11], Aizawa [3], Lions [12], and Tataru [13]. A semi-
group treatment of the Hamilton-Jacobi equation can be found in Crandall-Lions
[6], Crandall-Evans-Lions [7], Burch [4], Aizawa [1, 2]. For nonlinear semigroup

treatments of partial differential equations we refer to Goldstein [8].

2. SYMMETRIES

Let € be a function on RY defined by

6($) = (Elxlw"aeNxN)v

where z = (21,...,2y) € RY, and ¢ is either 1 or —1. Obviously, there are 2V
such functions. Let E be the collection of all such functions. A real valued function

f on RY is said to be E-invariant if

f(e(z)) = f(x), forall € RN andalle <€ E.
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We can easily see that f is E-invariant if and only if it is even with respect to each
variable. We regard E-invariance as a higher dimensional notion of evenness. We

say f is skew FE-invariant if

fle(x)) = (=1)7 9 f(z), forallz € RY, andall € € E;

here o(€) is the number of the ¢;’s which have value —1.

In one dimension an odd function naturally satisfies the Dirichlet boundary con-
dition at the origin, while a differentiable, even function satisfies the Neumann
boundary condition at the origin. We have a similar situation in higher dimen-
sions, with the notions of F-invariance and skew FE-invariance playing the role of

even and odd.

Lemma 2.1. If f is skew E-invariant on RY, then f =0 on 8R]_,\_7.

Proof. Let y be in E)Rf. Then y; = 0 for some 4,1 < i < N. For

e(x) = (x1,...,—Ti,...,xN), T € RV,

we have y = €(y), and thus

forcing f(y) = 0. d

If f is E-invariant, then the first partial derivative of f in each variable is odd
since f is even with respect to each of its variables. This is in fact the property
of the derivative of an even function being odd, in one dimension. However, the

derivatives (partial and hence the divergence) stop short of being skew E-invariant,
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as shown by this easy example in N = 2, f(z,y) = 2%y%. It is E-invariant, but
none of its first derivatives is skew E-invariant.

Suppose f is E-invariant, and y is a point on aRf , such that for exactly one
index 4, y; = 0. The outer unit normal to the point y is (0,...,0,—1,0,...,0),

where —1 sits in the ¢-th position. Then

af

o (y) =Vf(y) - n

of
= —— e Yiz1, 0,y
8I¢ (yla s Yi—1, Y, Yit1, ayN)

:07

since df /Ox; is odd in the i-th variable. This shows the following:

Proposition 2.2. If f is E-invariant and differentiable on a neighborhood of ORY

then f satisfies Neumann boundary condition on 3Rf.

In this paper we will say that a continuous, F-invariant function w satisfies gen-
eralized Neumann boundary condition on 8R]_,\_7 . An FE-invariant function is simply
called even, a skew E-invariant function is called skew-odd. Note that any skew-odd
function f satisfies f(0) = 0.

A spherically odd function f (or simply called odd), is a function which satisfies
f(=z) = —f(x), forall z € RV,

There is an extensive literature which exploits this notion of oddness. However, the
notion of (spherically) odd and our notion of skew-odd are distinct. The example
f(z,y) = = + y shows an odd function which is not skew-odd. While another
example g(z,y) = xy exhibits a skew-odd function which is not odd. But a skew-

odd function needs to be odd in an odd dimensional space.
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In any dimension, there exists a unique decomposition of any real valued func-
tion, f = g + h, where g is an even function, and h is an odd function. This is
not true anymore with even, skew-odd functions decomposition, as shown by the

function f(x,y) =« 4+ y. Suppose it is true, that is

r4+y=g(x,y) + h(zx,y),

where g and h are even and skew-odd functions, respectively. Then for all z € RV

we have

2z = h(z,z) + g(x,x) = h(—z, —x) + g(~2, —x) = —2z,

which is a contradiction for all z # 0.

3. INVARIANT SETS

Using the notion of E-invariance and skew FE-invariance as above we construct
subsets of the Banach space X = BUC(RY) which are invariant under the semi-
group action the Hamilton-Jacobi equation. Recall that Goldstein-Soeharyadi [10]

dealt with the Cauchy problem

us + H(Vyu)+ G(u) =0, x eRY, t>0,
(3.1)
u(x,0) = up(x), ug € X,

where H € C%(RY), is weakly convex, (i.e. vaj Hyo; (2)6:€5 > 0, for all x,¢ €

RM), and satisfies H(0) = 0. The perturbation term G : RY x R — R, assumes the
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following:
(71) G € C*(RY xR)
(72) | G(z,u) | < Ky |u|, for all z € RV, and u € R
(73) | Gz, u) = Gly,0) | S Ka(lw—y |+ |u—v]),
for all z,y € RY and u,v € R
(74) Gl < K,

for any entry G;;of the matrix Di,uG.

Burch [4] (see also [1, 2]) showed that the operator Ay = H o V, defined by
Aou = —H(V,u) (on a suitable domain) is densely defined and m-dissipative on
X. Crandall and Lions [6], and later Crandall, Evans, and Lions [7] generalized
this substantially. Using their notion of viscosity solutions, they were able to reduce
the hypotheses on H to mere continuity, i.e. H € C(RY). Hence by the Crandall-
Liggett theorem, the problem (without perturbation) is governed by a strongly
continuous nonexpansive (or contractive) nonlinear semigroup Ty = {To(t) : t > 0}
on X. Again, this is under the assumption that H is a real continuous function
on RN, In particular u(t) = Tp(t)up is the unique mild solution of the Cauchy
problem, for any initial data ug € X. Using perturbation theory, one can show
that the Cauchy problem of the perturbed Hamilton-Jacobi (3.1) is well-posed. Let
Aju = —G(-,u), Asu = Apu+A1u = —H(V,u)—G(-,u), as mappings from X to X.
Aj is (globally) Lipschitzian with Lipschitz constant Ko, assuming (v3) holds. Thus

A; generates a nonlinear semigroup T;, ¢ = 1,2, satisfying ||T;(¢)||1ip < exp(tKa),
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for each ¢t > 0. In addition A; — K5I is m-dissipative, that is

(3.2) Range(A — A;) = X, for 0 < A < 1/Ko,
(3-3) lur = uall < (1= XK) H[hy — hall,

for ]’Lj € X, and Uj — /\Aluj = hj,(i,j = 1,2), 0< A< 1/K2.

For ¢ = 0, (3.2), (3.3) hold with K replaced by zero. The solution to the Cauchy

problem is given by the action of the semigroup on the initial data

w(t) = To(Bup = Tim (I — & A5) " up.

n— o0 n

This result is actually obtained assuming only (vy3). Goldstein-Soeharyadi [10]
assumed (71,72, 7v4) for showing some regularity in the context of Burch’s result [4].
We shall return to the question of regularity in Section 5.

We now exhibit subsets of the Banach space X which are invariant under the
action of the semigroup. For p € RN, let us define a function to be p-periodic if

f(z +p) = f(x), for all z € RY. We also define the following.
Xe:={ue X: uiseven }
Xos :={u € X : uis skew-odd }
X, :={u € X : uis p-periodic}

Recall that skew-odd means skew E-invariant. We can now state one of our main

results.

Theorem 3.1. Let H be real and continuous on RN and assume (v3). Let 0 <

A< 1/K2
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(1) Assume H is even, and G is even with respect to its first N variables, then
(I —MAy)7 11X, C X..

(2) Assume the dimension N is even, the Hamiltonian H is skew-odd, G is
even with respect to its first N variables, and odd with respect to the last
variable, then

(I —XA2) ' X, C Xos.

(3) Assuming G is p-periodic in the first N variables, we have
(I —XA9)7'X, C X,

Proof. For (1), we let f € X.. We seek a unique u € X, solving the resolvent

equation, i.e., u satisfying (I — AAs)u = f. That means

(3.4) u(z) + AH(Vu(z)) + Gz, u(z)) = f(x).

The existence of such a w in X is guaranteed by the quasi m-dissipativity of the
operator Ay. We shall show that indeed u € X.. Let € € E and v(z) = u(e(z)).

For simplicity, let y = e(x). Then

v(z) + AH(V,u(2)) + G(z,v(x))
= u(y) + AH(e(Vu(y)) + G, u(y))

= u(y) + AH(Vy(u(y)) + Gy, u(y))
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and therefore v solves the resolvent equation (3.4). By uniqueness, we have

for x € RN and e € E. Thus u € X,.
For (2), first we can find a unique v in X satisfying (3.4), given f € X,s. We
shall show that u € X,s. Let € € E and set v(z) = (—1)%u(e(z)). Here o = o(e).

Then
v(z) + AH(Vo(z)) + Gz, v(z))

= (=1)%uly) + AH((=1)7e(Vyu(y))) + G(z, (=1)7u(y))-

We now examine the case when ¢ is an even number. The last equality becomes

u(y) + AH (e(Vyu(y))) + Gy, u(y))

=u(y) + AH(Vyu(y)) + Gy, u(y))

If o is odd, we have
—u(y) + AH (—e(Vyu(y))) — Gy, u(y))
= —u(y) + (=)NTONH (V,u(y)) — Gy, u(y))
= —u(y) — AH(Vyu(y)) — G(y, u(y))
=—f(y)

= f(2)
since N — o is odd. In both cases v satisfies the resolvent equation (3.4). Again,

by uniqueness, v(z) = u(z), and thus
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for ¥ € RN ¢ € E, and hence u is skew E-invariant. The proof of (3) follows from
a straightforward substitution of v(x) = u(z + p) into the resolvent equation. A

uniqueness argument as the above finishes the proof. O

The above theorem shows that the restriction
Sa(t) : Xo — Xa,

(a = e,0s,p) of the semigroup T5(t) to the set X,, is itself a quasicontractive
semigroup on X,, generated by A, = Az |x,. In turn, this establishes well-
posedness of the Cauchy problem (3.1) in the spaces X, Xos, and X,.

4. BOUNDARY VALUE PROBLEMS

Symmetries and invariance give us the main result for initial-boundary value
problems for perturbed Hamilton - Jacobi equation, in the first quadrant Rf of

RN,

Theorem 4.1. Let H be a continuous real function on RN. Let G be jointly

Lipschitzian (i.e., (v3)). Consider the initial value problem

(4.1) up + H(Vyu) + G(-,u) =0, ae forzeRY, ¢>0,
(4.2) u(z,0) = ug(z), =€RY;

we consider the following boundary conditions

(4.3) u(r,t) =0, € dRY, t>0,

(4.4) u/on(z,t) =0, =€ dRY, t>0,

(4.5) u(z +p,t) =u(z), =€ IRY, t>0.
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Then the following conclusions hold.

(1) The generalized Neumann problem (4.1), (4.2), (4.4), is governed by a
strongly continuous quasicontractive semigroup {S.(t)} on BUC(RY).

(2) The Dirichlet problem (4.1)-(4.3) is governed by a strongly continuous
quasicontractive semigroup {S,s(t)} on Y = {u € BUC(RY) : u(z) =
0, forx € 8Rf}, if the spatial dimension N is even.

(3) If N is even, the periodic problem (4.1),(4.3),(4.5) is governed by a strongly
continuous quasi contractive semigroup {S,(T)} on Z = {u € BUC(RY) :

u(z + p) = u(z), forz € RV},

While (4.1) and (4.4) are satisfied in a certain generalized sense, (4.2), (4.3)
and (4.5) are satisfied in strong sense. We outline the proof of the theorem. For
problems in the first quadrant, we first extend the Hamiltonian H, the perturbation
term G, and the initial data according what is required (even, odd, or periodic)
to the whole space RY. We apply the invariance result of Theorem 3.1. The
boundary conditions are built into the domains of the corresponding operators,
and are thus automatically satisfied. The corresponding operators are quasi m-
dissipative (quasidissipativity being inherited from the unrestricted As). We apply

the Crandall-Liggett theorem to obtain the associated semigroups.

Remark 4.2. Some mixed problems are possible, for example, the periodic problem
(4.1)-(4.3), (4.5) in even dimensions is governed by the semigroup {Ss(t)}. Here,

Sp is the restriction

Sg(t) = Sos<t) |XosﬂXp: Xos N Xp — X N Xp.
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5. REGULARITY

Let Lip(§2) denote the space of real-valued Lipschitz functions on 2, with its
usual seminorm ||- || zip. The metric space = (€2, p) is assumed to satisfy a certain
geometric property, namely, there is a Ky > 0 such that for all z,y € €, there is
a uniformly continuous 7 : Q —  satisfying 7(x) = y and p(7(2),2) < Kop(x,y)
for all z € Q. This holds for any ellipsoid (or ball, or the whole space) in a Hilbert
space with structure constant Ky = 1. See Goldstein and Goldstein [9]. For k > 0,

let

Lipr = {f € Lip(Q) : || f[|Lip < k}.

Goldstein and Goldstein [9] showed, for an operator (possibly multivalued) B with
Dom(B) C BUC(f), and which is quasi m-dissipative (so that the Crandall-

Liggett theorem holds), the following holds:

T(t)(Lipk) € Lips,

for all t > 0, k > 0, and a suitable s = s(t,k, Ko). Here {T'(t) : t > 0} is the
semigroup generated by B. Further, they conjectured that this is the case with
perturbed Hamilton-Jacobi equation. In this section we shall show that this is
true. We shall compute a bound for the Lipschitz norm of a solution at any ¢ > 0.
This result can be interpreted as a regularity result for the perturbed Hamilton-
Jacobi equation. While the analysis we carry out is for the whole space RV, the
result applies also to the boundary problems in the first quadrant Rf of RV,

In addition, let us assume that G € C*(R"Y x R). Recall also that from (3), Ko

is a bound for Lipschitz constant of G; hence it is a bound for | VG |.
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Lemma 5.1. Let u solve the resolvent equation with data h, i.e.,
u+ AH(Vau) =h — AG(-,u),
for some A > 0. Letl € RN and ||h||Lip = k. Then

lu(+1) - u() |< AR

ST,

Proof. We observe that u;(-) := u(- + ) satisfies a translated resolvent equation
u; + /\H(VLW) =h; — /\G( + l,ul).
By dissipativity of the unperturbed problem,

[ —wll <[l = AG( u) = (e = AG(- + Lw)) |

<=l + MG u) = G4 L)

However

1G(+Lw) = GCu)|| < Ka([ ] +[lu — wl]).

Combining the previous inequalities,

[ — ] < [h = hall + AKa (| 1] +[lu = wl])

Sk A 1] +Hu —wl).

Thus

k+ AK>

_ < _ < L7
[ u@+0) = u(a) |< lu—wl < 57

E
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Lemma 5.2. For any positive integer n we have

(I = (t/n)A2)™"uo — (I — (t/n)A2)™"uoi|

k+1—(1—AK)"
=TT (A - MKy

1]
Proof. Assuming the initial data is ug, with |Jug||zip < k, Lemma 5.1 gives

kE+ AK>

(5.1) 1(I = XAg) " tug — (I = AM2) ™ tugl]| < 1- MKy

1]

We now use (I — AAs) lug as initial data, and repeating the process, iterate the

bound (5.1)

||(I — )\A2)72UO — (I — )\A2)72U0[”

k4 MKy + (1 — AK2)AK>
= (1 — \Kj)?

[l
After n iterations this yields

||(I — )\Ag)_"uo — (I — )\Ag)_nUQZH

k4 MKy S0 0 (1 — AKy)* 0

= (1 — AKy)"
Ck+1—(1-AKy)" 0
B (1 — \Kq)™ '

Noting that 22;01(1 —AK3)® = (1— (1= AK3)™)/AK>, and A = t/n, the conclusion

of the lemma is then confirmed. O

Thanks to the Crandall-Liggett theorem, as n — oo, we have from the above
lemmas,

lu(®)llLip < (k +1)et™ — 1,

for any ¢ > 0, and thus,
T(t)(Lipx) € Lipgy,

with s(t) = (k + 1)etf2 — 1.
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6. REMARKS

In our analysis, the Dirichlet problem in one dimension is not covered by our semi-

group generation results. Burch and Goldstein [5] obtained a generation result for a

mixed Dirichlet and nonnegativity condition on the nonnegative ray in R. It seems

that nonnegativity is the significant condition there.

(1

2]

(3]

(4]

(5]

(6]

(7]

(9]

(10]
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1 Introduction

Let Y a, be a given infinite series with partial sums (s,). Let (p,) be a sequence of

positive numbers such that

n

Pn:ZpUHOO as n — oo, (P—i:p—izo,i21). (1)
v=0
The sequence-to-sequence transformation
1 n
thy = — Z DuSu (2)
Pn v=0

defines the sequence (t,) of the (N,p,) means of the sequence (s,) generated
by the sequence of coefficients (p,) (see[3]).
The series Y_ a, is said to be summable | N, p, |, k > 1, if (see [1])

[e.9]

Z(Pn/pn)k_l ’ tn — th—1 ’k< o0. (3)

n=1
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In the special case when p, = 1 for all values of n (resp. k = 1), | N,p, |  summability is
the same as | C,1 | (resp. | N, p, |) summability. Also if we take k =1 and p, = 1/n + 1
summability | N, py, |,, is equivalent to the summability | R,logn,1|. A sequence (\,) is
said to be convex if A2\, > 0 for every positive integer n, where A2\, = A), — A\, 11
and AN, = A\ — A1

Let f(t) be a periodic function with period 27, and integrable (L) over (—m, 7). Without
any loss of generality we may assume that the constant term in the Fourier series of f(t)

is zero, so that
/ FO)dt =0 (4)
and

ft)~ Z(ancosnt + by sinnt) = Z Ap(t). (5)
n=1 n=1

Bor [2] has proved the following theorem concerning the | N, p, | . summability factors of

Fourier series.

Theorem A. If ()\,) is a convex sequence such that Y p, A\, < oo, where (p,,) is a sequence

of positive numbers such that P, — oo as n— oo, and > | P,A,(t) = O(FP,), then

the series >° A, (t) Py Ay, is summable | N, p, |, k > 1.

2. The aim of this paper is to prove a more general theorem in the following form.

Theorem. If ()\,) is a non-negative and non-increasing sequence such that > p,\, < 0o,

where (p,) is a sequence of positive numbers such that P, — oo as n— oo, and
", P,A,(t) = O(P,), then the series 3" A, (t) P, A, is summable | N, p, |, k > 1.

It should be noted that the conditions on the sequence (Ay) in our theorem, are somewhat

more general than in Theorem A.

We need the following lemma for the proof of our theorem.

Lemma.If ()\,) is a non-negative and non-increasing sequence such that Y p,\, is con-

vergent, where (p,) is a sequence of positive numbers such that P, — oo as n— oo,

then P\, =0O(1) as n —oo and Y P,A)\, <.
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Proof. Since (),) is non-increasing, we have that
m m
Ppdm = A an = 0(1) an)\n = O(l) as m — 00.
n=0 n=0

Applying the Abel transform to the sum Y " ppAn, we have that

m m—1 m m
> oA =D PalDA+Prdm = > PaAAy — P+ Prdm = Y PaAXy+ P
n=0 n=0 n=0 n=0

Hence
m m
Z PnAAn = Z pn)\n - Pm>\m+1-
n=0 n=0

Since A\, > Ap+1, we obtain that

m m
> PuAN S P+ Y pada =0(1) +0(1) =O(1) as m — oo.
n=0 n=0

This completes the proof of the Lemma.

Proof of the Theorem. Let T},(t) denotes the (IV, p,) means of the series 3" A,,(t) P, \,. Then,

by definition, we have

1 n v 1 n
To=— Y Py AP = 5> (Po— Poo1)Ay(t) A Py
by v=0 r=0 by v=0
Then, for n > 1, we have
Pn
T,(t) — Th—1(t) = P, 1P, Ay(t) My
(O =Toa) = Fp— S PP
By Abel’s transformation, we have
n—1 v n
To(t) = Tur(t) = =2 ST APad) S PA() + 220, S PAL(1)
PnPny v=1 r=1 Pn v=1
P n—1
= 0(1){P o > (Pods — podv — Podos1) Py} + O(L)padn
nEn—Loy=1
D n—1 p n—1
= 01 N P,P,AN, — = PypuAy + Pnn
O( ){Pnanvz::l Pnanv; PvAo + Pun}

= OMW{Tha(t) + Thna(t) +Ths3(t)}, say.
Since

| o1 (8) + T2 (t) + Tna(t) 1°< 3% Toa(t) |* + | Tn2(t) [ + | Tus(t) [},
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to complete the proof of the Theorem, it is sufficient to show that

o0

> (Pa/pn) | Tup(t) F< 00, for r=1,2,3. (6)

n=1
Now, when k > 1, applying Holder’s inequality with indices k and %', where % + % =1,
and since

n—1 n—1
> PP,AN, £ Py Y PAN,
v=1 v=1

it follows by the Lemma that

1 n—1 n—1
> P,P,AN, <Y PAXN =0(1) as m — oo, (7)
n—1,1 o1
we get that
m+1 P m+1 P n—1 1 n—1
STEDR T |Fo< Z (> PP, AN} X {—ZPPA)\ pet
n— Pn PPy v=1
m—+1 n—1
= 1 P,P,
O(1) Z 5 Pn : Z AN,
m+1
= P,P, AN,
Z n%l P P

= 0(1) ZPUA)\U =0(1) as m — oo,
v=1

by the Lemma. Again

m+41 P m—+1 n—1 n—1
n

> P (3 (PA P} x L el

v=1 P v=1

SN—
T
—

Pﬂ

[\

—

~

N~—
o

IN
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by virtue of the hypotheses of the Theorem and the Lemma. Finally as in T}, 1(t), we have

that
- Pn k—1 k - k—1
Z(p—) | Tna() F = Y (Padn) 'padn
n=1 £m n=1

= 0(1) an)\n =0(1) as m — oc.
n=1

Therefore, we get that
o~ Prg k

—)"  Thr(t) "=0(1) as m — oo, for r=1,23.
This completes the proof of the Theorem.
As special cases of this Theorem, one can obtain the following results.
1. If we take p,, = 1 for all values of n, then we get a result concerning the

| C, 1 |, summability factors of Fourier series.
2. If we take k =1 and p, = 1/(n+ 1), then we get another new result related

to | R,logn,1 | summability factors of Fourier series.
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1. Introduction

The Hahn polynomials were introduced by Hahn [15] as limiting cases of
some general systems of orthogonal polynomials. They provide a useful tool
in some problems of genetics [16-18].

For o > —1, # > —1, N a non-negative integer, and n = 0,1,..., N the
Hahn polynomials @Q,, are defined by [16]

—-n,n+u,—x
(11) Qn(x;&aﬂaN):?)FQ | 1 9
a+1,—N
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where p := o+ 5+ 1. These polynomials are orthogonal on {0,1,..., N} with

the weights
o= () ) 00

Continuous dual Hahn polynomials are defined by

) —n,a+1x,a —1x
(1.2) Sn(z5a,b,¢) = (a+b,n)(a+c,n)sF |1
a+b,a+c

(see [2, p. 47|, [19, (5.2)], [26, p. 697]). Here we have used the Appell
symbol (z,n) which is defined by (2,0) =1, (z,n) = 2(z +1)--- (2 +n — 1),

n =1,2,... . The parameters a, b, c have positive real parts. Clearly S, (z?; a,b, c)
is a polynomial of degree n in z%. These polynomials are orthogonal on [0, o)
with the weight function

T'(a + iz)D(b + iz)T(c +iz) |’
I'(2ix)

-

The interest in this class of orthogonal polynomials also stems from the obser-
vation made by Koornwinder. He has shown that the Jacobi functions

(b + M) /2, (1 — i) /2
o (t) = o Fy ( | — sinh®¢
a+1

may be obtained as limiting forms of the continuous dual Hahn polynomials
by means of the relation

lim Sn(A2/4;u/2,n) éin}j t,(a—0F+1)/2) _ pr\awg)(t)
n—oo  ((u/2) +n/sinh“t,n)(a+ 1,n)

(see [19, (5.14)]). The Jacobi functions constitute a complicated system of
orthogonal functions.

This paper is organized as follows. Notation and definitions are intro-
duced in Section 2. The contour integrals for polynomials under discussion
are derived in Section 3. The bilinear generating functions for the continu-
ous dual Hahn polynomials and generating functions for ), and S,, are given
in Section 4. Some summation formulas are discussed in Section 5. In the
next section we demonstrate how some known results for the Jacobi poly-
nomials can be generalized easily to the case of Hahn polynomials. Examples
include Gasper’s projection formula [12, (1.4)] and a formula for the symmetric
Hahn polynomials [13, (3.6)]. In Section 7 we deal with the addition theorems
for the Krawtchouk polynomials, the Meixner-Pollaczek polynomials, and the
Poisson-Charlier polynomials.
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2. Notation and Definitions

Throughout the sequel we will employ the notation used in [8]. By Cs we
will denote the open right half-plane in C, U will stand for the complex plane
punctured at the non-positive integers, i.e., U = {z € C: 2 #0,—1,...}. The
symbol p will stand for the sum a+ 5+ 1 («, 8 € C) unless otherwise stated.
The key tool used in this paper is the Dirichlet average of a holomorphic
function of one variable (real or complex). For the reader’s convenience we
recall the definition of this average along with some basic properties. Let {2
be a convex set in C and let f be holomorphic on . For a,a’ € C. and
(z,y) € Q2 the Dirichlet average of f is defined by [8, (5.1-1)]

(2.1) Fla,ad’;z,y) = /0 fluz + (1 = w)y]du(w),
where
(2.2) dp(u) = mua_l(l —u)* du

is the Dirichlet measure on (0, 1), and B stands for the beta function. Clearly,
F(a,d;2,y) = F(d, a3y, x).

Throughout the sequel the symbol R, will stand for the Dirichlet average
of the monomial f(¢) = t", n € N. If the parameters «,a’ are such that
a+a € U and if Q is a circular disk in C with center ¢, then the integral
average F'(a, a/;x, 1) has a holomorphic continuation to C* x Q% where it is
represented by

o0

(2.3) F(a,d';z,y) Z

n=0

TL

(a, 52— ¢,y — ).

This is a special case of Theorem 6.3-1 in [8]. Also, we will use the generalized
Cauchy formula [8, (5.11-2)]

(2.4) F(a,d;2,y) 27”/]” (a, a5 8 —x, 8 — y)ds,

where ¢ denotes the rectifiable Jordan curve encircling the convex hull of z
and y in the positive direction, f is holomorphic in the inner region of £ and
continuous on its closure, R_; stands for the Dirichlet average of f(t) = ¢~'.
For the comprehensive discussion of Dirichlet averages the interested reader is
referred to [8].

Also, we will use the double Dirichlet average F of f. Let

Y

231
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and let f be a holomorphic function on a domain D in C containing the convex
hull of z,y, z, w. The double Dirichlet average may be defined by

Fla, oy X;8,5)
1
= / F(&, asvr+ (1 —v)y,vz+ (1 — v)w) (a3 (v)dv
0

1
= / F(B,B’; ur + (1 —u)z,uy + (1 — u)w) (o) (w)du
0

(see [5, (2.8)]). Throughout the sequel the symbol R,, will stand for the double
Dirichlet average of t", n € N, while R_, will denote the double average of
tv.

The double average F also has a generalized Cauchy formula [5, (6.11)]

(2.5) Fla,o; X58,8) = %/f(sm_l(oz,o/; s — X;3,3)ds,

where
cxa e
S—z S—w
All the matrix elements of X are required to lie in the inner region of the posi-
tively oriented rectifiable Jordan curve €, and f is assumed to be holomorphic
on ¢ and its inner region.

3. New Formulas for the Hahn Polynomials
and Continuous Dual Hahn Polynomials

The purpose of this section is to derive new representations for the polyno-
mials in question. We shall show that they can be represented either by single
averages or by the double Dirichlet averages. Representations involving the
contour integrals are also discussed.

For later use let us record a useful formula for the hypergeometric polyno-
mials [8, Ex. 5.7-1]

—n,ba, ..., by, b
(3.1) 1 F g4 | x| = F(b,c—b;z,0),
Ciy...,Cq,C
where F' denotes the single Dirichlet average of
<—nwaP..,bp
(3.2) f(t) = »Fo ( } t) )
Ciy...,Cq,

P, q,n € N. We assume that the denominator parameters of the ,F, polynomial
are such that it is well defined.
It follows from (3.1) — (3.2) and (1.1) that

(3.3) Qn(z; 0,8, N) = F(—z,2 — N; 1,0),
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where

(3.4) f(t) =2F (

—n,n+ U

1) = PEO =20/ P (),
a—+1

p=a+p3+1, and qua”g) denotes the nth Jacobi polynomial. Similarly,

(3.5) n(z;a, 0, N) = F(n+p,—n—f3;1,0),
where
—n, —x
(3.6) ft) =oF ( N } t) .
For the continuous dual Hahn polynomials we have the following result
(3.7) Sn(x%a,b,¢) = (a+b,n)(a+c,n)F(a—ir,c+ir;1,0),
where
—n,a+1x
(3.8) Ft) =oF ( ’ | t) .
a+b

To obtain the representations in terms of R-polynomials it suffices to use
[5, (3:2)]

_naﬁaﬁ/ ;) ’
(3.9) 31 o) = RAB =5 X:8,9 - )
Y
0 1
x=[1 ]
on (1.1) and (1.2). We have
(3.10) Qn(z;0,8,N)=R,(n+ p,—n — ; X;—x, 2 — N)
and

(3.11) S, (2% a,b,¢) = (a+b,n)(a+c,n)Ry(a+iv,b—iv; X;a —iv,c+ iz).
More representations can be derived by use of the linear transformation

(3.12) (a+d',n)Ru(a,;Y;3,0) = (,n)Rp(l —a— o' —n,o'; Z; 8, 5,

I A

z w rT—z y—w

(see [7, (3.4)]) on (3.10) and (3.11). For instance, use of (3.12) on (3.10) gives
(n+p,n)

(313) Qn(ﬂUS@:B:N) = (&+1 n)Rn(_l',.T—N; Z/; -n —a, _n_ﬁ)a

/_0_1
7= 3]

233
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Here we have used the transposition symmetry for double averages [5, p. 422].
A second application of (3.12) to (3.13) gives

Qn(l'; a, 3, N) = (_1)n ((;Lj__ f’:;b;((—_]ff’ Z))

XRy(N—n+1l,2—N;X;—n—a,—n—[)

_ (_ )n (n+ﬂan>(_xan)
(+1,n)(—N,n)

—n,N—n+1,—n—a«
X3F2 }1 ’

r—n+1,-2n—a—-p3

where in the last step we have used (3.9) and the fact that R,, is homogeneous
of order n in its matrix elements.

To obtain a similar representation for S, we follow the lines introduced
above. The result is

Sn(z%;a,b,c)
(a+iz,n)(a—iz,n)

—n,l—a—-b—n,1—a—c—n
= (—1)"3F, |1

l—a+ix—n,1—a—1tx—n

The last two formulas are contained in Luke’s theorem [22, 5.2.1(5)]. I am
indebted to Professor Stanislaw Lewanowicz for calling my attention to some
formulas contained [21-22].

The contour integrals for the Hahn polynomials and the continuous dual
Hahn polynomials can be derived from the following formula for the 5F5(1)

functions
—-n, ﬁa B/
3l ) }1
Yy

_ 1,05
1 n, ’ ds
= i o F1 ( } S) o F1 } 1 0
T £ ")/ ,.)// S S

(3.14)

where now ¢ is the rectifiable Jordan curve encircling the interval [0, 1] in the
positive direction. To prove (3.14) weput p=2,g=1,2=1,by =3, b=,
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1 =7, c=7"in (3.1) and (3.2). Combining this with (2.4) we obtain

_naﬁaﬁ/ 1 _naﬁ
3F2< ¥, “)Z%/em( g }S>

x R_1(B',y — 058 —1,s)ds

1 -n, B
= 9 o F }S
™ ). ol

1
< Ra(f, Ay — 51— L%,
S S

where in the last step we have used homogeneity of the R_; function. To
complete the proof it suffices to apply a formula [8, (5.9 — 11)]

v, a,
(3.15) R_,(a,d;z,w) = w™"sF} | 1—z/w
a+d

on the right side of the last identity. The formula (3.15) is valid provided that
both z and w belong to the complex plane cut along the non-positive real axis.
Application of (3.14) to (3.3) — (3.4) gives

— I, -z
1 n,n+ p ) d
(316) Qn(l', Od,ﬁ,N) = —,/QFl }S 2F1 l —S
2mi € a+1 —N S S

Similarly, use of (3.14) on (3.7) — (3.8) provides
Sn(x?;a,b,c)
(a+0b,n)(a+c,n)

1 —n,a +1x
== [ /1 | s
2mi € a+b

l,a —x

’ ds
X2F1 }l —

a—+c S $

(3.17)

More contour integrals for the polynomials under discussion can be ob-
tained from the following representation for 3F5(1)

<_n7ﬁaﬂ/ )
35 ) }1
Y
Lg,0

1
=— [s"(s—1)"3F | 1 ds,
2mi J, . 1—s5s

where the curve ¢ is the same as in (3.14). This can be established using (2.5),
with f(t) = t", (3.9), and [5, (3.2)]. We omit further details. The desired

(3.18)
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representations for (), and S,, now follow by use of (3.18) on (3.10) and (3.11).
We leave it to the reader to derive these formulas.

We close this section with a formula which connects the Hahn polynomials
with the Krawtchouk polynomials and the Jacobi polynomials. We have

Qn(z;a,3,N)
n+ p,m) _
(3.19) _23 ( )a+1mnK“%“N)

< B 2p) [P )

(0 < p < 1), where K,, stands for the mth Krawtchouk polynomial. The latter
polynomials may be obtained as limiting forms of the Hahn polynomials by
means of the relation

—m, —x
(3.20) K, (x;p,N) = tlim Qm(z;pt, (1 —p)t, N) = oF} ( N }p‘1>

(see, e.g., [16, (1.22)]). Similarly, the Jacobi polynomials are the limiting cases
of the Hahn polynomials

B (1 -2
(3.21) M = lim @Q,(Nz;«,3,N)
Péa”g)(l) N—oo

(cf. [16, (1.9)]. Letting f=n+p, f'=—z,y=a+1,7 =—-N,t=pin

()

(3.22) Z ( ) ™, )2 1 ( m E
- 75/
X 2F1 " } 1
o4 t

we obtain the desired result (3.19). Formula (3.22) follows from [21, 9.1(27)]
by lettingp = 27 q = 17 r=35= 1: Ay = (_naﬁ)a C1 = ﬁla bl =7, dl = 7/7
u=t=0,z=t w=1/t
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4. Generating functions

Most of the results of this section can be derived from a generalization of
Meixner’s bilinear relation for the hypergeometric polynomials [23]

S ()

= (1+w)”
n=0

< (¢ (b:n)(ﬂan)un —a+n,b+n .
e F( ctn ’5>

(—@—irn,ﬁ—irn )
X'UTLQFl }f’U )

w?’b

o
(4.1)

Y+n

where £ = w/(1+w) (see also [10, 2.5(8)]). The last formula is valid provided
that u, v, &u, v # 1, oo, and |w| is sufficiently small.

Another bilinear relation can be obtained from (4.1). Substituting w :=
w/a and then letting & — 0o, we obtain

B—i—n
X’Uanl } —vw
Y+n

Generalizations of (4.1) and (4.2) can be obtained by averaging both sides
of these formulas. Forming the Dirichlet average F'(b', ¢ —¥';1,0) (with respect
to the variable u) and repeating the process of averaging by use of F(3',~" —
G3';1,0), we arrive at

237
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> - 7bab/ I My !
(02 (1)
n=0 ’

o0

w" a\ (b,n) (b, , ,
a3 (0 LD

4.3 2 (L+w)*r \n/ (c,n)(¢,n)(v,n)(+', n)
(43) i —a+nb+nb +n
o c+n,d+n }5
—a+n,B8+n 3 +n
<o, ST
Y+, Y +n
and
- w" nbb/ _naﬁaﬁ/
il F ]
22! ( ) 2( 7,7 }>
_ o w"(b,n)(V',n)(8,n)(B' n)
", ) Z e, m) (¢ m) () (3 )

b+n,b' +n
X 2F2 , }—w
c+n,c+n

(ﬁ—l—n,ﬁ’—l—n )
X2F2 }—w s

Y+nY +n

respectively. Here we have used (3.1) and two formulas

o . (b’,n) —04+n,b—i—n,b’+n
(4.5) ﬂhc—hL@z( 35y KK

c,n) c+n,d+n
where
—a+n,b+n
c+n
and
b b+n, 0 +n
F¥,d —1;1,0) QWQB —w ),
(¢,n) c+n,d+n
where
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We shall prove (4.5). The second formula can be established by the same
means. It follows from (4.6) that

Fu) = Z (—a+n,m)(b+n, m>§mu”+m,

(¢ + n,m)m!

m=0
Hence,
F(t',¢ —1;1,0)
47
D - Z et O e L (1 1,0),

(¢ +n,m)m!

where R,im stands for the R-hypergeometric polynomial. Making use of [8,
(6.2 — 5)] we obtain
b/
Rn+m(b/7 Cl - b/; 17 O) = ( ’n + m_) .
(¢,n+m)
Since (z,n +m) = (z +n,m)(z,n),
(', n)(b" +n,m)
(¢,n)(c +mn,m)
This in conjunction with (4.7) gives the assertion.
Two generating functions for the 3F5(1) polynomials can be derived from
(4.1) and (4.2). Put u = 0 and take the Dirichlet average F'(3',7 — 3';1,0)
on both sides to obtain

7B B/ —n:ﬁaﬁl

and

(49) €w2F2 (B’B/ } —w) = Z 1;;—7;3}7’2 <_n’ﬁ’/ﬂ }1) .

gENi n=0 gENi

Two bilinear generating functions for the continuous dual Hahn polynomi-
als follow from (4.3), (4.4), and (1.2). We have

= . [a Sn(z?;a,b,¢)Su(y?d b, )
> w
n)(a+bn)(a+c,n)(a+V,n)(a+c,n)

n=0

Rn—i—m(b/a C/ - b/a 17 O) =

= 4w’ :00 T (3)

—a,a+1T,a — 1T
x [DggFQ | € }
a+b,a+c

[D . —a,d +iy,ad — iy }f }
X ¢3Fy
5 a/+b/’a/+cl

(4.10)
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and

iw_” Sp(z%a,b,¢)S,(y* a0, )
= nl (a+b,n)(a+cn)(@+V,n)(a+c,n)

(4.11) :ewi l > 2<a+z’x,a—z’x |_w>]

a+b,a+c

a +iy,a — iy
X |:Dg 2F2 } —w :|7
a+bv,d+c
where D} = d"/dt".
The generating functions for the continuous dual Hahn polynomials

_l’_
(15 ) ( a,a+1x,a — | 5)

a+b,a+c

> n(a) Sn(z%;a,b,c)
o) @t boat )

n—=

(4.12)

and

o0

a-+1r,a —1x n 2.
n=0

a+ba+c nl (a+b,n)(a+cn)

are contained in (4.8) and (4.9), respectively.
To obtain the generating functions for the Hahn polynomials we use (1.1)
n (4.8) (with a = M, M € N) and (4.9). The result is

-1 + 9
(4.14) <1+w>M3Fz< e ) Zw( Jntziansn
and
w n,n+p =, w®
(415) e 2F2 (Od_i_l’_ ‘_ >_;?Qn($;@aﬁ7]v)

(n=0,1,..., N). The generating function of Karlin and McGregor [16, (1.11)]

(1+w)NP<aﬂ>G+—'@‘U“)/ Pl Zw ( )an a, 3, N)

is contained in (4.14). Put M = N and then use

—-n,n—+u 1 —
P ( | 5> e (122 o,
a+1 1 +w
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5. Summation formulas

This section deals with the summation of a finite series whose terms involve
either the Hahn polynomials or the continuous dual Hahn polynomials.
We need the following formula

“ m —k, 3,0 m) (3, m
(5.1) Z(_Dk(k)?’FQ( B/B }1)2—(ﬂ7 )(ﬂ/’ )

s Y, (v, m)(v',m)

This can be dreived easily from the generating function (4.9). Multiply both
sides by e™ and then form the Cauchy product on the right side. By equating
coefficients of w™ we obtain the desired results.

Substituting 8 :=n +pu, ' := —n, v ;= a+ 1, v ;= —N into (5.1) we
obtain

m (_na m)(n—i_:u: m)
5.2 —1)* w(k;o, B,N) = ,
B2 LU )autkia s n) = T
n=0,1,...,N.
Similarly, letting f :=a +ix, f' :=a — iz, y:=a+b, 7 :=a+cin (5.1)
we obtain with the aid of (1.2)

(5.3) Z(_1>k(m)( Sk(z%a,b,¢) (a+iw,m)(a—m,m)'

— k)(a+0bk)(a+ck) (a+b,m)(a+c,m)

More summation formulas can be derived from

—n,bay ..., by, b i bj c—b k—j
p+1Fq+1< )- Ck Z )
Jj=

Cly...,Cq, C
(5.4)
—n,ba, ..., by, b+ J
“p+1 g }x .
Cly...,cq,C+ kK

We shall prove (5.4) and then give applications to the Hahn polynomials. The
following result
k .
(b,j ( — b, /f —J) , .
F(b k—b—7;2,0

is the special case of the Exercise 5.6-2 in [8]. This formula is valid provided f
is continuous on an open interval with endpoints at 0 and x. Let f be defined
by (3.2). Application of (3.1) to (5.5) gives the desired result (5.4).

Assume now that p = 2, ¢ = 1, x = 1. Substituting by = —x, b =n + pu,
¢1 =—N, c=a+1into (5.4) we obtain

B o~ pi)(n—Bk—j) |
(5.6) (oz—i—l,k)jzo i1k — ) Qn(z;a+k,B—k+j,N)

= Qn(z;0, 3, N).

(5.5) F(b,c—b;z,0) =

J=
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Use of the limit relation (3.21) on (5.6) provides

(a+n + 1, k) P9 (z)

k
:Z()(?"“ru,j)( n =B,k = j) Bt (),
=0
k=0,1,... . Here we have used the formula P*”(1) = (a + 1,n)/n! (see,

g., [25, (4.1.1)]).
Similarly, lettingp =2, g =1,z =1, b =n+pu, b= —x, ¢ = a+1,
c¢=—N in (5.4) we obtain

6.7 (i)455<%)(i:j)QAw—x&JiN—%)=QA%&A1N%

=0 M

k=0,1,...N. A summation formula of Lee [20, (13)] is a special case of (5.7).
To obtain a summation formula for the continuous dual Hahn polynomials
we need a generalization of (5.4)

bi,...,bp,b i bj c—bk—j
P+1FQ+1< >_ Ck Z ' )

Cl,...,Cq,C jO
bi,....bp, b+ J
pr1Fga
Cly...,cq,C+ kK

|z| < p, where p denotes the radius of convergence of the hypergeometric series

b,....by
(59) qu }.I' .
Ciy...,Cq

Formula (5.8) is a special case of [8, Ex. 5.7-1]. When one of the numerator
parameters in (5.9) is a non-positive integer, then the latter restriction can be
dropped.

Lettingp=2,q=1, 2 =1, b =a+ix, bp =a—izr, b= —n (n € N),
c1=a+c¢, ca=a+bin (5.8), we obtain

(5.8)

(5.10) i a—l—b—l—n k—7) Sp—j(x?a,b,¢,)
‘ a+bkjﬂ " (@bt ko jaten )
Sn(z%;a,b,c)

" (atbn)aten)

For more summation formulas for the Hahn polynomials the reader is re-
ferred to Bartko [4], Gasper [12-13], and Lee [20].



ON HAHN POLYNOMIALS... 243

6. Remarks

The method of Dirichlet averages can be employed to obtain some results
for the Hahn polynomials using known results for the Jacobi polynomials.
In this section we make some comments concerning the projections formulas
discussed in [12] and [13]. Also, we give some results for the continuous dual
Hahn polynomials.

A. Gasper’s projection formula [12, (1.4)]

(61) Qn(xaﬁy:(S’N) :Zbk,an(xa O‘aﬂaN)a
k=0

_(n (a—i—l,k)(ni—i— v, k)
ben = (k) (a+1,k)(k+ p, k)

—n+k k+a+1l,n+k+v
X3F2 }1

k4, 2k+pu+1

(v =74 +1) can be obtained immediately from the formula which connects
the Jacobi polynomials of different orders

p?’(L’Yﬁ) n p(avﬂ)
(6:2) (w)(m) =2 _ben k(a,ﬂ)(m)
B = B
(see [1, (7.3), (7.8)]). In (6.2) replace x by 1 — 2t and then average both sides

using (3.3) — (3.4).
B. The following summation formula

- (_wan>
. n ;77N:
(6.3) kzock’ Qi(z; 0, B, N) N
(n=0,1,...,N), where
+ 2k
n = 1LE)(=1)F AT 0<k<
Ghn = (04 1, ) >(k)(u+k,n+1>’ =her

plays a key role in Gasper’s proof of (6.1). To obtain (6.3) we average both
sides of

i PP (1 —2t)
Chn™— o3

(04/@ (1)
(cf. [24, 136(2)]) using (3.3) and (3.4). The result is

Ru(—x,2— N;1,0) = Y cxnQi(w; 0, B, N).
k=0

Since
(—.CL', n)

(_Na n) ’
the assertion follows. The last formula is a special case of [8, (6.2-5)].

R,(—z,z — N;1,0) =
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C. Formula (6.1) contains as a special case a projection formula for the
symmetric Hahn polynomials
[n/2]
(64) Qn(maﬁaﬁaN) = Zak,nQn—Qk(x; Od,Od,N),
k=0

where
nll(a+1/2)(n =2k +a+1/2)2a+1,n - 2k)T(k+ 5 —a)l(n —k+ 5 +1/2)
B El(n —2K)!1(264+ 1,n)I'(B — a)l'(n — k + o+ 3/2) ’

0 < k < [n/2]. This follows easily from Gegenbauer’s formula for the symmet-
ric Jacobi polynomials (ultraspherical polynomials)

Ak.n

: [n/2] a,a
65 L N P G
RO S RSO

(see [14]). Replace x by 1 — 2¢. Use of (3.3) — (3.4) yields the assertion.
D. It follows from (4.13) and the Maclaurin theorem that

S (x2a,b a+1r, a — 1T
(6.6) @habe) _ lDZ oy | w ] .
(a+b,n)(a+cn) a+0b,a+c w=20

Use of the Cauchy formula on the right side of (6.6) provides another contour
integral for S,

Sp(2?;a,b, c ! a+ix, a — 1w
( ) o n /S—n—1€s2F2 ( |—S> dS,
€

(a+bn)atcn) 2mi a+b, a+c

where the contour € encircles the origin of the s-plane in the positive direction.
To obtain a real integral for the continuous dual Hahn polynomials one can
substitute s = %, 0 < ¢ < 27. We omit further details.

E. Performing one differentiation in (6.6) we obtain the first order recurrence-

difference equation
6.7) Sp(z*;a,b,c)=(a+b+n—1)(a+c+n—1)S,_1(2%a,b,c)
. - (CL2+.T2)STL_1(.T2;CL—|— 1767 C):

n=1,2,...,5(z% =1
F. Assume now that a,b,c > 0. Application of [6, (2.8)] to (3.11) gives
Su(a* a,b,c) B(a,b)
(a+0b,n)(a+c,n)| ~ |Bla+iz,b—ix)

a,c)

B(
B(a —iz,c+ixz)|’
—00 < x < 00, or in terms of the gamma function

Su(@* a,b,c) I?(a)I'(b)T(c)
(a+b,n)(a+c,n)| ~ |T'(a+ix)'(a —ix)L(b—ix)T(c+iz)|

(6.8)




ON HAHN POLYNOMIALS... 245

If a,b,c > % and = # 0, then one can apply the inequality [8, (3.10-7)]
I'(a)

IT'(a £ iz)|

to the right side of (6.8) to obtain a weaker bound
Sn(x?;a,b,c)

(a+b,n)(a+c n)

< (sech7z)~1/?

< (sech )2

7. The Addition Theorems for Krawtchouk Polynomials and
Meixner-Pollaczek Polynomials

In this section we shall establish addition theorems for the Krawtchouk
polynomials and the Meixner-Pollaczek polynomials. The former family is
the limiting case of the Hahn polynomials (see (3.20)) while the latter can be
obtained as the limiting case of the continuous dual Hahn polynomials (see
26, p. 698] for more details). The Meixner-Pollaczek polynomials are defined
by [2, p. 43

A —n,a+1x A
o e o)
a

(@ > 0,0 < ¢ < 7). They constitute an orthogonal system on R with the
weight function

z — 22720 4 ix))|?

(see, e.g., [26, p. 698]).
Application of (3.15) to the right side of (7.1) gives

P (z;0) = €™ R, (a+ iz, a — iz;e 2% 1),
Since R, is homogeneous of order n in its variables,
(7.2) P (xz;0) = R,(a +ix,a — iz; e, ™).
Similarly, application of (3.15) to the third member of (3.20) gives
(7.3) K,(x;p,N) = R,(—z,2 — N;1 —1/p, 1),

O<p<l,n=0,1,...,N.
We are now in a position to state and prove the addition theorems for the
polynomials discussed in this section. We have

Kn(z +y;p, M+ N)

N (0 (D e

J=0
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(M,N €N, n=0,1,...,min{M, N}) and
Py (z +y: 0)

(7.5) -3 (7;) (2a<,2 bezzann_) 2 P ;)P ;)

(a>0,b>0;0< ¢ <m). Both formulas follow easily from
(a+a +0+0,n)

Ru(a+B,d' + (5 2,y)

n!
(76) n (Od‘i‘O/,j)(ﬁ‘i‘B/,n—j) ) /
B g Jl(n— ) Rj(a, o5z, y) R (B, B 2, y)

which is a special case of [8, Ex. 6.6-7].

In order to establish the addition theorem (7.4) we substitute a = —uz,
of =x—M,p=-y, f =y—N,z=1-1/p, y = 1 into (7.6). This
in conjunction with (7.3) completes the proof. For the proof of (7.5) we let
a=a+ir, o =a—ix,F=b+1y, ' =b—iy, = exp(—iy), y = exp(ip) in
(7.6). Use of (7.2) on the resulting formula gives the assertion.

Dunkl [9, §4.4] gave a different addition theorem for the Krawtchouk poly-
nomials.

The addition theorem for the Laguerre polynomials

L (@ +y) = > LY (x)L)_(y)
j=0

(see, e.g., [8, Ex. 7.9-7]) can be obtained from (7.5) by use of the limit relation

i 2 (5-0) = 127) [ 1270),

»—0

The Poisson-Charlier polynomials ¢, may be obtained as limiting forms of
the Krawtchouk polynomials by means of the relation

N—oo

(7.7) cn(z;a) = lim K,(x;a/N,N) = F, (—n, o } _a—1> 7

a>0,z=0,1,....
Letting M = N in (7.4) and next using (7.7) we obtain with the aid of

() (0)0E) =)

the addition theorem

(79 n(e +y:20) = 27 (") estwialens )



ON HAHN POLYNOMIALS... 247

Dunkl’s addition theorem for the Poisson-Charlier polynomials [9, (4.6)]

et =3 -1 (1) (7)) or e

J=0

can be derived from the generating function

w\® = w"
1= = —CtnlT50),
e( a) ;n!c(xa) lw| < a
(see, e.g., [25, (2.81.3)]).
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ON THE GENERALIZED PICARD AND GAUSS
WEIERSTRASS SINGULAR INTEGRALS

ALI ARAL

ABSTRACT. In this paper, we give the generalizations of the Picard and
the Gauss Weierstrass singular integral operators which are based on
the g—numbers and depend on g—generalization of the Euler gamma
integral. Later on, some approximation properties of these two general-
ized operators are established in L, (R) and weighted —L,, (R) spaces.
We also show that the rates of convergence of these generalized opera-
tors to approximating function f in the L,—norm are at least so faster
than that of the classical Picard and Gauss Weierstrass singular integral
operators.

1. INTRODUCTION

Let f be a real valued function in R. For A > 0 and x € R , the well-
known Picard and Gauss Weierstrass singular integral operators are defined

as .

1 _lt
Pufia) =gy [ Fasne Sa

and -

1 2
Wi (f; z) = \/—A/f(@"“‘t)e xdt,

T

respectively.

For many years scientists have been investigating to develop various as-
pects of approximation results of above operators. The recent book written
by Anastassiou and Gal [2] includes great number of results related to differ-
ent properties of these type of operators and also includes other references
on the subject. For example, in [2, Chapter 16|, Jackson type generaliza-
tion of these operators is one among other generalizations, which satisfy
the Global Smoothness Preservation Property (GSPP). It has been shown
in [3] that this type of generalization has better rate of convergence and
provides better estimates with some modulus of smoothness. Beside, in
[4] and [5], Picard and Gauss Weierstrass singular integral operators mod-
ified by means of non-isotropic distance and their pointwise approximation

1991 Mathematics Subject Classification. 41A17, 41A25, 41A35.
Key words and phrases. g—gamma, integral, g—Picard and g—Gauss Weierstrass inte-
gral, weighted modulus of continuity.
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properties in different normed spaces are analyzed. Furthermore, in [11]
and [8], Picard and Gauss Weierstrass singular integrals were considered in
exponential weighted spaces for functions of one or two variables.

In this paper, we introduce a new generalization of Picard singular in-
tegral operator and Gauss Weierstrass singular integral operator which we
call the g—Picard singular integral operator and the g—Gauss Weierstrass
singular integral operator, respectively. As a result, a connection has been
constructed between g—analysis and approximation theory.

We now give a short background on g—analysis that we need throughout
the rest of the paper. We use standard notations of g—analysis as in [10]
and [12].

For ¢ > 0, g—number is

1—g*
N, ={ T q#1
1 A, qg=1

for all nonnegative A. If A is an integer, i.e. A = n for some n, we write [n]
and call it g—integer. Also, we define a g—factorial as

[n]q! :{ [1n]q [”—1]q'“[1]q, ZZ(I), 2, ...

q

For integers 0 < k < n, the ¢g—binomial coefficients are given by

|: n :| . [n]q‘

- | — 1’
k . K]}t n =]
Furthermore, the g—extension of exponential function e* is

n(n—1)

N T
Eq (iB) '_nzzo(q; q)n ( ’ Q)ooa

n o0

where (a; ¢),, = [] (1 —aq¢®) and (—z; ¢)oo = [T (1 +24¢").

To be able to construct the generalized opera_tors, we need the following
g—extension of Euler integral representation for the gamma function given
in [6] and [1] for 0 < ¢ <1

o.¢]
(1.1) cq ()T (z) = l_qlqw(gl)/txldt, Rz >0
w09

where I'; (z) is the g—gamma function defined by
(4: ) 1-2
T'y(x) = —22(1—q , O<g<x1
)=, 7Y
and ¢, (z) satisfies the following conditions:

(1) ¢q(z+1) = cq(2)
(2) ¢g(n)=1,n=0,1,2,..
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When z = n 4+ 1 with n a nonnegative integer, we obtain
(1.2) Iy(n+1)= [n]q!.

In [7], Berg evaluated the following integral

0 [ g = (aa), T (050), k=010
- B, )™ = ¢ a), 4 ¢%4q) , k=012

where
(a3 @)og
a; q), =
( )a (aqa; q)oo
for any real number «.

These integrals (1.1) and (1.3) are the starting point of our work. Note
that, these definitions are kinds of g—deformation of usual ones and are
reduced to them in the limit ¢ — 1.

Definition 1.1. Let f : R — R be a function. For A > 0 and 0 < q < 1,
the q—generalizations of Picard and Gauss- Weierstrass singular integrals of
f are

(1-— t)
(1.4) Py(fiq, ) = Py (f; 2) := 1nqq I :El_l_q It\
and
1 T f@+t)

(1.5) Wi (fiq, ) =Wi(f;x):= dt,

/Ny (@25 0)y 5 7 Eq (ﬁ)

respectively.

Note that, this construction is sensitive to the rate of convergence to f.
That is, the proposed estimate in Section 2 with rates in terms of L,—modulus
of continuity tells us that, depending on our selection of ¢, the rates of con-
vergence in L,—norm of the g—Picard and the ¢—Gauss Weierstrass singular
integral operators are better than the classical ones.

In the section 3, we give a direct approximation result for these operators
using Korovkin type theorem in weighted L, spaces described in [9]. We
give a new type modulus of continuity and in terms of this modulus of
continuity, we obtain an inequality for weighted error estimate in section 4.
Also we show in section 5 that they posses Global Smoothness Preservation
Property.

251
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2. RATE OF CONVERGENCE IN L, (R)

For f € L, (R), the modulus of continuity of f is defined by
wp (f; 6) = sup [If (- +h) = FC),.

|h|<é

o 1/p
where | f[l,=( [ |f(2)]"dz

Here are some auxiliary lemmas.

Lemma 2.1. For every A > 0,
a) [ P(f;x)de =1,

b) J WA (fi @) da=1.

Proof. The proof is obvious from (1.1) and (1.3). O

By using Lemma 2.1, for every function f € L, (R) with 1 < p < oo,
the operators defined by (1.4) and (1.5) are well defined as expressed in the
following lemma.

Lemma 2.2. Let f € L, (R) for some 1 < p < co. Then we have
125 (s M < 171

and
W (F5 Il < 1AM, -

Now we give convergence rates for these new operators. A similar ap-
proach for classical Picard and Gauss Weierstrass singular integral operators
can be found in [13, Th. 1.18§]

Theorem 2.3. If f € L, (R) for some 1 < p < oo then we have

1Py )= £ Ol < (73 00,) (1)

and

IWa (5 ) = £ Oll, < wp (£54/1,) (1 et - quz)) ,
Proof. From Lemma 2.1, we get

1),

(=gl
(A )

(-9 [+
2 [A]qlnqql / E, (

—00 q
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Thus
P 1/p

, (-9 f z+t) - f(x)
1P =T Ol < gpr e / lm | do

(generalized Mlnkowskl mequahty, see [14, pp.271])

(- [ wpUslt)
2 [)\]qlnql_/ooEq ((1[—A¢]zj\t|>

| (1-q) | 4 dt
Wp (fa [A]q) TN T D\]qlnqql / <1 + [)\]q) E, ((1[?]12\t|>
1
= (r00,) (143).

where we use (1.1), (1.2) and the well known inequality

wp (f; €8) < (14 C)wy (f; 9)

IN

IN

for C > 0.
Similarly,

wp (f3 4/l B
W)= O, < U [']> (1+ \t\ )E @

|
3
>
—
=)
2.
~
[\V]
<
SN—
=
~
[\v)

N, ) B (1)
1 T dt v
< wp (f, Nq) 1+ = /L (@72 q) / (Al E, (ﬁ)
< wp (f, [)\]q) (1 + \/q,m (1 — q1/2)> :
where we use (1.3). O

Since for a fixed value of ¢ with 0 < g < 1,

1
lim [\], = ——
lim [Al, = 1— ot
the above theorem does not give a rate of convergence for Py (f; -) — f (*)
in L,—norm. However, if we choose gy such that 0 < gy <1 and gy, — 1 as

A — 0, then we obtain such a convergence rate.For example, we select gy as
SSl-A<q<l
for some A > 0. Then we have
l-q <2(1—qy) <2),

so that [\, — 0 as A — 0. Thus we express Theorem 2.3 as follows.
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Theorem 2.3. Let be gy € (0, 1) such that gy — 1as A — 0. If f € L, (R)
for some 1 < p < oo then we have

1Bs (Fran, ) = £ Oll, < (£ V) (1 i 1)

aqx
and

W5 (Fs0x: ) =1 Ol < (75 ) (1 ey (1 M)) .

This theorem tells us that depending on the selection of ¢y, the rate of
convergence of Py (f; ) to f(-) in the L,—norm is [A], that is at least so
faster than A which is the rate of convergence for the classical Picard singular
integrals. Similar situation arises when approximating by Wy (f; -) to f (-).

3. CONVERGENCE IN WEIGHTED SPACE

Now we recall the following Korovkin type theorem in weighted L, space
given in [9].

Let w be positive continuous function on real axis R = (—oo, c0), satis-
fying the condition

(3.1) t2Pw (t) dt < oo.
/

We denote by L, ., (R) the linear space of p—absolutely integrable functions
on R with respect to the weight function w, i.e. for 1 < p < 0o

1

Ly @) = 1 R =R 1, o= 3| = [Ir@Pw@ar) <o
R

Theorem A. Let (L), .y be a uniformly bounded sequence of positive
linear operators from L, ., (R) into L, ., (R), satisfying the conditions

lim || Ly (¢ 2) =2, , =0, i=0,1,2
Then for every f € L, ., (R)
Tim L f = £l = 0.

p
By choosing w () = , p > l,and working on L, , (R) space

1
Traom
that we denote it by L, », (R), we shall obtain direct approximation result
by using Theorem A. Note that this selection of w () satisfies the condition

(3.1). Also note that for 1 < p < oo

Lym@®) ={f: fiR=R (1427 f(2) e ,(R)},

where m is a positive integer.
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Lemma 3.1. If f € L, ., (R) for some 1 < p < oo and positive integer m,
then

)\6m 6m] !
1P (f5 ), g < 2077 (1 + W) 11y,

and

WA Ml <270 (1 D0 (2% 0), YIS

for0<qg<1.

p?m

Proof. Using (1 + (x4 t)ﬁm) < 26m=1 (1 4 6m) (1 +¢%™) for all positive
integer m and z, ¢t € R and (1.1), (1.2) and (1.3), the proof is obvious.
Theorem 3.2. Let g\ € (0, 1) such that gx — 1 as A — 0. Then for every
feLpm(R)

)1\11%) ||P)\ (f)qk’ ) - f”p,m =0

Proof. Using Theorem A, it is sufficient to verify that the conditions
(3.2) ;ig%) |Pr (t5an, <) — gﬂ”pm =0, i=0,1,2.

are satisfied. Since Py (1;qy, -) = 1 and P) (t;q», -) = x, the conditions of
(3.2) are fulfilled for ¢ =0 and 7 = 1.
Direct calculation shows that

2], [N
Py (tqn, -) = 2"+ 7@(& &
and then we obtain
2], [N
2 (5 ) =20, =
A

This means that the condition in (3.2) for ¢ = 2 also holds and by Theorem
A the proof is completed. O

Theorem 3.3. Let be g\ € (0, 1) such that gx — 1 as A — 0. For every
feL,m®R)
)1\% HW)\ (f7Q)\7 ) - f”p,m =

For f € L, (R) with some positive integer m, we define the weighted
modulus of continuity wy, n, (f; J) as

1/p
. o fx+h)—f(x) |P
om0 = g ([
_ (+h) f0)
h|<6 (L4 REm)
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Now , we show that this modulus of continuity satisfies some classical prop-
erties of L,—modulus. For f € L, ,, it is guaranteed that wy ., (f; J) is
bounded as § tends to co and also, wy, m (f; §) < 26™ [ £Il,,, , for any integer
m.

4. APPROXIMATION ERROR

The next Lemma 4.1 and Lemma 4.2 will allow us to obtain the approxi-
mation error of generalized operators by means of the weighted modulus of
continuity wy, m (f; 6) and weighted norm ||-[|,, ,, -

Lemma 4.1. Given f € L, , (R) and C > 0,

(A1) wpm (fs €8) < 29771 (14 O™ (14 5) w1 (f5 6)
for 6 > 0.

Proof. For positive integer n, we can write

f(+nh)—f()
wp.m (f;md) = su
pm (3 0) s <1+ (nh)6m>

p,m

~f(+kh)—f(+(k—1)h)

T | & (1 + (nh)ﬁm)
p,m
< 2wy (£50) D0 (14 (k= 1) 9)°")
k=1
< 27 (14 (0 = 1)9)™™ ) wpom (f5 0)
< 26m71n6m+1 (1 + 56m) Wp,m (f’ 5) .

Using this estimation
wp,m (£5CO) < 2L (U4 [ (L4 8%) wp,m (3 )
< 2L (14 O) (14 65) wp,m (5 0),
where [|C]] is the greatest integer less than C. O
Lemma 4.2. If f € Ly, ,,, (R) then %ii%wp,m (f;9)=0.

Proof. For a positive real number a, let x{ (¢) be characteristics function of
the interval [a, 00), x5 (t) = 1 —x§ (¢) and x* (¢) = x7* (t) N x$ (t). Since f €
Ly, , for each € > 0 there exists a € R large enough such that

i@ PN (T f@
/‘1+x6m do )+ /’14—3367”

P P
dx <

1 ™
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That is,
153 o + 1S <

=1 M

Similarly, for § > 0

[, ] E

p,m < 26m+1 (1 4 5

can be written. Hence for |h| < §

‘f (4 h)xg @ ( Hp +Hf +h) a+5()\ <

Thus, we have

(fC+h) = F)X()
(1 + hbm)
for § > 0. By the well-known Weierstrass theorem, there exist sequences

¢, () € C* (the space of function having continuous derivatives of any
order in the interval [—a — 2§, a + 25]) such that

(4'2) Wp,m (fa 6) < sup
|h|<d

_i_f
p,m

I e

That is, given £ > 0 there exists ng € N such that

(4.3) |FO—ax 20| < g5ars

whenever n > ng and 6 > 0. Thus we have

|reem—patemxrie) < 2O -ea 0|
(4.4) < %

for n > ny.

Applying the Minkowsky inequality yields

H (+h) = f()x*()
(14 hom)

< e+ —pn =m0

p,m b
| n (1) = g (DX O

e (CACEFAO)PEIOl

pim

p,m
From (4.3) and (4.4) it follows that

(4.5)
(f (+h) = fFOIX () € a
e, S st h e ool

for § > 0. By the properties of ¢, (z), for |h| < § and n > ng we can write

9
Op(@+h)—p, ()| < ——F57—
o (1) = 0 (0] < g —

i

p’m

?

257
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where x € [—a — 20, a + 26] . Thus, we obtain

(4.6) sup (@ (- + 1) —gn (DX ()| <
|h|<s p,m

By (4.5) and (4.6) we get

FO+R) = )X ( e
(4.7) b L ()1 n hgn)q)) S LS
for 6 > 0. From (4.2) and (4.7), we get
wp,m (f;0) <e

which shows that %i_I)l’(l) wp,m (f; §) =0. O
Theorem 4.3. Let g5 € (0, 1) such that g — 1 as A\ — 0. For every
f€Lpm(R)

IPA (5@ ) = F Oy < A (£ )
and

IWa (F50r ) = F OVllpun < Beopm (5 1/, )
where

(4.8)
. (6m)!IAJS™ 6m1)! (12m-+1)1[\]™
A g 212m 1 (1 + q3m(6mfi\) + q(3r(nﬂ)—’(_6,21+1) + q(12m+1)(6mi>i) (1 + [A]gT)
A A

A

and

9m?2 (6m+1)2
_ 12m—1 6m 3m — o 1/2, s 1/2,
B = 27" (1+[>\]qA) (1+[/\]qA q * (qA ,qx)3m+\/qA 2 (qA aCI)\>6m+1

(12m+1)2
PN Pl < 1/2, ) _
+ [N, \/qA AN

Proof. Part (a) of Lemma 2.1 implies that,

(1- o) 7U@+w—ﬂmu

t.
2[Ng Ingy " J B, <<1qu>|t|>
ax

P)\(f;Q)n .’L')—f(l'):
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Then we have

p 1/p
o0

P ) — £l < (=) (et -1 |
B3 (Fs o) = S )Hp’ ™= 200, Ingy _/oo —/ooEq <(1[_)jl/\)|t|> (1 4 z6m) ’

ax

1/p
(=g / f J:—i-t ) du dt
= 2], 1nqA 1_|_$6m Jo =l
q RPN
> 1 tGm
< (1“19_1/%7,71 (fi t) udt.
Mg, nay E (1-gqx)t
0 7\ T,

By using (4.1) and taking C' = [/\f , we have
ax

26m71 (

[)\]llrw;;{)\) (1 + WST) Wp,m (f; P\]qk)

6m—+1
<1 + w ) (1+1m)

()

P
RN

6 t67n+1 t127n+1
R 1 + t m + [A]6m+l + [)\}G'rrﬂ»l
ax ax

/ dt.
| E, <(1—q/\)t>

™,

1P (Fian ) = F Ol <

dt

212m—1 (

From (1.1) and (1.2) it follows that

1Py (Fi @ ) = F Ol < Awpm (£ P, )
where A defined as in (4.8).
For Wy (f; -), the proof is similar. O
5. GLOBAL SMOOTHNESS PRESERVATION PROPERTY

Further information on G.S.P.P. for different linear positive operators and
also singular integral operators can be found in [2].

Theorem 5.1. Let g5 € (0, 1) such that g — 1 as A\ — 0. For every
feLlym®) andd >0

wp,m (P (f); 6) < Cwp.m (f; 9)



260

ALI ARAL

and

wp,m (Wx (f); 6) < Dwp,m (f3 0)

5, T

where

(6m)! (N5 _om? -
(5.1) C= <1+:m<em+q3 md D=, " (0% a), D
g, m

Proof. Part (a) of Lemma 2.1 implies that,

(o) [t S,
2 [N, Ingy " B, <<1M?A>t|>

1/p
P
dm)
P 1/p

-a) [ [|[_ UG+tsh)—fa@+t) |
2[N,, Ingy’ /oo/ooEq<(1[Aj“”)(1+a:6m)(1+h6m)

ax

Py (fian, 2+ h)=Px(f;qn, ©) =

By this equality, we get

/‘P)\fq,\,iﬁ—l-h) Py (f;qx, )
_|_:E6m)( _|_h6m)

o (=-a) /’ fl+t+h)—f(x+1)
—O2[A, Ingy! J (14 26m) (1 4 hom)

1/p
1
dm) —dt
(=gt
Eq, ( [/\31; >
Using the inequality for =, t € R
1 + x6m S 26m—1 (1 + (x o t)6m> (1 + tGm)

we have

Py (fqn, v+ h)— P\x(f;q\, T)

0o » 1/p

| PR

96m—1(1 _ % 1 4 ¢fm
< (—_(i/\)wp,m(ﬁ h) /(—i_)dt
(A, Ing, | E, <(1—)\q,\)t|)

BN

Besides, from (1.1) and (1.2) it follows that

m (P (f); h) < Cwpom (f; 1),

where C' is defined as in (5.1).
For Wy (f; -), the proof is similar. O

Wp,m
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ABSTRACT

This article concerns the Principal Component Analysis (PCA) of a vector
process with higher-order B-spline functions. The approximated PCA of
this well-known process is compared with the classical PCA of the different
wavelengths simulated data.

Keywords : Principal components; vector process; B-splines.

1 INTRODUCTION

In many applications, observations are based on a continuous curve rather
than a scalar or vector variable. The most common such applications are
spectrophotometry, chromatography, absorbances of samples of filter mater-
ial at wavelengths in the visible spectrum, stochastic processes, kinetic model
building, and many others.

Castro et al.(1986) developed the principal components technique based
on the concept of a best linear model in the context of continuous sample
curves. Aguilera et al.(1996) developed the approximation of estimators in
the PCA of a stochastic process using cubic splines.

In the present paper, the PCA technique is used for the reduction of
sample curve data to a finite-dimension model, and the principal factors from
simulated data using third-degree and fifth-degree B-splines are estimated.

2 PRINCIPAL COMPONENT ANALYSIS

Principal component analysis is a well-known technique for the reduction
of vector data to a minimal dimension.Let Y = {y1(x), y2(2), ..., yp(x) : € [0, 1]}
be real valued on the random fields, where y;(z), y2(), ..., yp(z)are scalar
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variates. The covariance function C(s,t) is defined on the Hilbert space
L*]0,T]. Consider the integral equation

fC’(s,t)gb(t)dt =Xp(s),0<s<T (2.1)
0

and the result
[ 6.(0)63(t)dt = { okt (2.2)

where ¢ is the orthonormal family of eigenfunctions and A is the decreas-
ing sequence of non-null eigenvalues.Then, the spectral representation of C
provides the following orthogonal decomposition of the process, know as the
Karhunen-Loeve expansion Adler (1981)

V(o) = p@) + X i 23)

This model was considered by Rice and Silverman (1991). In (2.3), a; is the
family of uncorrelated zero-mean random variables defined by

oy = [ $(D(Y (&) — ()t (2.4)

The random variable «; is called the ith principal component and has the
maximum variance of all the generalized linear combinations of Y(x) which
are uncorrelated with a; (j =1,..., i-1 ). The variance E{aZ?}=\;, for all i =
1,2, ... , is called the ith principal value of the process.

3 PCA OF B-SPLINES

In this section, third-degree and fifth-degree B-splines are used to con-
struct the interpolated process. A detailed escription of B-spline functions
generated by subdivision can be found in Schumaker (1981).Suppose that
Y(x) is only observed at the knots 0, h, 2h, ... ,(n-1)h = 1. Each sample
function Y (x) will be interpolated at the points (x; , Y(x;)) using B-splines.
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3.1. Third-degree B-splines

The B-splines are defined as

x3 0<z<h
By(z) = L —323 4+ 12ha? — 12h%x +4h3 h < x < 2h
V) = 6h7 \ 323 — 24ha? + 60h2x — 44h3 2h < x < 3h (3.1)

—3 + 12ha? — 48h*x + 64h® 3h < x < 4h

Bi(x) = Bo(x — (i —1)h) ,i=2,3, ... .
Let

Yi(z:) = é C,Bi(z) (3.2)

be approximate values of ¢;(t) in (2.1) , where the C; are unknown real
coefficients and B;(x) are cubic splines, I denoting interpolate. The following
equation can be written

Y (z:) = é CiBi((i — 1)h) = Y((i — 1)h). (3.3)

This leads to a system of n linear equations in the n unknowns C;, C,, ...
C,, . This system can be written in matrix-vector form as

I

AC =Y, (3.4)

where A is the symmetric coefficient matrix given by

—
A
—_
o

N

265
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C= [Cl, CQ, ey Cn ]T and Y = [Yl, Yg, e Yn]T,

T denoting tranpose. Then, the process Y (x) in (3.2) can be interpolated

upon the n random variables x; , i =0, 1, ... , n , by the following matrix
expression

Y;= BTC, (3.5)
where B(x) = [B1(x), Ba(x), ... , B,(x)]” and C can be written in (3.4) as
follows

C=A"1Y. (3.6)
Therefore,

Y; = BTA-'Y . (3.7)

It can be proved that the function of the interpolated process is
E[Y;]=BTA"'M, (3.8)

where M is the random vector. Similarly, the covariance function C(s,t) can
be written as

Cy(s,t) = BT (t)A~1C A7'B(s) . (3.9)

Thus, the principal factors of Y; are approximated by the eigenfunctions of
the interpolated covariance Kernel Cy(s,t) .

Given xy, ... , X,, and observations y;(x1), ... , ¥j(xp), j=1, ... , n, form the
usual unbiased, consistent estimates

and
=it 33 ) = sl lyg(a) = ] (3.11)

where C' will be used to indicate quantites estimated from data. Using C in
equation (3.9), (2.1) can be rewritten as
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[ BT(t)A"Y*C A B(s)p(s)ds = A\p(t)

0

where gg is given by

é(t) = ; Q;
That is,

Bi(t).

o(t) = B" (t)a,

(3.12)

(3.13)

(3.14)

where « is the n-dimensional column vector of coordinates a;. Substituting
(3.14) in (3.12) gives

ABT (t)or = flBT(t)Aflé’Ale(s)BT(s)ozds.

Then, estimated eigenvectors ¢(t) are obtained by solving (3.15).

Let pij = <BZ,BJ> =

302 /35
531 /70
6 /7

1140

Ot— =

531/70
599/35
1191/140
6/

1140

6/7 1140

191/149 6/7 1140

604/35 1191/140 6/7 1/140
1191/, 49

/7

1140

Therefore, equation (3.15) can be rewritten as

ABT(t)a = BT(H)A"'CA*Pa

M= A'CA'Pa.

B;(t)B;(t)dt ,i,j =1, ... , n, then

ot
1191/140
6/7

1140

'1191 140
604 /35
1191/, 49

6/;

(3.15)

6 /7

1191 /1 40
599 /35
531 /70

(3.16)
(3.17)

267

1140
6 /7
531/
302/g;
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Thus, the problem is reduced to calculating the eigensystem of the nxn
matrix A~'C'A~' P (in general non-symmetric). Since the matrix P is positive
definite, it has a unique square root P'/2 . Therefore, by defining f=P'/?a ,
(3.17) can be rewritten as

A3 =PRAICAIPR3, (3.18)

where P'2A"'C'A='P'% is a symmetric matrix. Once the eigenvectors f3
have been computed, the coefficient vectors a of the approximated principal
factors ¢ in the B-splines basis are obtained as

a =PY23 . (3.19)
3.2. Fifth-degree B-splines

The following B-splines can be applied to all equations in subsection
3.1.The fifth-degree B-splines are defined as

xP 0<z<h

—5x® 4 30hz* — 60h2z3 + 60h322 — 30h*z + 6h° h<z<2h

B o 1 x5 — 120hz? + 540h2 23 — 1140R322 + 1170h%*x — 474h5 2h <z < 3h
0 = T20m5 —1025 + 180hx? — 1260h2 3 + 4260h322 — 6930h*x + 4386h° 3h <z < 4h
52% — 120hxz? 4+ 1140h223 — 5340h3x2 + 12270h* 2 — 10974A5 4h < x < 5h

—25 + 30ha? — 360h2z3 + 2160h3 22 — 6480h%*x + TTT6RO5R 5h <z < 6h

Bi(z) = Bo(x — (i—1)h) ,i=2,3, ... .

Then, the coefficient matrix in (3.4) is given by
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[ 66 26 1
26 66 26 1
1 26 66 26 1
1 26 66 26 1

1 26 66 26 1
1 26 66 26
1 26 66

and P in (3.16) is given by

F E, D Ci B 4

with the parameters given in Table 3.1. Then, the principal factors gg are
obtained from (3.19).
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Table 3.1. Parameters of matrix P

Parameter Value Parameter Value

Ay 655177/231 Bs 9738114/2772
A, 1277215/231 Cq 1086965/1386
As 1310333/231 Co 1101744/1386
Ay 1310354/231 D, 152637 /2772
B; 8170295/2772 Eq 509/63

Bs 9729001/2772 Fy 1/2772

4 NUMERICAL RESULTS AND CONCLUSIONS

In this section, the methods discussed in section 3 were tested on sim-
ulated data from the literature Castro et al. (1986).To examine the effec-
tiveness of the approach on simulated data, sample functions were generated
using various observations by means of the formula

v(x) = N(my, s1) exp [‘(“”5‘05200) } + N(mag, s52) exp [_(2_5@00) } , (4.1)

where N(m;,s;) is the Gaussian distribution with m; =7, s1=0.5, my=3, $=0.5
Several typical absorbance curves y(x), for wavelengths of light x between
350 nm and 700 nm are shown in Figure 4.1.

Figure 4.1. Simulated sample curves of filter absorbance



Several typical curves, for p=30 and various values of n, were obtained by
using the methods developed in section 3. The results are depicted in Figure
4.2 and Figure 4.3 for third-degree and fifth-degree B-splines. The obtained
eigenvalues associated with Kernel C(s,t) are displayed in Table 4.1, based on
the method in section 3. Included in these tables are the associated results
due to Castro et al.(1986).1t is observed from Table 4.1 that, the method of
present paper gives better results than the method of Castro et al.(1986).
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Table 4.1. Eigenvalues and process variability

Computed results

Knot Observed | Spline Eigenvalues Process
number | number | order A1, Ao variability
12 30 3 0.3558 | 0.00188 | 99%

12 30 5 0.3588 | 0.00191 | 99%

20 30 3 0.9369 | 0.0024 | 99%

20 30 5 0.9377 | 0.0024 | 99%
Castro et al. (1986)

Knot Observed | Eigenvalues Process

number | number A1, Ao variability

17 50 0.365 | 0.244 | 60%

20 50 0.929 | 0.096 | 90%

i3

-151

Figure 4.2. First eigenfunction (solid curve) and second eigenfunction (dot-

ted curve) by third-degree B-splines.

271



272

131

111

111

-5l

H.CAGLAR,N.CAGLAR

Figure 4.3. First eigenfunction (solid curve) and second eigenfunction (dot-
ted curve) by fifth-degree B-splines.

Refering to Table 4.1, it is seen that, in each case for a one-dimensional
model, about 99% of the process variability is explained. The method gave
the best results for knot number greater than 12. It shown that the PCA
technique using B-spline functions in the continuous sample curves gives the
best results. The compute the PCA of high B-spline interpolation of a process
a computational algorithm coded in Qbasic has been developed.
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1. Introduction and Preliminaries

Just recently, the author [8] announced a new class of mappings - A-monotone map-
pings - which have a wide range of applications limited not only to variational inclusion
problems, but also extend to applications to hemivariational inclusion problems, espe-
cially from the fields of engineering science and mechanics On one hand, the class of A-
monotone mappings generalizes the well-known class of maximal monotone mappings.
Here we first consider the approximation solvability of nonlinear variational inclusion
problems involving A- monotone mappings and relaxed cocoercive mappings - a more
general notion than the cocoercivity and strong monotonicity - in a Hilbert space setting,
and then we consider convergence analysis based on the generalized resolvent operator
technique for the solutions. We note that the A—monotonicity is defined in terms
of relaxed monotone mappings - a more general notion than the monotonicity/strong
monotonicity. For additional details on inclusion problems and related topics, we rec-
ommend [1- 10].

Let X be a real reflexive Banach space and X* be its dual. Let T : X — 2% be
a nonlinear mapping from X into the power set 2% of X* and let [u*,u] denote the
duality pairing between the elements of X* and X. Next, let the effective domain D(T")
of T be defined by

D(T)={ue X :T(u) # 0},

and the range R(T") of T' be defined by
R(T) = ] T(u).
ueX

The mapping T is maximal monotone if
(i) T is monotone.
(1) For each v € X and u* € X*,

[ —v"u—v] >0V veDT),v*eT(v),
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implies u* € T'(u). The mapping T is said to be pseudomonotone if {u,} is a sequence
of X such that {u,} — v and if {u}} € T'(u,) with

lim suplu),u, —u] <0,

n—oo

imply that for each element v € X there exists an u*(v) € T'(u) such that

lim influ),u, —v] > [u*(v),u —v]Vv € X.
On the top of that, the mapping T is said to be generalized pseudomonotone if {u,} is
a sequence of X such that {u,} — v and if {u’} € T'(u,) with

lim suplu),,u, —u] <0,
n—oo

imply that the element u* € T'(u) and
[ un] = [u”ul.

Following Rockafellar [5], a monotone mapping M : X — 2% " from a real reflexive
strictly convex Banach space X into its strictly convex dual X* is maximal monotone iff

R(M +J) = X",

where J : X — X* is the duality mapping on X. This is equivalent to stating that M is
J — monotone iff M is monotone and

R(M +J)=X*.

This motivated us to extend the notion of the A— monotonicity [8] to a reflexive Banach
space setting as follows: a mapping M : X — 2% is A—monotone if M is relaxed
monotone and R(M + AA) = X*, where A\ > 0, and A : X — X* is any nonlinear
mapping on X. Also, a variant form of this definition is applied to nonlinear variational
inclusion problems in Hilbert space as well as in reflexive Banach space settings.

Definition 1. Let 4: X — X* and M : X — 2% be any mappings on X. The map
M is said to be A—monotone if
(1)M is (m) — relaxed monotone.

(#3)(A + pM) is maximal monotone, where 4 : X — X* and p > 0.

Example 1. [4] Let A : X — X* be (m) — strongly monotone and f : X — R
be locally Lipschitz such that df is («) — relazed monotone. Then Of is A—monotone,
that is, A 4+ 9f is maximal monotone for m — a > 0, where m,a > 0. Clearly, A 4+ 0f is
(m — a) — strongly monotone for m — o > 0, that is,

[u* —v*, u—v] > (m— a)|u—v]||*Yu,v € X,

where u* € A(u) +90f(u),v* € A(v)+9f(v) and m —a > 0. As a matter of fact, A+ 9f
is pseudomonotone and hence under the assumptions it is maximal monotone. If {u,}
is a sequence of X such that {u,} — u and if {u*} € A(u,) + 0f(u,) such that

lim suplu),, u, —u] <0,

n—oo
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then for each element v € X there exists an u*(v) € A(u) + 9f(u) such that

nh_{& influy, uy, —v] > [u*(v),u —v] Vv € X.

It follows from above inequalities that {u,} — u. Furthermore, the other conditions are
fulfilled from the upper semicontinuity of O f.

In what follows, H shall denote a real Hilbert space with the norm ||z| and inner
product (x,y) for all z,y € H. Let K be a closed convex subset of H.

Lemma 1. Let A:H — H be (r) — strongly monotone on a real Hilbert space H
and M : H — 2 be A-monotone. Then the resolvent operator JfLM = (A+pM)~1:
H — H is (———) — Lipschitz continuous for 0 < p < =.

r—p

Definition 2. A mapping T': H — H is said to be (m) — relazed monotone if there
exists a positive constant m such that

(T(x) = T(y),x —y) = —mllz — y||*Vo,y € H.

Definition 3. A mapping T': H — H is said to be (s) — cocoercive if there exists a
positive constant s such that

(T(x) = T(y),x —y) = s|T(x) = T(y)||* Va,y € H.

Definition 4. A mapping T': H — H is said to be (m) — relazed cocoercive if there
exists a positive constant m such that

(T(z) = T(y),z —y) =2 —m|T(x) - T(y)|*Va,y € H.

Definition 5. A mapping T : H — H is said to be (y,m) — relazed cocoercive if
there exist positive constants v, m such that

(T(z) = T(y),x —y) = —m|T(z) = T(Y|* +yllz - yl|* Yo,y € H.

Example 2. Consider a mapping T : H — H, which is nonexpansive. If we set
A=1T1-T, then A is (1) — cocoercive. For all u,v € H, we have

214w — A = Zhu— ol + ZITw) ~ TP
— 0 T() — T()
< Ju— ol ~ a0, T(w) - T()
= (u—v,A(u) — A(v)).

Clearly, the cocoercivity implies the relaxed cocoercivity, while the converse may not
hold in general.

Definition 6. A Hausdorff pseudometric H” : 27 x 2 — [0, +00) U{+00} is defined
by

H"(A, B) = max{supucainfoep|u — v, supuepinfocallu —v||}V € A, B € of,
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We note that if the domain of H” is closed bounded subsets, then H” is the Hausdorff
metric.

Definition 7. A mapping U : H — 2 is H" — (\) — Lipschitz continuous if there
exists a constant A > 0 such that

HMU(u),U(v)) < Mju— || Vu,v € H.

Lemma 2. Let A:H — H be (r) — strongly monotone on a real Hilbert space H
and M : H — 2 be A-monotone. Then the resolvent operator J4 ,, := (A + pM)~!:
H — H is (r — pm) — cocoercive for 0 < p < =-. 7

Proof. For any u,v € H, it follows from the definition of the resolvent operator that

Thar(w) = (A+ pM)™ (u),

Jhu (W) = (A+pM)~ (v).
This further implies that

%[u — A, ()] € M(J% p(w),

%[v — AT (W) € M(J5 3 (0).

Since M is A—monotone (and hence , it is (m) — relaxed monotone), we have

%<u 0= (AW g (1) = ATy ()], T 0y (0) = Ty (0)

> —ml|lJG g (u) = T4 ()]
Therefore, we have

(u—wv, fo,M(u) - J£7M(U)>

(Tha (W) = T4 4y (0), ACTS () — AT 4 (v)))

- Pm”fo,M(u) - JZ,M(@”Z

2 THJZ,M(U) - Jﬁ,M(”)||2 - Pm”JZ,M(U) - JZ,M(U)H2

= (r—pm)|[J5 p(u) = TG o (0)]1%.

%

This completes the proof.
2. Algorithms and Variational Inclusions

Let H be a real Hilbert space and K be a nonempty closed convex subset of H. Let
A:H — H and M : H — 29 be two nonlinear mappings. Let S : H x H — H and
U : H — 21 be any mappings. Then the problem of finding an element a € H, u € U(a)
such that

0 € S(a,u) + M(a) (1)
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is called a class of nonlinear variational inclusion (abbreviated CNVI) problems.
Next, a special case of the CNVI (1) problem is: determine an element a € H such that

0 € S(a,a) + M(a). 2)

When M (z) = Ok (z) for all z € K, where K is a nonempty closed convex subset
of H and Ok denotes the indicator function of K, the CNVI(1) problem reduces to:
determine an element a € K such that

(S(a,a),z —a) >0 for all x € K, (3)

Lemma 3. Let H be a Hilbert space. Let A : H — H be strictly monotone,
M : H — 27 be A—monotone. Let S : H x H — H be any mapping. Then a given
element a € H such that v € U(a) is a solution to the CNVI(1) problem iff a and u
satisfy

a =Ty (A(a) - pS(a,w)), (4)

where U : H — 27 is a multivalued mapping on H.

Algorithm 1.
Step 1. Choose a° € H and u" € U(a®) such that

ak-‘rl _ JZ,M[A(ak) _ pS(ak,uk)].

Step 2. For an a**! € H, choose an u**! € U(a**) such that

1
W =) < (U U, Ula),

where H”(.,.) denotes the Hausdorff pseudometric on 2. Step 3. If the sequences {a"}
and {u*} satisfy to a sufficient degree of accuracy

a" = J4 \[A(a?) — pS(a®, u")],
stop. Otherwise, set k = k 4 1 and return to Step 1.

Algorithm 2.
Step 1. Choose a’ € H such that

a6 [A@GR) - pS(ak, ab))
Step 2. If the sequence {a*} satisfies to a sufficient degree of accuracy
" = Jf y[A(a") = pS(a”,a")],

stop. Otherwise, set k = k 4+ 1 and return to Step 1.

Theorem 1. Let H be a real Hilbert space. Let A : H — H be (r) — strongly
monotone and (a) — Lipschitz continuous, and let M : H — 2H be A—monotone. Let
S : H x H— H be such that S(.,y) is (), s) — relaxed cocoercive and (3) — Lipschitz
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continuous in the first variable and let S(x,.) be (1) — Lipschitz continuous in the second
variable for all (z,y) € H x H. Suppose that U : H — C(H) is (p, H") — Lipschitz
continuous, where C'(H) denotes the collection of all closed subsets of H. If, in addition,
the CNVI(1) admits a solution (a,u), if sequences {a*} and {u*} are generated by
Algorithm 1 and if there exists a positive constant p such that

Va2 —2ps + p2 32 + 20A32 + prp < (r — pm),

then sequences {a*} and {u*} converge to a and u, respectively.

Corollary 1. Let H be a real Hilbert space. Let A : H — H be (r) — strongly
monotone and (a) — Lipschitz continuous, and let M : H — 2 be A—monotone. Let
S : H x H — H be such that S(.,y) is (s) — strongly monotone and () — Lipschitz
continuous in the first variable and let S(x,.) be (7) — Lipschitz continuous in the second
variable for all (x,y) € H x H. Let a,u € H form a solution to the CNVI(1) problem.
Suppose that U : H — C(H) is (p, H") — Lipschitz continuous, where C(H) denotes
the collection of all closed subsets of H. If, in addition, sequences {a*} and {u*} are
generated by Algorithm 1 and if there exists a positive constant p such that

VaZ —2ps+ p2u? + prp < r — pm,

then sequences {a*} and {u*} converge, respectively, to a and u,
which form a solution to the CNVI (1) problem.
Proof of Theorem 1. Using Algorithm 1 and Lemma 1, we obtain

la¥ Tt — ¥ = |lJ5y [A(a") = pS(a”, uP)]

— Jin A ) = pS(at Ut )|

1
r—pm

IA

[1A(a*) — A(a*™1) = p(S(a®, u*) = S(a*~ 1 W)

1
r—pm

IN

[1A(a*) = A(a"™1) = p(S(a*, u*] = S(a* 1, u"))|

+ llp(S(a" ! u®) = St u )]

1

T — pm

IN

[1A(a*) = A(a"™1) = p(S(a*, u*) = S(a*~1,u"))|

+ prllut —ut ]

1
r—pm

IA

[1A(a*) — A(a"™1) = p(S(a*, u*) = S(a* 1, u"))|

1 _
+prp(1+ llak — )
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Since
I[A(a") = A(a*™") = p(S(a®,u¥] — S(a*~1,u"))|?
= [ A(d") - A(a ’H)H2 2p<A(ak)—A(ak_l)as(akvuk)—S(flk_17uk)>
+ P2||5(ak uF) = S(a*t uh)|?
< (a +2pA52*2ps+p 5)|la® — a2
= (a® —2ps+ p*B° + 2pA0%)[|a* — a7,
we have
Hak‘H _ ak—lH
1 ko k-1 ak—1
< 1
< Bl — (L et - )
1
_ 14+ = E k-1
[ 0 (1 + )" =
where

0 = /a2 — 2ps + p232 + 2p\j32

and 0 4 pTp < r — pm, that is,

Va2 —2ps + p2 82 + 2p\32 + prp < r — pm.

Under the assumptions of the theorem, it follows from the above inequality that {a*}
is a Cauchy sequence. As a result, there exists an @ € H such that the sequence {a*}
converges to a as k — oo.

To conclude the proof, we show that the sequence {u*} converges to u € U(a). Since

IS(@"=",u?) = S@@* L WP < rflut - Wt

1 -
< 7p(l+ Dl — a1,

it follows that {u*} is a Cauchy sequence. Thus, there exists an u € H such that
{u*} — wask — oo.
Next, we show u € U(a). Since U(a) is closed and

d(u,U(a)) = inf{|lu—v| :v € U(a)}
lu = u®|| + d(u*,U(a))

lu = u®|| + HNU(a*),U(a))

lu — u*|| + plla® — al| — 0,

IAIACIA
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it implies that u € U(a). As a matter of fact, the continuity ensures that a and u satisfy
a = J ,(A(a) = pS(a, ).

Finally, it follows from Lemma 3 that (a,w) is a solution to the CNVI (1) problem. This
concludes the proof.

Theorem 2. Let H be a real Hilbert space. Let A : H — H be (r) — strongly
monotone and («) — Lipschitz continuous, and let M : H — 2 be A—monotone. Let
S : H x H— H be such that S(.,y) is (A, s) — relazed cocoercive and (8) — Lipschitz
continuous in the first variable and let S(x,.) be (7) — Lipschitz continuous in the second
variable for all (z,y) € H x H. If, in addition, the CNVI(2) admits a solution a € H, if
the sequence {a*} is generated by Algorithm 2 and if there exists a positive constant p
such that

Va2 —2ps + p232 + 2pA3% + pp < (r — pm),

then the sequence {a*} converge to a.

Proof. Using Algorithm1 and Lemma 1, we obtain

||ak+1 _ akH _ HJJI\%p[A(a% — pS(ak,ak)]
— T, [AW@) = pS(at T at )|
< 5 —1pm[||A(ak) — A" = p(S(a*,a*) = S(a* )]
< 5 _1pm [l A(a") — A(a*™") = p(S(a*, a"] — S(a*~,a"))|
+ [lp(S(a"a") = S(a* 7 aF )]
< —1pm[||A(ak) — A1) = p(S(a*,a*) = S(a* 1, a"))|
+ prllat - a7
< —1pm[||A(ak) — A(@*1) = p(S(a*,aF) = S(a* 1, ab))|
£ prp(+ Dlla* — a7

Since

[[A(a") — A(a*™1) = p(S(a*,a"] = S(a" 7", d"))|?
|A(a") — A(a"1)|1?

2p(A(a") — A(a*™1), S(a", a¥) = S(a", "))
p*[1S(a*,a") = S(a*t, a")|?

(0% +2pA3 = 2ps + p* ) ||a* — a* 1P

(0® = 2ps + p° 3% 4+ 2pA3%)|Ja* — a7,

IN +
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we have

1

||ak+1 _ ak—IH <
r— pm

_ 1 _
[Olla® = a"=HI + prp(1 + L) lla* — "]

= @+ a1+ D)l — aF,

r—pm

where

0 =/a2 —2ps + p2 32 + 2pA\32
and 0 + pTp < r — pm, that is,

Va2 —2ps + p2 32 + 2pA\G2 + prp < r — pm.

Under the assumptions of the theorem, it follows from the above inequality that {a*}
is a Cauchy sequence. As a result, there exists an @ € H such that the sequence {a*}
converges to a as k — oo.

We remark that the obtained results can be extended to the case of a system of
nonlinear variational inclusion problems on two Hilbert spaces. Let H; and Hs be two
real Hilbert spaces and K; and K, respectively, be nonempty closed convex subsets of
H, and Hy. Let A: Hi — Hy, B: Hy — Hy, M : H — 2% and N : H, — 2H>
be nonlinear mappings. Let S : Hy x Hy, — Hy and T : H; X Hy — Hs be any two
multivalued mappings. Then the problem of finding (a,b) € H; x Hs such that

0 € S(a,b) + M(a), (5)

0€T(a,b) + N(b), (6)

is called the system of nonlinear variational inclusion (abbreviated SNVI) problems.

When M(z) = 0k, (x) and N(y) = Ok, (y) for all x € Ky and y € K5, where K; and
K, respectively, are nonempty closed convex subsets of H; and Hj, and Ok, and Ok,
denote indicator functions of K; and Ks, respectively, the SNV I(1) — (2) reduces to:
determine an element (a,b) € K7 x Ks such that

(S(a,b),z —a) >0 for all z € K3, (7)

(T(a,b),y —b) >0 for all y € K. (8)

Lemma 4. Let H; and H, be two real Hilbert spaces. Let A : Hy — H; and
B : Hy — H, be strictly monotone, M : H; — 2%t be A—monotone and N : Hy — 28>
be B—monotone. Let S : Hy x Hy — Hy and T : Hy X Hy — Hj be any two multivalued
mappings. Then a given element (a,b) € H; x Hy is a solution to the SNVI(1) — (2)
problem iff (a,b) satisfies

a= Jfl,M(A(a') - pS(a7 b))a (9)
b=Jp n(B(b) =T (a,b)). (10)
Algorithm 3. Choose (a°,b°) € H; x Ha, such that

a" = J4 \[A(d") — pS(a*,b")]
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b = T} v [B(d¥) — pT(a*,b¥)].

Theorem 3. Let H; and H> be two real Hilbert spaces. Let A : Hy — Hy be
(r1) — strongly monotone and (ay) — Lipschitz continuous, and B : Hy — Hjy be (1) —
strongly monotone and () — Lipschitz continuous. Let M : Hy — 21 be A—monotone
and N : Hy — 292 be B—monotone. Let S : Hy x Hy — H; be such that S(.,y)
is (y,7) — relazed cocoercive and (u) — Lipschitz continuous in the first variable and
S(x,.) is (v) — Lipschitz continuous in the second variable for all (z,y) € Hy x Hy. Let
T : Hy X Hy — Hj be such that T'(u,.) is (A, s) — relaxed cocoercive and () — Lipschitz
continuous in the second variable and T'(.,v) is (7) — Lipschitz continuous in the first
variable for all (u,v) € Hy x Hy. Let (a,b) € Hyx Hy form a solution to the SNV'I (4)—(5)
problem. If, in addition, there exist positive constants p, 7 and sequence {(a*,b*)} is
generated by Algorithm 3 such that

(r2 — 7p) \/ af = 2pr + 2pyp? + p?p? + n7(ry — pm) < (r1 — pm)(r2 — np)

(ri —pm) \/ a3 — 2ns + 20AB2 + 0232 + p(ry —np) < (r1 — pm)(r2 — 1p),

then the SNV I(4)—(5) problem has a solution (a, b), where M is (m)—relaxed monotone
and N is (p) — relaxed monotone
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Abstract. The present paper makes a further study on the existence and stabilization
in a earlier article (J. Concr. Appl. Math). One considers the nonlinear viscoelastic
evolution equation

uy + Au+ F(z,t,u,u) —g* Au=0 on I' x (0,00)

where I is a compact manifold. When F' # 0 and g # 0 we prove existence of global so-
lutions as well as uniform (exponential and algebraic) decay rates, provided the kernel
of the memory decays exponentially and F' satisfies suitable growth assumptions.
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1 Introduction

This manuscript is devoted to the study of the existence and uniform decay
rates of solutions u = u(x,t) of the evolution viscoelastic problem

t
(+) uge + Au+ F(x,t,u,uy) — / gt —7)Au(r)dr =0 on T x (0,00)

0
u(z,0) = ul(z), w(x,0)=u'(x), z€T

where T is the boundary, assumed compact and smooth, of a domain  of R",
not necessarily bounded.
We will assume that A is the self-adjoint operator, not necessarily bounded,

defined by the triple {H1/2(F), L2(D), ((-, ~))H1/2(F)}. In this case, A is charac-
terized by

D(A) = {u € H'Y2(T'); there exists f, € L*(T") such that

(Fur )2y = (w0, 0) oy s forall v e H1/2(r)} . fu=Au
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(Au,v) oy = ((4,0)) grajery; for all uw € D(A) and for all v € HY2(T). (1.1)

Since the embedding H'/?(T") < L*(T') is compact, we recall that the spec-
tral theorem for self-adjoint operators guarantees the existence of a complete
orthonormal system {w, },en of L?(I") given by eigen-functions of A. If {\, },en
are the corresponding eigenvalues of A, then A\, — +0o0 as v — +o00. Besides,

—+o00
D(A) = {u € LQ(F); ZA3| (ua wu)Lz(F) |2 < +OO},
v=1
+o0
Ay = Z Ay (u,wu)LQ(F) wy; for all u € D(A).
v=1

Considering in D(A) the norm [Au| 2, it turns out that {w, } is a complete
system in D(A). In fact, it is known that {w,} is also a complete system in
H*'/2(T"). Now, since A is positive, given § > 0 one has

“+o0
D(Aé) = {u € LQ(F); ZAE(S‘ (U;WU)LQ(F) |2 < +OO},
v=1

+oo
Adqy = Z e (w,wy) p2rywys  forall u € D(A%).

v=1

In D(A®) we consider the topology given by ‘A‘Su‘Lz(F). We observe that
from the spectral theory, such operators are also self-adjoint, that is,

(Aéu,v)Lz(p) = (u, Aé’l])LQ(F); for all u,v € D(A5)
and, in particular,
D(AY?) = H'Y2(I). (1.2)

At this point it is convenient to observe that, according to J. L. Lions and
E. Magenes [[11], Remark 7.5] one has

HY*(I') = D[(-Ar)"/?), (1.3)

where Ar is the Laplace-Beltrami operator on I'. Then, from (1.1), (1.2) and
(1.3) we deduce that

(Au,v)pary = (=Arw,v)po(ry;  for allu € D(A), forallv e HY2(T), (1.4)

that is, Au = —Arpu for all u € D(A) which implies that A < —Ap. This means
that when A is the operator defined by the above triple, problem (x) can also
be viewed like the wave operator on the compact manifold I'.

Now, if one considers the extension A : HY/2(I') — H~'/2(T) of A defined
by

< AU,’U >H*1/2(F),H1/2(F): ((U,’U))HUQ(F) ; for all u,v e Hl/Q(F) (15)
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it is well known that A is bijective, self-adjoint, coercive and continuous (indeed
isometry).

In the present manuscript we derive exponential and algebraic decay rates
(as in the earlier article) assuming that the kernel decays exponentially, and,
moreover, that fooo g(s) ds is sufficiently small. For this purpose we make use of
the perturbed energy method due to A. Haraux and E. Zuazua [7].

It is worth mentioning the papers in connection with viscoelastic effects on
the boundary I" of a domain 2 of R™. This was considered by M. Aassila, M. M.
Cavalcanti and J. Soriano [4] whom considered the linear wave equation in §2 sub-
ject to nonlinear feedback and viscoelastic effects on the boundary and proved
uniform (exponential and algebraic) decay rates. Also, we can cite the article of
D. Andrade and J. E. Mufioz Rivera [2] whom considered a one-dimension non-
linear wave equation in = (0,1) subject to nonlocal and nonlinear boundary
memory effect. They showed that the dissipation introduced by the memory
term is strong enough to secure global estimates, which allow them to prove
existence of global smooth solution for small data and to derive exponential (or
polynomial) decay provided the kernel decays exponentially (or polynomially).

A natural question in this context is about the non-existence results for the
nonlinear wave equation in €2 when we have viscoelastic effects on the boundary.
In this context we can mention the work of M. Kirane and N. Tatar [9] who
derive non-existence results.

Our paper is organized as follows: In section 2 we present some notations,
the assumptions on ¢ and F' and state our main result. In section 3 we prove
existence and uniqueness for regular and weak solutions and in section 4 we give
the proof of the uniform decay.

2 Assumptions and Main Result
Define

(u,v) = [pu(z)v(x) dr; lul® = (u,u), ully = [p lu(z)]” da.

The precise assumptions on the function F(z,t,u,u;) and on the memory
term g of (%) are given in the sequel.

(A.1) Assumptions on F(z,t,u,us)
We represent by (z,t,£,1) a point of T' x [0,00) x R?. Let

F:Tx[0,00) x R? = R
satisfying the conditions
FeC" (' x[0,00) x R?). (H.1)
There exist positive constants C', D and (3 > 0 such that

Pt em)| <0 (1+1gM +mt) (H.2)
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WhereO<§,p§ﬁ ifn>3and & p>0ifn=1,2;
Fla,t,6,n)¢ > [ €+ Bnl" 1 [¢]5 for all ¢ € R (H.3)

Fulw,t,6m)| < C (14l 4167 5 (H.4)
|Fe(z,t,6,m)| < C QA+ nl” +[€7); (H.5)
Fy(x,t,&m) = Bnl" (H.6)
(PG, tem) = Fla,t.€a) (¢ <) (H.7)
>-D (I +[€]) [¢ - €[ [c -] foranc,ler.
A simple variant of the above function is given by the following example

F(xz,t,&n) =B’ n+ ¢ €.

(A.2) Assumptions on the Kernel
We assume that g : Ry — R is a bounded C? function satisfying

1—/0 g(s)ds=1>0 (H.8)

and such that there exist positive constants &7, £2 and &3 verifying

—&1g(t) < g'(t) < —&g(t); forall t >0, (H.9)
0<g"(t) < &g(t); forallt>0, (H.10)
0>g"(t) > &g (t); forallt>0. (H.11)

Now we are in a position to state our main result.

Theorem 2.4. Let the initial data {u®,u'} belong to D(A) x H'Y2(I)
and assume that the assumptions in (A.1) and (A.2) hold. Then, problem (x)
possesses a unique reqular solution u in the class

w e L*®(0,00; HY(I)), u' € L=(0,00; HY/2(I), v € L>(0,00; L3(I)). (2.6)
Moreover, assuming that the kernel ||g| ‘Ll((],oo) is sufficient small, the energy

B@) = 5 {0 OF + 1400 + 25 ol 2.1

has the following decay rates

E(t) < (g6t + [E(0)]/*)72/7 for all t > 0, for all € € (0,¢0], (if p > 0) (2.8)
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where 0 and ey are positive constants, and
E(t) < CE(0)e ! for all ,¢t > 0 for all € € (0, 0], (if p = 0), (2.9)

where C, w and €y are positive constants.

Theorem 2.5. Let the initial data belong to HY/?(T') x L*(T") and assume
the same hypotheses of theorem 2.4 hold. Then, problem (x) possesses a unique
weak solution u in the class

u e C°([0,00), HY/2(I')) N C*([0, 00); L(I)). (2.10)

Besides, the weak solution has the same decay rates given in (2.8) and (2.9).

3 Existence and Uniqueness of Solutions

In this section we first prove existence and uniqueness of regular solutions to
problem (%) making use of Faedo-Galerkin method. Then, we extend the same
result to weak solutions using a density argument.

3.1 Regular Solutions

Now, let us consider the existence of regular solutions. For this end, let
us consider the operator A : D(A) C L*(I') — L?(T') defined by the triple

{Hl/Q(F),LQ(F), ((~,~))H1/2(F)}. Let {w,} be a basis in D(A), consider V,,, =

[wi,- -+ W] and upy, = Z;n:l djm (t)w; verifying
(1), w) + (At (), w) + (F(2, 8, um (t), uy, (1)), w) (3.1)

t
—/ g(t = 7) (Aup (1), w)dr =0; for all w € V,,,,
0

U (0) = gy — u® in D(A); ! (0) = w1y — u in HY3(T). (3.2)

3.1.4 - A Priori Estimates
The First Estimate: Considering w = u,,(¢t) in (3.1), we deduce that

1d / 2 1

-7 A /2 2

> {|um<t>| A Pun (P +
+B[ur, (DI[5F5 + g(0)| A 2 (1)

_ % {/Otg(t _ T)(Al/%m(T),Al/%m(t))m}

||um<t>||zi§} (3.3)

- / t g (t — ) (A2 up (1), AY ?u,, (1)) dr.
0
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We observe that in view of assumption (H.9), making use of Cauchy-Schwarz
and ab < a + nb? inequalities, we have

t
/ g (= 7Y (A2, (7), AV 20 (1)) dr (3.4)

0

2 t 2
<1( / g(t—r>|A1/2um<T>dT) A P ()2
0
t

< 4117 9!l o, OO)/O gt — ) AY 20, (7)) 2d7 + 1| AV 20, (1) .

Combining (3.3) and (3.4) we arrive at

2 dt v+ 2 v+2
+6 [|uy, ()Ilpi§+( (0) — )| A 2w (1)

<l gl — A (), AP, 0)ar

52 t
+ﬁ||g||L1(O,oo) ; g(t =) AV Pu (7) dr.

3 { O + 14 2008 + 2 a3} 69

Integrating (3.5) over (0,t), we obtain

1 2 2 2
3 { B 1420 OF + 2 1713 (36)
t t
2
48 [ (s ds + 00) =) [ 14120 (5)ds
2
{u1 2 4 [ A2y, 2 + H omllzﬁ}
t
+ / g(t—T)(A1/2um(7)7A1/2um(t))d7
0
+ﬁ H9||2Ll(0 ) /t |AY 24, (5)|? ds.
4n ’ 0
Finally, we observe that for an arbitrary n > 0, we infer

/O ot — 7) (A2, (1), AY 20, (1)) dr (3.7)

1 t
< AP un () + n 1911 L1 0,00 1911 o< (0,00) /0 |AY 2y ()2 ds.
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From (3.6) and (3.7) we have

L 2 1 1/2 2 v+2

& (1) +(§—77)|A () + — (O} (3.8)
+2

8 / | (5)] 22 ds / AV 20, (5)|2ds

1/2 2 y+2
{|u1m| +|A / U ml +—F +2 H 0m||’y+2}

& 2 /t 1/2 2
- [eS) A/ m d *
+ (477 ||g||L1(O,oo) + 477 ||gHL1(O,oo) HgHL (O,oo) o ‘ U (S)‘ S

From (3.2), (3.8), choosing n > 0 sufficiently small and employing Gronwall’s
lemma, we obtain the first estimate

[ (O + 1A 2 ()2 + [ (D25 + / () lfizds < Lo (39)

where L, is a positive constant independent of m € N and ¢ € [0,T].
The Second Estimate: Considering w = !/,(0) and ¢ = 0 in (3.1),
Jurr, ()7 < [| Attgum| + [F (., ttn (£), ) ()] 11, (0)]

From the last inequality and making use of the assumption (H.2) on F, we
obtain
lur (0)| < Ls (3.10)

m =

where Lg is a positive constant independent of m € N.
Now, getting the derivative of (3.1) with respect to ¢ and substituting w =
ulr (t) in the obtained expression, it results that

1d
26#{|u%(t)|2+‘141/2u, t }_’_ﬂ/|um|l7 |u ‘ dF+g( )|A1/2u;n(t)|2

< C/ (1 Js 7 a1 T
e / (14 fel” + [t [ il T
t
g (O) (A P (1), AMP0l, (1)) — / g (t = T)(APup(r), AV, ()
0

+9(0 o (A (1), AY2ul, (1)) (3.11)
di {/ (- T)(Al/Qum(r),Al/Qu;n(t))dr} .
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We observe that from (H.10) it holds, from an arbitrary n > 0, that
¢
o= A7), 412 1) (3.12)
0
52 '
\|g|\L1(0 ~ | g(t — 7Y AY 2, (7)|2dr + | A2l (1)]2

We also have

g'(0) (A2 (1), AV, (1)) < (5’55]))2 ‘Al/Qum(t)‘Z +n ‘Al/%;n(t)f(g.ls)

Integrating (3.11) over (0,t) taking the generalized Hélder inequality and
(3.12) and (3.13) into account, it holds that

S + 5 42 0] (3.14)

2
2
—QCU//\um| lu”|* dT'ds + (g 727)/’141/2’ s)| ds

1
§§ ur (0 |+ )Al/zulm) + CT meas(T)

C ! 2(y+1) ’ 2 d c [ / p+2d
01 [ (lum ety + ) ) ds + 5 [l ()13 ds

t t
2
+C/O [, (5))| ds+02/ et ()37 0y 11t () g1y 1 ()| ds
/ 2 pt t 2
+(gi?7)) /’A1/2um(5 ds + 2 ||g|\LIOOC)/ g(t—q—)’Al/2um(T)‘ dr
0 0

+9(0) (A 2upn (1), A2, (1)) + /O ) (A1 2upn(7), A2, (1)) dr.

But, as in (3.7) taking the assumption (H.9) into account, we have

/0 t g'(t—7) (Al/Qum(T), A1/2u;n(t)) dr (3.15)

NS "1y 2
< 0420 + 3 ol 1ol | |45 0]t
We also infer

4(0) <A1/2um(t)7A1/2u;n(t)><(in) ]AW (t)f+n]A1/2u;n(t)‘2.(3.16)

Combining (3.14)-(3.16), choosing 1 > 0 sufficiently small, making use of
the first estimate (3.9), considering (3.10) and employing Gronwall’s lemma, we
obtain the second estimate

1 2 i
0 + 5 4200 + [ [l e < @an
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where Lg is a positive constant independent of m € N and ¢ € [0, 7.
3.1.5 - Passage to the Limit.

Having in mind that |A'/%u| = ([l g2/2 ()3 for all u € H'?(T), and using
compactness arguments then we can pass to the limit in (3.1) to obtain

u" + Au+ F(z,t,u,u') — g+ Au=0 in D'(0,T; H-Y/3(I)) (3.18)

where A : H'/?(T') — H~'/2(T") is the isometric and self-adjoint extension of A
defined as in (1.5). Since, u”, F(x,t,u,u’) € L?(T), from (3.18) it follows that

A(u— g +u) € L2,.(0,00; L*(T)). (3.19)
Therefore,

u— gxue I,(0,00 D(A)), (3.20)
" + A(u—g*u)+ F(z,t,u,u’) =0 in L} .(0,00; L*(T)). (3.21)

3.1.6 - Uniqueness.

Let w and @ be two regular solutions of (xx) satisfying theorem 2.4. Defining
z =u— 1, from (3.21) we deduce

s {17 OF + 0720 )+ 90 |4172500) (3:22)
< 00 (18O 11) + 181 1) ) 12O a1y 12/
/g (t—7) (4722(r), AY22(1) ) dr
5{ ) (A1/22(r), 4122 (1)) dT}.
Note that
[ o= (4722000, 472200) ar (3.23)
< Sl [ o= ) [472200) [ ar - n|a¥2:00)]

Integrating (3. 22) over (0,t) taking (3.23) into account, and having in mind
that |AY2z(t)| = ||2( 1721y, e infer

SOF + 3|40+ 00w [ a0 as (324

oo [ {3 o]

& 2 Yl a2 2 ! 1/2 1/2
+%||9HL1(0,00)/0 ‘A z(s)‘ ds—!—/g(t—T) (A 2(1), A z(t))dr.

0

+ % |z’(s)|2} ds
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Finally, observing that
t
/ g(t —7) <A1/2z(7),A1/2z(t)) dr (3.25)
0

t 2
A1/2z(s)‘ ds,

>
gn’Al/zz(t)‘ + — 1191 11 0.00) 1911 L 0,00
47 L1(0,00) L (0,00) 0

then, from (3.24), (3.25), choosing 7 sufficiently small and employing Gronwall’s
lemma we conclude that [2'(¢)|= |[2()||g1/2(ry= 0, which finishes the proof of
uniqueness for regular solutions of (x) . &
3.2 Weak Solutions
Given {u® u'} € HY/*(I')x L*(I"), since D(A)x H'/*(T') is dense in H'/?(I") x
L3(T') the procedure used in the earlier article is similar. Since g # 0, the
unique difference is due to the memory term which we have already handled,
see (3.3)-(3.9) and the section 3.1.6. For this reason the proof will be omitted.
Analogously we deduce there exists a unique function u verifying
'+ A(u—gxu) + F(z,t,u,w’) =0 in L2 (0, 00; H-Y2(I)) 396
{ u(0) =u’, 4/ (0) = u'. (3.26)

4  Asymptotic Stability

In this section we obtain the uniform decay of the energy for regular solutions,
since the same occurs for weak solutions using standard density arguments.

Let us consider, now, the case F' # 0 and g # 0. From assumption (H.3)
and taking (3.21) into account, we deduce

(1) < -8l (0)I175 + / glt =) (A2u(r), A2 (1)) dr,  (4)

where E(t) is defined in (2.7).
A direct computation shows that

/Ot gt —7) (Al/%(T), A1/2u’(t)) dr (4.2)

(g/0A1/2u) (t) — % (9<>A1/2 ) (t)
J% {; </Otg(s)ds> ‘A1/2u(t)’2} = ; (1) [AY2u(t |

t
(goy) (1) = / gt — ) ly(t) — y(s) ds.
0
Defining the modified energy by

e(t) = 1|u'(t)|2+1(1—/0tg(s)ds> ’A1/2u(t)‘2 (4.3)

+ ,HQH w72+ 5 (90 41%) (1

)

where
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we obtain from (4.1) and (4.2) that

(1) = Bl OIS + 5 (90 A20) (1) Zo) |4 u] . (aa)

We observe that taking the assumption (H.8) into account, we deduce that
e(t) > 0. Now, from (4.4) and considering the hypothesis (H.9) on the kernel
g, we have €'(t) < 0. Furthermore, since

Eit)< (7' +1)e(t) (4.5)

the decay of E(t) is a consequence of the e(t) decay.
Let us define, as in the previous case

w(t) = [e(®)]*? (u/(t), ult)). (4.6)
Taking the derivative of 1(t) with respect to t, substituting
"= —A(u—gx*u)— F(z,t,u,u)

in the obtained expression, it holds that

W) = L) <) (), ut) (4.7)

[e(t)]p/Q{’Al/Qu(t)‘QJr /O glt =) (AY2u(r), AV2u(t)) dr
= (Flaytu ), u®) + (1)}
Since —¢/(f) > 0, we deduce, from (4.5) and (4.7) that
() < —Cie(t) (4.8)
bl {= [0 = I3 - 5 [ olar

+ /Ot g(t—1) (A1/2u(7),A1/2u(t)) dr + |u/(t)|2} ,

where C; = C; (1_1,6(0)).
Repeating the same procedure we have done in the previous paper, we de-
duce, from (4.8) that

W) < —Cie() (4.9)
-l {— (1= n2e (170 + 1) () [ 2u()]| -+ ko) o 01212

+

- I+ /t< T>(A1/2u<7>,A1/2u<t>)d¢+|u’<t>|2},

where 7 is an arbitrary positive number and k& = k(n) is a positive constant
which depends on 7.
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Choosing i > 0 such that 1 —72°/2 (17! + 1)p/2 [e(0))"/? = 1, from (4.9) we
have

Yt) < —Cre'(t) +k[e(0)] |lu' ()27 (4.10)
+ e {5 [ - o)

+ [e()? {/Ot glt = 7) (AV2u(r), AV2u(t)) dr + |u'(t)2} .
From (4.4) and (4.10) we deduce
V() < —(Cr+Cr)e (1) (4.11)
v ewr (g Javeof - L monriz)
+ fe(t)”? { / ot 7) (Awu(T), AV2u(t)) dr + |u'<t)2} :

0

where Cy = Bk [¢(0)]"/>.
Defining the perturbed energy by

ec(t) = (14 (Cy + Co)) e(t) + exp(t) (4.12)
we also deduce that there exists L = L (17!, ¢(0)) such that
lec(t) —e(t)| < eLe(t), foralle>0. (4.13)
Considering € € (0,1/2L], from (4.13) we obtain
%e(t) < e (t) < 2(t) (4.14)
and
27 (0] <[] <2 [e()]T ; ee(0,1/2L].  (415)

Taking the derivative of (4.12) with respect to t, taking (4.28), (H.9) and
(4.11) into account, we conclude

() < Bl @IS 2 (g0 A2 )()—19 n|au| @)
" e[emr“{Z\Aw ) = 5 s}
T+ ele(t)? {/Otg(tr) (Al/zu(r),Al/Qu(t)> dr + |u’(t)|2}.

Having in mind that

(&

1 1
_i‘Al/Q ‘ _7” DS = —et) + 5l @OF  (417)

_% (/Otg(s) ds) ‘Al/Qu(t)‘ + % (goA”Qu) (1),
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and since L**2(T") — L*(T), from (4.16) it holds that

eL(t) < —BCo [/ (1) — ( o AV2u) (1) (4.18)
e o) (1) fe[ea)]”
+= [e)”? (goA1/2u> (t) + & [e(t)] /0 glt =) (AY2u(r), AV2u(t)) dr.
But, since 5 + m = 1 the Holder inequality yields
p ’ p p o 2 +
PP < L () "+ 2 (o) T @)

p+2 pt2 1
< W1 ) 4 gy W)
/j, 2

where g is an arbitrary positive constant. Then, combining (4.18)-(4.19) we

deduce
() < (500 2 Mﬂ) u/(t)|p+2_g(1 g +> le()] 5 (4.20)
- (§ -5 Eor?) (sear) o

t

+oele(t)”? / o(t — 7) (A"u(r), AVu(t)) dr.

0

Estimate for Jo := fot g(t — 1) (A 2u(r), AY?u(t)) dr.
We have

|J2|g/Otg(t—r)‘Al/Qu(t)H‘Alm (1) — AY 2y ‘ ‘A1/2 )‘}dT

2 1 t 2
<7 ‘A”Qu(t)‘ + o (/ gt —7) ‘Al/gu(T) - Al%@)‘ dT)
i 0

t 2

+ ( / g(s) ds> ‘Al/zu(t)‘ (4.21)
0
_ 1 _

<217 e(t) + 3 lollzaoe) (90 47%0) (1) 4 2 g1l 0,0y £ l0)

From (4.20) and (4.21) we infer

) <5co - §1> [ (8)] (4.22)
/j, 2

IA

ec(t)

p+2

3 otz _ - Tz
[ (B e 2 s )] e

- {2 ek (54 5 ol )} (a04720) 0
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Choosing 4, n and [|g|| 1 (g o sufficiently small so that

3
f=1-— <2,upt2 +onl~t 2t ||g||L1(07oo)> >0

and choosing e small enough in order to have

3 1 & p2 (11
ﬂCO - 56/1[)? =z 0 and 5 — € [6(0)]p (2 + @ |g||L1(O,oo)) 2 0

from (4.22) we conclude
P42

ec(t) < —e0[e(t)] 2

£

as we obtained earlier. From this inequality we conclude the desired estimate
as in the previous case.

We observe that when p = 0, then, combining (4.14) and (4.22) the expo-
nential decay holds and, in this case, we are able to deduce directly from the
proof that is not necessary to consider fooo g(s) ds sufficiently small. So, the
proof of theorem 2.4 and (by density) theorem 2.5 is completed. <
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Abstract. In this article we introduce and study the smooth Pi-
card singular integral operators on the line of very general kind. We
establish their convergence to the unit operator with rates. The es-
timates are mostly sharp and they are pointwise or uniform. The
established inequalities involve the higher order modulus of smooth-
ness. To prove optimality we use mainly the geometric moment
theory method.

1 Introduction

The rate of convergence of singular integrals has been studied earlier in [§],
[9], [11], [3], [5], [6] and these motivate this work. Here we consider some very
general operators, the smooth Picard singular integral operators over R and we
study the degree of approximation to the unit operator with rates over smooth
functions. We establish related inequalities involving the higher modulus of
smoothness with respect to || - ||oo. The estimates are pointwise or uniform.
Most of the times these are optimal in sense that the inequalities are attained
by basic functions. We use the geometric moment theory method to give best
upper bounds in the main theorems and also we give handy estimates there.
The discussed operators are not in general positive.
Other motivation comes from [1], [2].
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2 Results

In the next we deal with the following smooth Picard singular integral operators
P, ¢(f;x) defined as follows.
For r € Nand n € Z; we set

that is Z aj = 1. Let f:R — R be Lebesgue measurable, we define for z € R,
=0

£E>0 the Lebesgue integral

Pe(fix): 25/ Za]f x4 jt) | e71/eqt, (2)

J=0

We assume that P.¢(f;x) € R for all € R. We will use also that

Pe(f 252 </ flz+jt)e” |t/5dt> (3)

We notice by i [Z5_ e 1t/¢dt =1 that P,¢(c,z) = ¢, ¢ constant and

Pre(fiz) — f(x) 25 Zag/ x+jt) — f(z) | e M/edt.  (4)

Since - b odd
k,—|z| _ 0, odd,
/_OO wre e {Qk!, k even, (5)
we get the useful here formula
k_—|t|/¢ 0 k Odd,
/_oo e dt = { 2Kk even. (6)

Let f € C"(R), n € Z" with the rth modulus of smoothness finite, i.e.

w,.(f("),h) = ‘s|u<ph HA;f(”)(x)HOOJ < oo, h>0, (7)
t|<

where
r

ALFO) (i) 1= 3 (—1)7 (]) F e+ t), ®)

Jj=0
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see [7], p. 44.
‘We need to introduce

O :zz%jk, k=1,...,n €N,
j=1
and the even function
|t‘ t — n—1
Gn(t) ::/ MwT(f("),w)dw, neN
0

with
Go(t) :=wi(f,|t]), teR.

Denote by || the integral part.
We present our first result

Theorem 1. It holds that

In L.H.S.(12) the sum collapses when n = 1.

Proof. By Taylor’s formula we obtain

n—-l (k) xT gt (s 2 n—1
k=0 0 :

k!

n—1 ¢(k) t _ n—
k=0 0

(n—1)!
Multiplying both sides of (13) by a; and summing up we get

S asftat i) — 1) = 3 st e m0.0),
J=0 k=1 :

where

Rn(0,t) ::/0 %T(w)dw,

with
T(w) =Y a;i" [ (@ + jw) — 6, /™ ().

=0

315
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Notice also that i,
B i (MY — e (7).
> (7) =0 (5) (16)
According to [3], p. 306, [1], we get
T(w) = AL f0) (2). (17)

Therefore
7 (w)] < wp(f™, w]), (18)

all w € R independently of . We do have after integration, see also (4), that

r

Pre(fix) = fla) = 215/00 (Z o (f(x + jt) — f(x))) o lt/€ gt

L (S “Jel/¢
=%/ <; Tdkt +Ra(0,1) | e dt
n (k) o0
=3 / (x)aki / themltedt ) + R, (19)
k! 26 \J_wo
k=1
where s
RE = 7/ R, (0,t)e~1H/4 ¢, (20)
26 J
Here by (10) and (15) we get
(|t = w)n?
< S < . 21
Ru0.0] < [l < Gu(t) (21)
Hence by (20) we have
IRX| < 1 /Oo Gn(t)e t/eat
T2 ) "
= 1/ Gn(t)e 4t (22)
€ Jo
Using (6) we obtain
[5]
Pre(fiw) = f@) = ) fO™ (2)82mE™™ = R}, (23)
m=1

Inequality (12) is now clear via (23) and (22).
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Finally we would like to prove (21) with the use of (18). We have that for
t > 0 it is obvious. Let ¢ < 0, then

0 (t _ w)n—l
[
Cw—t)"t Pt )" ) e
g/t |T(w)|dw§/t o= () Jwl)d

Rn(0,8)] =

1)
= ([ .~ whiw)

—<f?5ﬁﬁ;ﬂmﬂ%wwo

- —t (—t _ a)nflw (n)
= [ S e . oas

(o] -0
= ™) 0)do = G, (t).
| S e 0 = Gt
The last completes the proof of Theorem 1. [ |
Corollary 1. Assume w,(f,&) < oo, £ > 0. Then it holds for n =0 that
Pclfio) = f@l < ¢ [ wnre (24)

0

Proof. We notice that

Pre(fiz) = fz) =
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I.e. we have proved

Pretfio) - 1) = 5 ([ (@istanevear). (25)
Hence by (25) we find
|Pre(fs ) — —5/ |ATf(z)]e” /¢ dt
g% A
= %/0 wr(f, t)e 1/t
That is proving (24). n

Inequality (12) is sharp.

Theorem 2. Inequality (12) at x = 0 is attained by f(z) = 2", r,n € N with
T +n even.

Proof. As in [3], p. 307, [1], [12], p. 54 and (7), (8) we get
wr(fM )= (r+n)(r4+n—1)--(r4+1)rk",
t>0. And
G,(t) =7rt|"t™, teR.

Also we have f*)(0) = 0, k = 0,1,...,n. Thus the right hand side of (12)

equals

' oo
% e tEdt = ri(r + n)lETHn. (26)
0

The left hand side of (12) equals

1 o0
Prel730)] = 52 /

:215/00 Zafﬂ‘) 101/ gy
o

e tl/E gy

— 0o

’“) prn | elil/e gy
J

= % > (=1 (;)] (/oo t”"e—lf/’fdt)
= — |(ATz")(0) /Oo t?"+"e—|tl/€dt’
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oo
r!/ tTJr"etl/gdt’
—o0

1
9 L o+ | =i e
I.e. we have proved
|Pre(f30)] = rl(r +n)lg™n. (27)
Thus by (26) and (27) we have established the claim of the theorem.
Inequality (24) is sharp. ]

Corollary 2. Inequality (24) is attained at x =0 by f(x) = 2", r even.
Proof. Notice that Ajz" = 7!t and w,(f™,t) = rit", t > 0. Thus

R.H.S.(24) = 2,/00 tre VEdt = (r1)%¢.
0

Also f(0) = 0. Therefore

1 > - T —
LHS.(21) = |Pe(£:0)] = 3¢ / S gt | e/ dr
e\ &

o0

= — (A’lacr)(())/ tre_tl/fdt‘

—00

1 o
= — T!/ t"e‘lt/gdt‘
2| Jo
)

\V) i r+1| 2¢r
= 2£|r!2r!£ | = (rh)*¢".

—~

That is (24) is attained. n
Remark 1. On inequalities (12) and (24). We have the uniform estimates

5]

wl3

Pre(fiz) — f(x) = 3 fO™ (2)5,62m Sljmaﬁk4@mneN,
P €y
’ (28)
and
L[ —t/¢ _
Hﬂﬂﬁ—ﬂmég/ wr(fot)e"VEdt, n=0. (29)
0

Remark 2. The next regards the convergence of operators P, . From (10) we

have
I (jt] — w)n?

Gu(t) <wr(7.1e) [

dw,
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i.e.
t
Gatt) < Wi (50, ), (30)
Furthermore from (28) and (30) we get
1 oo
Gn(t)e tedt < —/ t"w, (f™, e Edt. 31
: / o LX) (31)
That is from (28) we get
3]
K1 = || Pre(fiz) = f(a) = ) fO" (@)00m€™™
m=1
< L / t"w, (f™ t)e~t/¢dt, neN. (32)
&nl Jo

Using w,(f0, 1) <[0T || o, t > 0 we get

1 o0 (r+n) oo o0
. / tnwr(f(n),t)eft/ﬁdt < ”f ” / tn+r€7t/§dt
fn' 0 n! 0

(r+n) r
_ uf"”(n +r)l = (H(n+ D) [FAaed s

nt .
=1

Le.

o /ooot"wr<f<">,t>e‘” fdt < (H(n + i>> IFOH) g™t (33)

|
&nl i=1

That is for f € C"*"(R) we have
K < H + ) €™, nmeN. (34)

Here is assumed that || f("+")|| is finite.
One may use also that

wr(f™,1) < 271 F |

Then
1 [ 271 [
—/ t"w, (f™ H)e™tEdt < el Pl 3 / the et
fn' 0 n' 0
=27 f )| €™ (35)
Le.
Ky <27f™]|oe™, neN. (36)

Here is assumed that ||f(™| . < oo. Clearly from (34) or (36) as £ — 0 we
obtain that P.. — unit operator I pointwise as £ — 0 with rates, n € N.
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Next using w,.(f, Adt) < (A4 1) w.(f,t), \,t > 0, we get from (29) that

[ 162
0 0

w - Y e
<w(r9) [ (Hg) dt/¢

== wr(fa 'f) Am(l + u)reiudu

= w(/,€) (};) (,Z) k!) :

L.e. we find for the case n = 0, see (29), that

1P-e(f) ~ Flloo < (Z @m) (.6, (37)

k=0

Here is assumed that w,.(f,£) < co. Now as £ — 0 we obtain

Pr.¢ — I with rates,n = 0.

Note 1. The operators P.¢ are not in general positive and they are of convo-
lution type.

Let r =2, n=3. Then ag = 2, oy = -2, ap = §. Consider f(t) =t >0

and x = 0. Then

P,¢(t%0) = —3¢% < 0.
Next using Geometric Moment theory methods [10], [3] we find best upper

bounds for the right hand side of (12) and (24).

Theorem 3. Let ¢ be a continuous and strictly increasing function on Ry such
that ¥(0) = 0, and let

e (2 ¢(t)et/5dt) =:d¢ >0, £>0. (38)
R

Assume H, := G, o~ is concave on Ry, n € Z*. Then we obtain the best
upper bound

L Guwetsdt < Gode). (39)
€ Jr,

Corollary 3. Consider the upper concave envelope H}:(u) of Hp(u). We find
the best upper bound

£ [ Guetia < miwdo). ez, (40)
Ry
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Note 2. When H,,, n € Z, is concave, then H}(¢(d¢)) = Gy (de).

Proof of Theorem 3. Here H,, is concave by assumption. It follows from the
moment method of optimal distance [10], [3] that

sup Gu(t)n(dt) = G (de).

pe{probability measures as in (38)} /R+

Here is assumed that the last integrals are finite. Since by concavity of H,, the
set
Iy = {(u, Hy(w)): 0 < u < 00}

describes the upper boundary of the convex hull conv I'g of the curve
Lo :={(¥(t),Gn(t)):0 <t < o0}

Notice here that %e’t/ £dt is a probability measure on R, . [ |

The fact that H, can be a concave function is not strange at all, see [3],
p. 310, Lemma 9.2.1(i) which we adjust here. Let g be a general modulus of
smoothness function and consider

- ‘U‘ _ 4\n—1
6o = [ =0 gan (41)

ally e R, neN.
Then we have

Lemma 1. Let ¢ € C"((0,00)) such that »*)(0) <0, fork=1,...,n—1 and
g(y) /™ (y) is non-increasing, whenever (™ (y) > 0. Then H, := G, 01~ is
a concave function, n € N.

For the right hand side of inequality (12) we find the following simple upper
bound without any special assumptions.

Theorem 4. Call

e =&((n+ N, neN, £>0, (42)
which the same as
) 1/n+1

(/ y”+1ey/§dy> = T¢. (43)

Let ”

(lyl =)t (n)

* = - " 44
Griw) = [ e (. ot (44)

all y € R, where w(f™,t) is the first modulus of continuity of f™ and is
finite, f € C™"(R). Assume also that

G (y)e ¥/ 8dy < oo.
Ry
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Then
1

- Gn(y)efy/gdy <2"Gr(re), reN (45)

Proof. We have w,.(f,|y]) < 2" wi(f™, |y|), for all y € R, see [7], p. 45.
Furthermore by [7], p. 43 we get

w1(f™, Jyl) < @1(fyl) < 201 (F, Jyl),

for all y € R, where w; is the least concave majorant of w;.
Thus

we(F, ly)) < 27 @ (Jyl) < 27wi (£, [y)),

for all y € R. Set
= W (lyl = o
Gn(y) = 0w (t)dt,
W= [ w0
for all y € R. Hence

lyl _ $)n-1
Golo) = [ e (e < 216 )

<2"1G,(y) < 27GE(y), for all y € R.

The function ¢ (y) = y™*! on R is continuous, strictly increasing and (0) = 0.
And ™ (y) = (n+ 1)y > 0, for all y € R, — {0}, along with () (0) = 0,
k=1,...,n—1. Since w; (y) is concave on R, this implies Wy (y)/y is decreasing
in y > 0, so that @; (y) /¢ ™ (y) is decreasing on (0, co).

Thus by Lemma 1 we get that H,, := G, 01~ is a concave function on R ;
and by Theorem 3 we obtain

1 [°_ —
EA Gouly)e¥/Sdy < T (re)

giving us
1 —y/e el [ G e
| Guly)e™¥dy <272 [ Gn(y)e ¥ dy
£ Jr, € Jr,
< 27"715”(7'5) < 2TG;(T§).
The proof of the claim is now finished. [ |

A related convergence theorem follows.

Theorem 5. Let f € C(R) with wi(f,y) finite, y > 0. Then
1Pre(f) = flloo < 27w1(f, ). (46)

Le. as § — 0 we get again P, ¢ I, n=0.
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Proof. Notice 1
E/IR{ ye V/edy = ¢. (47)
.

We have again
w”‘(f7 |y|) < 2T_1w1(f7‘y|)ﬂ Vy €R7

see [7], p. 45. Furthermore

wi(f; ly) <@(ly]) < 2wi(f, lyl) vy €R,

where @ is the least concave majorant of wn, see [7], p. 43. Thus

wr (£, 1) < 277 @i(lyl) < 27wn(f lyl), Wy €R.

Notice that for n = 0 we get

|Pre(fiz) — f(2)] = /(Zaj (z +jt) — f(=z )))e"t/fdt
(24)1 Oow e
S 5/0 T(fay)e Y dy
27“71

< wl(y)efy/gdy.
§ Jo

The probability measure %e‘y/ Sdy fulfills (47). By moment theory [10], [3] we
get

sup / () uldy) = 51() < 21 (/. €).
R

ue{probability measures as in (47)}

Hence
|Pre(fra) = fy)] <2771 201 (f,€) = 27w (£, €).
[ |

In the next we consider f € C™(R), n > 2 even and the simple smooth
singular operator of symmetric convolution type

Pe(f, o) 25/ f(zo +y)e W/edy, for all zy € R, € > 0. (48)
That is
Pe(f;z0) = 25/ f(@o+y)+f(zo—y))e™ v/&dy, for all zg € R, € > 0. (48)*

We assume that f is such that

Pe(f;x0) €R, Vag € R,E>0 and wo(f™, h) < oo, h > 0.
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Note that Py ¢ = P¢ and if Pe(f;x0) € R then P, ¢(f;x0) € R. Let the central
second order difference

(ALf)(zo) := f(mo +y) + flzo —y) — 2f(x0). (49)

Notice that R R
(A2, f)(xo) = (A} ) (o).

Using Taylor’s formula with Cauchy remainder we eventually obtain

n/2
) (o) = 22 2P+R1, (50)
where y ( t)n_l
Ry ::/O (A%f(n))(xo)hdt. (51)
Notice that ) -
Pe(fi0) = flan) = 5 / (A2 f(o))e /<y, (52)

So immediately we get

Proposition 1. Assume wy(f,h) < oo, h > 0. Then it holds

Pel o) = Fa) < 5 [ wn(rmpe (53)
Hence
1P ~ Tl < 5 | walfpev/ea 51
3 oo = 25 0 2\, Y Y.
Furthermore we observe by (50) and (52) that

(20)
Pe(f;0) — f(20) 25/ ( f ’ <)xo>y2”
=1

+ /0 (A?f(”))(xo)(y(n_t):)!dt> e V/Edy

n/2

— Zf@p §2ﬂ
0o _ _ #\n—1
+§ ([ @2 ) evcay,

Clearly we got the representation

n/2

Ks(xo) = Pe(f;w0) — Zf@p) x0)E

25/ (/ AZf") (@ o)%dt) e V/Edy. (55)
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Therefore

| K2 (o)

| /\

sl ([ (< -’”13 it) e vy
[ ([t

We have proved that
Theorem 6. Let f € C"(R), n even, Pe(f) real valued. Then

o0 _ \n—1
| K2 (z0)] < 21§ </Oy wQ(f(n)’t)%dt> e Y/&dy
1

< i /0 walF), gy Sy, (56)

Remark 3. The operators P: are positive operators. From (54) we obtain

L e gy = L [ Y\ —ve
25/0 2(f,y) “dy—%/o 2(126(5)) v/&dy

00 2
< ge(r0) [ (1 i 'Z) Sy = 3 (1,9)

Le.
IPF) ~ Flle < 202(£,8), €0, (57)
Acting similarly on the last part of inequality (56) it leads us to obtain
n?+5n+5 ") een
Kol < (55 )£, 067, 60 (59)

Then from the inequality (57) as & — 0 we obtain P: — I with rates. And we
get the pointwise convergence of P; — I with rates from inequality (58). Call
here for n > 2 even

1w = [ w00y e (59)
n\Y) ‘= 0 w2 y (Tlfl)' y Y +-
Then by (56) and (59) we have
1 [ _
Kalao) < 5¢ [ Tulwye " dy, (60)
2€ Jo
and
K —y/€ 1
Kol < 3¢ [ Tulw)e "y (61)
We set also

To(y) == w2(y), y>0.
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Optimality of Theorem 6 follows.

Proposition 2. The first inequality of (56) is sharp, namely attained at xo = 0
by
_ylt
fsly) = 5———, 0<a <2, yeR, neven. (62)

[I(a+1)
i=1
Proof. See that f" ( ) = |y|* and by Proposition 9.1.1, p. 298 of [3], [2] we
get wa(F™, |y|) = 2ly|*. Also f*(0) =0, k=0,...,n. Then
a+n
Ka(0) = Pe(£.:0) / L iy
§ H a+1)
a+n oo a+n
= 57/ 2T dy = f7I‘(oz +n+1)
)

ﬁ(a+z’ (o +1)

nfw <ﬁ<a + i)) [(a+1) =T(a+ 1)
1;[ (a+1i) \i=1

:]:

1

Le.
K5(0) = T(a+ 1) > 0.

On the other hand we see that

ey (0 )
— 725(71 T /OOO (/Oy(y - t)"‘12t°‘dt) e V/8dy
o L ([omor o) ey
= (W (§>+> 4
entoT(a 4 1)

— n+aoa 7wd — n+o¢1—\ 1

That is proving equality in the first part of inequality (56). |
It follows the optimality of inequality (53).

Proposition 3. Inequality (53) is attained by f*(y) = |y|*, y € R, 0 < a < 2
at xg = 0.

Proof. We notice that

R0 = ¢ [ el e >0
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Also we see again by Proposition 9.1.1, p. 298, [3], [2] that
i /Oo w2(f*7y)efy/€dy _ E/OO yaefy/idy.
2€ Jo € Jo

That is proving equality to (53). |

Next we present a Lipschitz type of related optimal result.

Theorem 7. Let n > 2 even and f € C™(R) such that
wa(f™ |y]) < 24Jy|*, 0<a <2 A>0.
Then for x¢o € R we have

n/2

Pe(f;0) = flwo) = > fP (w0)6%| < T(a+1) A", (63)

p=1
Inequality (63) is sharp, namely it is attained at xo = 0 by

fely) = 7@4@'&% :
I (a+19)

i=1

Proof. For y > 0 we see that

7,00 = [ a0 Y=

i _ +\n—1 n+ao
S/ oW t)l' gt = AT
0 (n—1) (a+1)

n
i=1
Hence

QL/ Tn(y)e’y/gdy < %/ yn+aefy/£dy
§Jo Tl (a+i) /0
i=1
n+ao
= Lf(n +a+1)=T(a+1)Ac",
(o +1)

i=1

3

Using (60) we have proved (63).
Notice that f*n)(y) = Aly|®, and by Proposition 9.1.1, p. 298, [3], [2] we get
that
wa(f27), lyl) = 24]y|*.

Also f*(0) =0, k = 0,...,n. Then K5(0) = I'(a + 1)A¢>+" > 0. That is
proving equality to (63). |
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Let f € C™(R) be such that wy(f™),|t]) < g(t), where g is given arbitrary,
bounded, even, positive function and Borel measurable. We consider the even
function

Yy _ 4\n—1
Ty (y) == /O g(t)(y(n_t)l)!dt, y €R. (64)

Theorem 8. Let ¢ be a function on Ry such that 1(0) = 0, which is continuous
and strictly increasing. Assume that

! (2 /OOO zb(y)e‘y/fdy) =d¢ > 0. (65)

Suppose (n > 2 even) that M, (u) := T, ("1 (u)) is concave on Ry. Then for
any xg € R we get

| Ka(w0)| < 5T (de)- (66)

Proof. Here we are applying geometric moment theory, see [10], [3]. Notice
that

sup / T (y)p(dy) = Tn(dﬁ)’
ne(x be probability measures as in (65)) 70

Since by the concavity of M,,, the set
Iy oi={(u, Mp(1)):0 < u < oo}
is the upper boundary of the convex hull of the curve

Lo := {(4(y), Tu(y)):0 < y < oo}

Now theorem follows from (59) and (60). [ |
A more general result follows.

Theorem 9. All here as in Theorem 8, but we consider now M), the upper
concave envelope of the not necessarily concave M,,. Then

[Fo(ao)] < M), Voo €R. (67

If M., is concave then
1.
R.H.S.(67) = §Tn(d5).

Let g be an arbitrary, continuous, even, positive function on R such that
9(0) = 0. Let ¢ be continuous, strictly increasing function on R with ¢(0) = 0
and T}, be as above, see (64).

Next we give sufficient conditions for M,, = T, o 1~! to be concave on R,
n > 2 even. The result is similar to Theorem 9.1.3(ii), p. 302, [3], [2].

329
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Theorem 10. Assume ¢ € C™((0,00)), n > 2 even, that satisfies
z/J(k)(O) <0, fork=0,...,n—1.

Suppose, further that g(y )/1/)(” (y ) is non-increasing on each interval where I
is positive. Then M, = T, o~ is concave. In particular T, (y)/¢(y) is non-
increasing.

Finally we give to both operators P, ¢, Pr some alternative kind of estimates.

Theorem 11. Assuming f € C™(R) and w,(f,€) < 00, € >0, n € N and
G, as in (10). Then

L7 a et
£ | cumeea< o). (68)
where

n—1 _1\k
5(6) = wr(f(”),ﬁ)f"{k_o Tt Lotk }

) (69)
Le. from (32) we have

Ky <6(8). (70)

That is as & — 0 we get again P.¢ — I, pointwise with rates.

Proof. We observe that for £ > 0

wr(f ) = wr (f (")’5(@')) < (1 * ?l)rwru(n%&), (71)

see [7], p. 45. Hence by (10) and (71) we see

Ga(t) < ’(”(f(n 5 )/0|t|(|t—w)"_1 <1+‘€”>wa

[t]
E )) / (1] — w)"" (w + €)"duw
() gy et )
EZ )) / ((5 +1t]) — z)"_ 2"dz
(
(
(

Wy f(n’é‘) k ’I’L—l n—k—1 §+‘t| k+r
- ey {Z( Dr(" ) [

wr f(n7£ —1k n—+r
TE ){Zk'n—k—(1>3<k+r+1ﬂ<£+ltl>+

_ £r+k+1(§ + M)nfkfl] } (72)
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wr(f(n)ag) = (_1)k
Galt) < ¢r {kz_o E(n—k—1D!(k+r+1)
[(€+ [t — e+ e+ } (73)

Hence
00 (n)
%/ Gn(t)e_t/gdt < w”(fir’f)
0

= (_1)k > n+r
'{I;)k!(n—k—l)!(r+k+1)/o (€+6)"

_ §r+k+1(£ + t)n—k—l)e—t/gd(t/f)}

Cwlf™, 9 [ (-1
N gr {kz_% Kl(n—k—1D!(r+k+1)

. |:€n+r /000(1 N x)nJrrefwdl_ . £r+n Am(l i x)nfkflefwdx] }

o eend S (1)”
wr(f7, 0 kzzok!(n—k—1)!(r+k+1)

[[osarvei oo |
(£, 5)5n{§ F(n—k _(_1;)(11 +E+1) ri (n j r) /OOO we

=0
n—k—1
k-1 0©
— Z (n k >/ xje_zdx}
— J 0

(="
kl(n—k—1D)!(r+k+1)

k=0
| {’i (n + r)j! ! <n . 1>j!]
j=o N 7 =0 J
(—1)*

Kn—k—1(r+k+1)
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. sy (n+r i (n—Fk—1)!
[Z(n—l—r—j Z (n—k—-1-)

j=0 j=0
n—1
= w708 {k—o Kl(n—k—1Dl(r+k+1)

n+r 1 n—k—1 1
)y = —(n—k—1)! = }: (©). (74)

j=0‘]' j=0 J:

Use now .
m'zl' = |em!], meN (75)
j=0 J:

That is proving (68). [ |

The counterpart of the last theorem follows.

Theorem 12. Assuming f € C™(R), n even and wao(f™,€) < o0, € > 0, and
T, as in (59). Then

1 > —y
3 [ Tolwe ey < 7(6) (76)
where
.f 1 n) k
() = 5012 €€ Z kl(n ) (k+3)
He(n+2)!J — Le(n—k—l)!ﬂ}. (77)
Le. from (61) we find
1Ko < 7(8). (78)

That is as & — 0 we obtain again Py — I, pointwise with rates.

Proof. We observe for £ > 0 that

2
wa(fM 1) < <1 + 2) wa(fM,€), t>0, (79)
see [7], p. 45. And by (59) and (79), we have, y > 0, that
wQ(f(”),f) v n—1 2
T < Bl [ w0 e erar (30)
That is for y > 0 we obtain
wa (™, €) ) nt2 _ okt3 n—k—1

(81)
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Hence
n—1
1 [ _ 1 (—1)F
il T, Y/€gy < = (n) n
n+2 1 n—k—1 1
(n+2)!zf'—(n—k:—l)! = }:T(f) (82)
=0 =0
Use at last (75). That is proving (76). |
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Abstract
We extend the Lévy-Khintchine representation for an infinitely divisible distri-
bution to define a driving process in the context of the bond price framework
developed earlier. We describe a methodology using subordination to construct
such processes and we develop some examples in detail.
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1 Introduction

In our previous work [9] we have described the bond price process in terms of
semimartingales where we used the characterization in terms of its set of charac-
teristics. One advantage of this approach is that we can impose conditions needed
for our results explicitly on the drift, diffusion, or jump components of the model.
When the price dynamics is described by a diffusion with jumps driven by a Lévy
process then the price itself is represented by a Lévy process. In this case the
representation in terms of characteristics (for a fixed t) coincides with its Lévy-
Khintchine representation.
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In this paper, we first define a Lévy process to be used as driver for our finan-
cial model. To this end, we first construct an infinitely divisible distribution to
describe the behavior of the increments. We then use a result that allows us to
extend its Lévy-Khintchine representation to define the distribution of a Lévy
process at each point in time. This extension is a special case of the set of char-
acteristics which describes the process in terms of a semimartingale. Once this
set is obtained then it may be used in our financial model since the price process
(specified by its characteristics) was defined in terms of the characteristics of the
driving process.

2  Summary of the General Model

This section is a summary of the framework for bond price dynamics in the context
of a diffusion with jumps described in [9].

2.1 Introduction

We assume the canonical setting. Let P(¢,T") be the price at time ¢ of a bond
which matures at time T'. It is assumed that for each T > 0, ({P(t,T)}gc;eqp is
an optional, {.%; }-adapted process, and for each ¢, P(¢,T) is P-a.s. continuously
differentiable in the T" variable. Let f(¢,T) denote the T-forward rate at time t,
defined by f(t,T) = —P(t,T). The short rate r is defined by r, = f(t,t), and
the money account process B is defined by

t
B, = exp(/ Tsds) .
0

In order to model the bond price dynamics we could start with a description of
the forward rate or short rate dynamics. Alternatively, we could follow a direct
approach, obtaining P(¢,T') as the solution of a stochastic differential equation.
Therefore, we are interested in studying dynamics of the following forms:

dry = a;dt + b, dW; + / q(t, z)p(dt, dx), (1)
E

dP(t,T) =P(t—,T) {m(t, T)dt +v(t, T)dW; + / n(t,z, T)p(dt, dac)} , (2

df(t,T) = a(t, T)dt + o(t, T)dW, + / 5(t,z, T)p(dt, dz). (3)

E

The coefficients b(t,T'), v(t, T), and o(t,T) are assumed to be m-dimensional row
vector processes. The following technical assumptions will be needed:
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1. For any fixed T' > 0, n(t,z,T) and §(t,z,T) are uniformly bounded. Fur-
thermore, for each t,

/Ot /Eh,(n(&va))F(dx)ds < o0,

where h/(z) = |z|* A|z] for z € R.

2. For each fixed w, t, and (where appropriate) x, all the objects m(t,T),
v(t,T), n(t,x,T), a(t,T), o(t,T) and §(t,z,T) are assumed to be continu-
ously differentiable in the T-variable.

3. All processes are assumed to be regular enough to allow us to differentiate
under the integral sign as well as to interchange the order of integration.

4. For any t the price curves P(w,t,T) are bounded functions for almost every
w.

Proposition 1. If f(t,T) satisfies (3), then P(t,T') satisfies

dP(t,T) = P(t—,T) Krt + A(t,T) + %HS(t, T)||2) dt + S(t, T)dW,

+/ (eD(t’x’T) — 1) p(dt, dx)],
E
where

A(t,T)=— /T a(t, s)ds,
S(t,T):—/t o(t,s)ds, (4)

T
D(t,x,T):—/ o(t, x, s)ds.
t

2.2 Bond Markets, Arbitrage

We now present the framework (Bjork, Kabanov and Runggaldier [4]) in which we
will state results concerning the absence of arbitrage in a model of bond prices. It
will be assumed throughout that the filtration F is the natural filtration generated
by W and p.

A portfolio in the bond market is a pair (g, h), where
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1. g is a predictable process.
2. For each w, t, hy(w,-) is a signed finite Borel measure on [t, 00).

3. For each Borel set A the process hi(A) is predictable.
The discounted bond prices P(t, T) are defined by

P(t,T) = P(g D

A portfolio (g, h) is said to be feasible if the following conditions hold for every
t:

t t o)
/ lgs|ds < o0, / / |m(s, T)||hs(dT)|ds < o0,
0 0 Js

/Ot /:O/E|”(S>3%T)Hhs(dT)\u(ds,dx) < o0,

and /Ot {/w |v(s,T)||h5(dT)|}2ds < 0.

The value process corresponding to a feasible portfolio 7 = (g, h) is defined by
V" = g:B; + /too P(t,T)h,(dT).
The discounted value process is
V; =BV

A feasible portfolio is said to be admissible if there is a number a > 0 such that
V" > —a P-as. for all t.

A feasible portfolio is said to be self-financing if the corresponding value process
satisfies

t t e8]
Ve = Vit [ gt [ [ s oPGs.ndr)ds
0 0 Js
t [e8)
+/ / v(s, t)P(s,t)hs(dT)dW;
0 Js

—|—/Ot/:o/En(s,x,T)P(S—,t)hs(dT)u(ds,dx).
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The preceding relation can be interpreted formally as follows:
dVi" = ¢,dB, —|—/ h(dT)dP(t,T).
t

A contingent T-claim is a random variable X € LY (%r, P). An arbitrage portfolio
is an admissible self-financing portfolio 7 = (g, h) such that the corresponding
value process satisfies

1. V=0
2. Vi € LY(Fr, P) with P(VE > 0) > 0.

If no arbitrage portfolios exist for any 7" > 0 we say that the model is arbitrage-
free.

Take the measure P as given. We say that a positive martingale M = {M;}:>¢
with EP(M;) = 1 for each t is a martingale density if for every T > 0 the process
{P(t,T)M,}o<i<r ia a P-local martingale. If, moreover, M; > 0 for all t > 0 we
say that M is a strict martingale density.

We say that that a probability measure Q on (§2, %) is a martingale measure if
Q: ~ P; and the process {P(t,T') }o<t<7 is a Q-local martingale for every 7' > 0.
Here Q;, P are the restrictions )|z, and Pz, respectively.

Proposition 2. Suppose that there exists a strict martingale density. Then the
bond market model is arbitrage-free.

We will make the following simplifying assumption:

AssSUMPTION For any positive martingale N = {N;} with EF(N,) = 1 there
exists a probability measure () on Utzo F; such that Ny = dQy/dP,.

The following results relate the coefficients in (2) and (3) with a model free of
arbitrage.

Theorem 1. Let the bond price dynamics be given by (2). There exists a
martingale measure if and only if the following conditions hold:

(i) There exists a predictable process ¢ and a P-measurable function Y (w,t, )
with Y > 0 satisfying

t t
/ [ps]Pds < oo, / / Y (s, ) — 1|F(dz)ds < .
0 0 E

and such that E¥(&(L);) = 1 for all finite t, where the process L is defined
by

L=¢ - W+ Y —-1)*(u—v).
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(i1) For all T >0, and t € [0, T] we have

m(t, T) + ¢ (t, T)" + /EY(t, x)n(t,z, T)F(dx) = ry. (5)

The following theorem gives a similar result when we consider the forward rate
dynamics.

Theorem 2. Let the forward rate dynamics be given by (3). There exists a
martingale measure if and only if the following conditions hold:

(i) There ezists a predictable process ¢ and a P-measurable function Y(w,t, z)
with Y > 0 satisfying

t t
/ [6s]|?ds < o0, / / Y (s,2) — 1|F(dz)ds < .
0 0 E

and such that E¥(&(L);) = 1 for all finite t, where the process L is defined
by

L=¢ W+ Y —-1)*(u—v).
(ii) For all T >0, and t € [0,T] we have

AT + %HS(t, )2+ 6,5, )7 + /

Y (t,x) (eD(t"”’T) - 1) F(dz) =0,
E

where A, S and D are defined in (4).

3 Semimartingales with Independent Increments

In this short section we state a characterization of semimartingales with indepen-
dent increments. These results will be used in the following section to establish
the connection with Lévy processes.

Theorem 3. Let X be a d-dimensional process with independent increments.
Then X is also a semimartingale if and only if, for each u € R?, the function
t— g(u); := E(expiu - X;) has finite variation over finite intervals.
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Theorem 4. Let X be a d-dimensional semimartingale with Xo = 0. Then it
is a process with independent increments if and only if there is a version (B, C,v)
of its characteristics that is deterministic. Furthermore, in this case, with J =
{t :v({t} x R?) > 0} and for all s < t, u € R? we have:

E(eXi=Xa)) = exp[iu (B, — By) — %u (Cy=Cy) - u
+ / t /R d(ei“'x — 1 —iu-h(z))1ye(r)v(dr, dx)} (6)

Lo [un Sl o )] ).

s<r<t

Corollary 1. A d-dimensional semimartingale X is a process with stationary
independent increments if and only if it 1s a semimartingale admitting a version
(B, C,v) of its characteristics that has the form

Bi(w) =bt, Cyw)=ct, v(w;dt dr)=dtK(dx)

where b € R?, ¢ is a symmetric nonnegative d x d matriz, K is a positive measure
on R that integrates (|z|*> A1) and satisfies K({0}) = 0.

4 Construction of a Driving Process

In this section we develop a description of the type of processes we propose for fi-
nancial applications. The approach is from specific to general. Infinitely divisible
distributions extend quite naturally to additive and Lévy processes in law. Once
a cadlag modification is chosen, this is seen to be a special case of our general
approach in terms of semimartingales. We adopt the results and notation of K.
Sato’s beautiful book [18].

4.1 Infinitely Divisible Distributions

The class of infinitely divisible distributions arise naturally in a financial context.
Below we define the class membership. Roughly speaking, a random variable
follows an infinitely divisible distributions if it can be considered to be the sum
of independent innovations. Asset returns, for example, are the accumulation
of the returns accrued in non-overlapping time intervals. This class generalizes
the Gaussian distribution to allow heavy tails and skewness (Shiryaev [21], Nolan
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[15]), and is the only class that contains the limit distributions of sums of iid
random variables.

A probability measure p on R? is infinitely divisible if for any positive integer n,
there is a probability measure y,, on R? such that p = ™, where ™ denotes the
n-fold convolution of p with itself.

We begin our discussion with the Lévy-Khintchine representation of the charac-
teristic function fi(z) = [ €'*® u(dx), » € R? of p.

Theorem 5. (i) Let D = {x € RY : |z| < 1}. If pu is an infinitely divisible
distribution on R? then

() = exp| e 42) + il.2)
(7)
+/d(€i<z’$> —1—i(z,2)1p(x))v(dr)|, zeR?

where A is a symmetric nonnegative-definite d x d matriz, v € R?, and v is
a measure on R? satisfying

V{0}) =0  and /Rd(|x|2/\1)y(dx)<oo. (8)

(ii) The representation of fi(z) in (i) by v € RY, A and v is unique.

(iii) Conversely, if v € R, A is a symmetric nonnegative-definite d x d ma-
triz, and v is a measure satisfying (8), then there is an infinitely divisible
distribution p whose characteristic function is given by (7).

As stated earlier, the motivation for describing a semimartingale in terms of char-
acteristics was to generalize the generating triplet (v, A,v) for the infinitely di-
visible distribution u. Here we start with an infinitely divisible distribution and
develop a process and its characteristics in parallel, in order to adapt it to our
general framework as a driving process.

The representation (7) can be rewritten in terms of another truncation function
c(x) in place of 1p(x). Given a particular Lévy measure, we may be able to
simplify the integrand in (7) by choosing an appropriate ¢(z) while still ensuring
that the integral is finite. In fact, if ¢ : R? — R is a measurable function such
that

/Rd(e“'z’w —1—i(z,z)c(x))v(dr) < oo 9)
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for every z € R? then rearranging terms in (7) we obtain
~ 1 :
A(z) = exp| =5 {z, A2) + (7, 2)

+/ (') — 1 —i(z, x)e(z))v(dz)|,
Rd
with ., € R? defined by

o=+ [ 2lelo) = 1p(e)(da).

The representation (., A,v) implied by (10) will also be called the generating
triplet for p. Note that the components A and v are independent of the choice of
c.

If f\x\<1 |x|v(dx) < oo then (9) is satisfied with ¢ = 0 and we obtain the represen-
tation (7o, 4, v):

i(z) = exp —%(z,Az) + {0, 2) + /Rd(e“'z"”) — Dv(dx)|, (11)

Likewise, if f|x
with ¢ = 1.

51 |z|v(dz) < oo we obtain the representation (7, A, v) from (10)

4.2 Lévy Processes

An Rvalued stochastic process {X;};>o defined on a probability space (2, %, P)
is said to be an additive process in law if each of the following conditions hold.

1. X has the independent increments property.
2. Xo=0 a.s.

3. X is stochastically continuous.

An additive process in law with the stationary increments property is said to be
a Lévy process in law. An additive (Lévy) process in law which is cadlag is called
an additive (Lévy) process. An R-valued increasing Lévy process is said to be a
subordinator.

The following two results establish the correspondence between a family of in-
finitely divisible distributions and additive processes in law. Then the associated
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family of generating triplets offers a natural representation for the corresponding
process. Later this will be seen to be a special case of the characteristics described
in the context of semimartingales. However, we will need a restriction to ensure
that an additive process is a semimartingale. In the case of a Lévy process, no
restriction is needed.

Theorem 6. (i) Let {X;}i>0 be an R¥-valued additive process in law and,
for 0 < s <t < oo, let sy be the distribution of Xy — X,. Then pgy s
infinitely divisible and

My * fey = fsu Jor 0 < s <t <u < oo,
fss =0 for 0 <s < oo,
fsy — Op as s T t,

MHst — 50 &Stl S.

(ii) Conversely, if {iis }o<s<t<oo 05 a system of probability measures on RY sat-
isfying the properties in (i), then there is an additive process in law {X; >0
such that for 0 < s <t < oo, X; — X, has the distribution ps,;.

(iii) If {X:} and {X]} are R%-valued additive processes in law such that X, 4 X,
for any t > 0, then {X;} and {X]} are identical in law.

Theorem 7. (i) Suppose that {X;}i>0 is an R¥*-valued additive process in
law. Let (y(t), A, vy) be the generating triplet of the infinitely divisible dis-
tribution p, = Py, fort > 0. Then the following conditions are satisfied.

(a) v(0) =0, Ay =0, 1, = 0.

(b) If 0 < s <t <oo, then (z,A,2) < (2, Asz) for z € R? and vy (B) <
v (B) for B € B(RY).

(c) As s — t in [0,00), v(s) — (1), (z, Asz) — (2, Asz) for z € R, and
vs(B) — v4(B) for B € B(RY) with B C {x : |z| > €}, e > 0.

(ii) Let {pi}i>0 be a system of infinitely divisible probability measures on R¢ with
generating triplets (vy(t), Ag, v¢) satisfying (1)-(3) Then there exists, uniquely
up to identity in law, an R*-valued additive process in law such that Py, = j
fort > 0.

Let {X;} be an Ri-valued additive process in law. Let (v;, Ay, v4) be its system of
generating triplets. Construct the measure 7 on [0, 00) x R such that

7([0,1] x B) = 14(B), fort >0 and B € B(R?) (12)
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by defining a set function as in (12) on the field of sets [0,¢] x B with ¢ > 0 and
B € B(R?), and then extending to the o-field which is equivalent to the Borel
o-field of [0,00) x RY. By Theorem 7(i) and (12) it follows that the following
statements hold.

p({t}y x R =0 fort >0, (13)
/ (1 A |2)?)o(ds,dr) < oo for t > 0. (14)
[0,t] xR

Conversely, if a measure 7 satisfies (13) and (14) then for each ¢ > 0, the Lévy
measure v; defined by (12) satisfies the conditions in Theorem 7 (7).

The following result implies that we can choose a modification { X} of {X;} that
is an additive process.

Theorem 8. Let {X;} be an an Ré-valued additive or Lévy process in law.
Then it has a cadlag modification.

Since our interest is in semimartingales, by virtue of Theorem 3 we require {X}}
to be such that the function ¢ +— ﬁxt has finite variation over finite intervals.
Hence by Theorems 3 and 4 with 7 in (6), we identify {X}} to be the semimartin-
gale with characteristics (¢, A¢, 7(ds, dx)). Since we have defined processes in this
section to be stochastically continuous, then the last term in (6) is equal to 1 and
the set J = (). The same conclusion also follows from (13).

If the additive process { X[} has the stationary increments property (i.e. a Lévy
process), then the condition in Theorem 3 is satisfied and it follows from Corollary
1 that its set of characteristics is (t7,tA, tvy(dx)). Conversely, given an infinitely
divisible distribution g on R? with generating triplet (v, A, ), define the system
of measures {5 }o<s<t<oo Dy the system of generating triplets

((s —=t)y, (s —t)A, (s — t)v). It follows easily from the representation

Pt = exp| (¢ = )~ 5 42) + .2
i (15)

I /Rd(ei@@ —1—i(z, $>1D(=T))V(dx))}

for 0 < s <t < oo and 2z € RY, that the conditions listed in Theorem 6 are
satisfied. Then there is an additive process Y such that Y; — Y, has distribution
is+ and which, in this case, has the stationary increments property. In the sequel
we will construct Lévy processes by stipulating that its increments are described
by a given infinitely divisible distribution.
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4.3 Subordination of Lévy Processes

Now we shall construct a driving process by the method of subordination. This
can be seen as a generalisation of our model by substituting the physical time,
indexed by ¢, with an increasing non-negative Lévy process. The resulting process
Xr is said to be subordinated to the noise process X by the subordinator T'. In
what follows we will specify a subordinator to be the Lévy process whose incre-
ments follow a given non-negative infinitely divisible distribution. Subordination
can be interpreted as a transformation of the physical time to the “intrinsic time”
of the underlying market. In other words, T" will rescale the time axis to model
periods of high or low business activity. T(t¢) is interpreted as a measure of the
cumulative trading volume up to the physical time ¢ (Hurst, Platen, Rachev [10]).

Our goal is to construct the set of characteristics of the subordinated process in
terms of the characteristics of the two component processes. Madan and Seneta
[13] developed the Variance Gamma (VG) process by subordinating a Brownian
motion with a gamma process for stock prices. Hurst, Platen and Rachev [10] used
an «/2-stable subordinator with a Brownian motion. These will be presented as
examples of our methodology.

Rachev, Mittnik [16] studied the USD-CHF exchange rate using a subordinated
model 7, = S(T;). They gathered a data sample of N = 128400 spanning the
period of 499 business days from 20 May 1985 to 20 May 1987. The average
time between observations is 2 minutes, 6 seconds. Denote by ppiq(t) and pask (%),
respectively, the bid and ask quote at time t for the exchange rate. For each
i =1,..., N the ith observation z(t;) is the logarithmic price at time ¢;, defined
by

log pria(ti) + log pask(t:)

Note that the set {z(t) : t € {t; : 1 <i < N}} can be regarded as a sample path of
the price process in physical time {(Z;)}. On the other hand, {z(¢;): 1 <i < N}
can be regarded as a sample path of the price process in intrinsic time {S(t)}.
Define the return r(t;; At) at time t; over the period At by

r(ti; At) = x(t;) — x(t; — At).

Note that the quantities x(t;) —x(t;_x ), i.e. the returns at k-quote frequency, can be
interpreted as price change in physical time or as price change in intrinsic (quote)
time. The probabilistic structure of the process S(t) was studied by estimating the
pdf of the returns in intrinsic time. A stable model with an estimated o« = 1.716
provided an excellent fit for the returns at the 4-quote frequency. Given the
average time elapsed between quotes, the relationship t; — t, ~ 2(i — k) for i > k
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was used to study the processes T" and Z at the corresponding physical time scale.
Define the market time process T by

N
T(t) =) lpeo(t), t>0.
=1

Then T'(t) is the number of transactions up to time ¢, and T'(;) = i. The estimated
pdf for the 8-minute time increments 7'(t) — T'(t — 8) was studied to determine
a model for the process T'. The Weibull distribution provided the best fit. The
Gamma distribution, which is infinitely divisible, also offered a good fit. In both
cases the process {S(7;)} subordinated to the a-stable process S can be described
in terms of stable distributions. On the other hand, the price process in physical
time Z was similarly studied for 8-minute increments and obtained a stable fit

with o = 1.3745.

For any Lévy process X in this section it will be assumed that for every w, X (w)
is cddlag and Xo(w) = 0. Let X and T be independent Lévy process defined on
a stochastic basis (2, #,F, P). We begin by specifying the characteristics of a
subordinator (see Sato [18]).

Theorem 9. Let {T}}i>0 be a subordinator with Lévy measure p, drift By, and
let X\ = Py, . Its second characteristic is zero and its Laplace transform is given

by

Ele %) = / e "\ (ds) = etV u>0,
[0,00)
where for any compler w with Re w <0,

U(w) = Bow + / (€”* —1)p(ds)

(0,00)
with

Bo >0 and / (LA s)p(ds) < oc.

(0,00)

Note that the theorem implies that a subordinator can only display jumps in the
positive direction. This is obviously necessary, since we cannot go backwards in
time. Moreover, the diffusion component has to be zero since otherwise there will
be a negative change over any interval with positive probability.

The following result gives the characteristics of the subordinated process.
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Theorem 10. Let {T}}i>0 be a subordinator with Lévy measure p, drift By, and
Pr, = \. Let {X;} be an Ré-valued Lévy process with generating triplet (v, A,v)
and let p = Px,. Suppose that {X;} and {T;} are independent. Define

Y(w) = XTt(w) (w), t Z 0.

Then {Y;} is a Lévy process and

P[Y, € B] = / p* (BN (ds), B € B(RY).

[0,00)

The generating triplet (7', A', V") of {Y;} is as follows:

V' =Boy + / p(ds) / ap®(dz),
(0,00) je|<1
A/ = ﬁoAv

V(B) = for(B) + / w(B)o(ds), B e BR\{0}). (16)

(0,00)

4.3.1 Example: Variance-Gamma Process

We will now apply the previous result to obtain the characteristics for the Variance
Gamma (VG) process (Madan, Seneta [13]). To this end, we first introduce the
subordinator 7" which we define as the Lévy process such that

1
Toyy =T, ~ F(f, —) (17)
o

where I'(¢, «) is the gamma-distribution with density

aC

mxc_le_a’”, x>0 forc>0,a>0. (18)

Lemma 1. The generating triplet for the I'(c, «) distribution is (0,0, p), where
the Lévy measure p is given by

pldr) = cx e "dx, x > 0. (19)

It follows that the I'-subordinator {T;} has characteristics (0,0,tp), with ¢ = 1/pu
and a = 1/p.
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Proof. Let u be the probability measure with density (18). Denote its Laplace
transform by L, (u). Then

Liw=(1+2) ", w>o. (20)

We will now see that

In fact,

log(1+ o tu :/ :/ dy/ e Ty
( ) 0o @ty 0 0

oo —ur __ 1
:/ e <7e ) dx,
0 —X
so that (21) now follows from (20).

Forw € C, define ®(w) = [ e""p(dz). Observe that @ is analytic on {Rew < 0},
continuous on {Rew < 0} and equal to L,(u) for w = —u < 0. Then & can be
extended such that

—Qx

e

B(w) = exp[c/ooo(ewx _ ) da:} . Rew<0.

T

For z € R, it follows that

X

i(2) = B(iz) = exp[c /0 Tl ol dx} ,

and that the generating triplet of p is (0,0, p) with p(dx) given by (19). O

We state the following result for future reference. Let K, denote the modified
Bessel function of the third kind with index v (see, e.g., Watson [22]).

Lemma 2. (Watson [22], p.80, 183)

1 [o¢]
K,(z) = - (g)p / et/ Wr-lgy 150, p e R, (22)
0

Kypi(z)= V)22 e (1 + z”: %(2@”) , x>0,n¢eN. (23)

=1
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Let X be the process defined by X; = oW, 4 6t where W is a standard Brownian
motion and o > 0, # € R are volatility and drift parameters, respectively. The
Variance Gamma process (VG) is defined as the process Y subordinated to X by
the I'-subordinator T'. Equivalently,

Y; = XT(t) = O'WT(t) + QT(t)

By Theorem 10 the VG process has characteristics (¢/3,0, tv) for some 3 € R and
v given by (16), which we compute as follows:

v(dx) :/ Py vo(dz)es™ e *ds
0

_ (3—93)2

C o0
= da:/ e 2% 5 /275 g
V2o 0

[e¢) 2 2
_ c x0/0? -3/2 0 T 1
= m@ dx/o S eXp{— (Oé + T"?) S — (T"Q) g ds.

Using (22) and the change of variable s’ = (s with = <a + %), the last integral
is equal to

2 2

K,(v2e?) | & (@) v

Now using (23) with n = 0, it follows that

v(dr) = ﬁew/”Q e_%mdx,
x

and substituting ¢ = 1/, a = 1/, we conclude that

— — — ——i——)dm, —00 < x < 00.

4.3.2 Example: Subordination of Brownian Motion by «/2-Stable

Using the same procedure, we now compute the characterization of the process
subordinated to Brownian motion by the stable subordinator (Hurst, Platen,
Rachev [10]). Define the subordinator 7" to be the Lévy process such that

Tips— Ty~ Sa/g(csa/Q, 1,0), ¢>0,s,t>0.
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where S, /2(cs/?,1,0) is the a/2-stable distribution (Samorodnitsky, Taqqu [17])
with characteristic function

exp{—sca/2\2|°‘/2 <1 - itan(%) sgn z) } , z€R. (24)

In order to obtain the set of characteristics for T', we will use the following results
(Sato [18]).

Lemma 3. Let i be an infinite divisible distribution on R with characteristics
(B, A,v). Then p is a-stable if and only if A =0 and there is a finite measure A
on S ={xeR:|x| =1} such that

B) = [ M) [ a0 Be BEY, (25)

Lemma 4. Let pu be a non-trivial a-stable distribution on R® with 0 < o < 2
and Lévy measure v. Then f{|$|<1} |z|v(dx) is finite if and only if a < 1. Also,

f{|$|>1} |x|v(dx) is finite if and only if « > 1. The mass of v is always infinite.
Lemma 5. The generating triplet of the «/2-stable distribution defined in (24)
is (0,0, p), where
p(dr) = %, r >0 (26)
with
a2

A= I'(—%)cos(2r) 27)

It follows that the a/2-stable subordinator {T;} has characteristics (0,0, ¢p).

Proof. In what follows, the I'-function is extended from (0, 00) to any s € R with
s # 0,—1,-2,--- by I'(s + 1) = sI'(s). The following auxiliary result will be
used:

/000 (" —1) rflfa, =T(=a/)(—w)* for o' € (0,1), (28)

which is valid for w # 0 complex such that Rew < 0. Indeed, both sides of (28)
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are analytic on {w : Rew < 0} and continuous on {w : Rew < 0, w # 0}. Since

/o (e — r1+a’_ / /ue “ydy "
— __/ 7uy —a! dy

'l - /
_M=a) .

=T(=a)u® for u >0,

then (28) holds for real w = —u < 0. Hence it also holds on {w : Rew < 0, w #
0}. Since d = 1, observe that if 15(r&) > 0 in (25) then £ € {—1,1}. Then (25)
reduces to

p(B) =X /Oo 13(4)%
0 (29)

+>\1/ 1B(r)i for B € B(R),
0

rl+a/2

where \; := A({j}) > 0 and j € {—1, 1} such that A_; + A\; > 0. It follows from
Lemma 3, Lemma 4, and (11) that the characteristic function of y is of the form

log ji(z) = /R (e — 1) p(dx) + iz, z€R. (30)

We shall now compute the integral in (30) with p defined by (29). Let o = a/2.
Choose the branch (—w)® = |w|®e®™8() with arg(—w) € (—m, x| in (28),
implying that

oo ) d , /
[T =) = e e T s

—T(—a')|2]* cos<7r§,) {1 - z‘tan<”20‘/) sgn(z)] .
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Hence the integral in (30) with (29) is equal to

/
D(—a/)|2|* cos(”; )

X {)\1 {1 - ztan<”§/) sgn(—z)} A {1 - ztan<”§/) sgn(z)} }
= D(—a')|2]” cos<”§/)
RS AT L ELEAPWET I

From the uniqueness in the Lévy-Khintchine representation it now follows from
(24) and (30) that A_; =0, Ay = X\ as defined in (27), and 9 = 0. Therefore (30)
simplifies to

~ OO 2T d?”
logu(z):)\/o (e —1) Traj2 zeR,

from which (26) immediately follows. O

From Theorem 10 the process {Wr } subordinated to Brownian motion has char-
acteristics (0,0, tv) with v given by (16). Therefore we conclude that

R Ads
v(dz) = /O P () 2

A > 34+a 2
_ —2Te _—x2/2s
= sz e ds dx
\/271'/0
A2 r a+1\ dx
- \/’/_T ) ‘x’1+a’

—00 < xr < Q.

4.3.3 Example: Subordination of a-Stable by Gamma

Motivated by the results in Hurst, Platen, Rachev [10] cited in Section 4.3, we
provide an expression for the characteristics of the subordination of the a-stable
Lévy process with 1 < a < 2 by the I' subordinator. Although the stable dis-
tribution is absolutely continuous with respect to Lebesgue measure, there is no
known closed-form expression for the pdf valid for a range of values of a. We
will then leave the Lévy measure expressed in terms of the series representation
of the pdf (see [6]). To this end, we begin with the following representation for
the characteristic function of the a-stable distribution on R.
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Theorem 11. Let 0 < o < 2. If pu is an «a-stable distribution on R, then

//I(Z) _ exp( Cl‘z|a —1i 7r/2)6bzsgnz)7 (31)

where ¢; > 0 and 0 € R with |0] < (332A1). The parameters ¢, and 0 are uniquely
determined by p. Conversely, for any ¢y and 0, there is an «a-stable distribution

W satisfying (31).

Denote the parameters in (31) by (a,0,¢1)z and denote the density of p by
p(xa (Oéa 9) Cl)Z)'

Theorem 12. The density for the distribution p on R defined in (31) with
1 < a<?2is given by

p(x; (o, 0,c¢1)7)=c; 1/ap(cfl/ayc; (,0,1)z) for x>0
and p(z;(a,0,c1)z)=p(—xz; (o, —0,¢1)z) for x <0,
where
1 XT(1 + k:/a km
p(z; (o, 0,1) 4 :%ZI )51n(2(9—1)),x>0.

Let T' be the I'(y, #)-subordinator (19). Let X be the Lévy process such that
X is a-stable with parameters ¢, 6 in the representation (31). Then the Lévy
measure v of the subordinated process Xr is

u(dx):/ P (dz)ys~ e P ds
0

71/01 * / —ﬂS dS
=nc dr p(s x)e RESYSS
0

where
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5 Concluding Remarks

We have presented a summary of our earlier work regarding term structure mod-
els, where we expressed the results in terms of the characteristics of the driving
process. Here we have described a methodology for constructing Lévy processes
as potential drivers for our model. To illustrate, we derived the characteristics of
some processes from the literature with infinite Lévy measure.
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Abstract. The purpose of this paper is to obtain Jackson-type esti-
mates in approximation by some complex rotation-invariant integral
operators in the unit disk. In addition, these operators preserve
some sufficient conditions for starlikeness and univalence of analytic
functions.
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1 Introduction

Let us consider the open unit disk D = {z € C; |z| < 1} and A(D) = {f: D — C;
f is analytic on D, continuous on D, f(0) = 0, f'(0) = 1}. Therefore, if

*This paper was written during the 2005 Spring Semester when the second author was a
Visiting Professor at the Department of Mathematical Sciences, The University of Memphis,
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f € A(D) then we have f(z) =z + > apz*, for all z € D.
k=2

In a series of very recent papers [8], [2]-][4], geometric and approximation
properties of some complex convolution polynomials and singular integrals at-
tached to f € A(D) were proved.

Now, for f € A(D), z € D, let us consider the complex rotation-invariant
integral operators given by

—+o0

Bi(f)(2) = 2 / f(ze)p(~2%0) dv,

—o0
and generalized complex rotation-invariant integral operators given by

k +o0o k
Lis(1)(:) = 5 / G (i) dv, keZ, jeN.

Here i = —1, ¢ is a real-valued function of compact support C [—a,al],
a >0, p(x) >0, fj;o oz —u)du =1, Ve € R, and {{;}rez is a sequence of
linear operators from A;(D) = {f: D — C; f is analytic on D and continuous
on D} into A;(D), defined by recurrence as £x(f)(2) = €o(fr)(2), z € D, where
fi(2) = f(%), z € D and {o: A1 (D) — A1(D) is a linear operator.

Also, let us consider the Jackson-type generalization of Ly ;(f)(z) given by

Lig(f)(2) ==Y (1) (j) Li;(f)(z), VkeZ, geN

Jj=1

and its slightly modified variant

Jea(£)(2) =Y 0iLi;()(2), kE€Z q€N,
§=0

where a; = (—1)"77 (;), j=1,¢a9=1— zq: a; (these last coefficients appear
j=1

in the case of real smooth Picard operators in [1]).

Note that the real variants (for real-valued functions of a real variable) of
these operators were studied in [7], [5]-[6].

The aim of this paper is to prove approximation and shape preserving prop-
erties (in geometric function theory) for the above complex rotation-invariant
integral operators.

2 Approximation Properties
In this section we obtain Jackson-type rates in approximation by the complex

operators By (f)(z) and Ly ;(f)(2) and global smoothness preservation proper-
ties of them.
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We present
Theorem 2.1. (i) For all f € A1(D), z € D and k € Z, we have

() = Bu) ()] < 3w (i 5) s
(ii) For f € Ay(D), z€ D, k € Z, j € N, we have
) = L)) < (125 )

where for fized a > 0 it is assumed that

swp_ 16N - 1)) < (1757)
Izzflyelga i

(iii) For the hypothesis in (ii) and ¢ € N, we have

() = Tg(D()] < (27 = Don (f; ”f?i")Ds

wl(Bk(f);é)ngl(f;é)D, 6>0, fEAl(E), kGZ,
wl(Lk,j(f);a)B S w1 f,(S)B, 5 > 0, k S Z, j € N,
wl(lkﬂ(f)aé)ﬁ S (2(1 - 1)(4)1(‘]075)5, o > 07 k S Za qc Na

in the hypothesis
[lo(f)(z —u+h) —bo(f)(z —u)| Swi(f;h)p, Vh>0,

Ve,u€ D withe —u, z —u+h € D.
Proof. (i) Since

ok /m o(—2%0) dv = /m o) du = 1

— 0o — 00

we obtain

+oo
ot / F(2) = F(ze™)p(~2%0) do

+oo
< ¥ / 1F(2) = F(ze)p(~2%0) do

“+oo )
< ok / wr(F5 2] - L — @) o —20) do
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.V
sin —
2

)Dw(—m) dv

“+oo
SQk/ w1 (f§2
— 00

+o0
< ok / w1 (f: o)) po(—2%v) dv

. a k: “+o0 2k) A
<uw (f, 27)5'2 . ;|U| + 1] p(=2") dv
a 2k . 2k +oo .
=w (f, 27)5. {1+ - [m |v]p(—2%v) dv} .
But
ok . 9k 400
/ [v|o(—2%v) dv = (by u = —2F)
a — o0
2k ok ooy du 1 [t
= T./—oo 27'90(“)'27:5/_00 |ulp(u) du
1 [ 1 /¢ 2
= 7/ lu|o(u) du < f/ lu|du=—-a=2,
al_, a)_, a
which immediately proves (i).
(i) By
ok +oo ok +oo
= w(—.v) dv:/ p(u)du =1,
J J-o J —o0
we get

AS)

k “+oo
Lus(DE) = £6) == [ @) - 1(2)] (_%U)dv
2k +oo

[Co(fr)(2ze™) — fr(22)] @ (—2]%) dv

— 00

2
(by — jv :u>
J

+oo . j
/_ |€0(fk)(2kze’(77’“")) — f1(2F2)|p(u) du

IA

[t @4et 05 — fu22) ()

But

Jlul .
SQk'QT = jlu| < ja,

J
2k

2% (=3 ) _9hz| < 2% 2in s

for all |z| <1, k € Z, j € N, which implies (reasoning as in [5, p. 9])

/_a ’Ko(fk)@kzei(_ﬁu)) — fk(2kz)‘<p(u) du

_mja+n

< / " sup{|fo i) (w) — o) w — ] < Jap(u) du < v (f T

)
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which proves (ii).
q
e . y q .
(iii) By the relation —j§:1(—1)] (4) = 1, we get

Toy(H() — FG) = |- S (-1 ()mez)—(—i(—w(j))f(z)

Jj=1

S (1 ()Lk]f)()—f(z

=1

) (j) Lis (D) — F(2)

Jj=1

< 1 q m]cl—&—n
- Z ] ’ 2k+r _
i=1 D

'~ L (f, =
D

~—

<.

\ N

IN

which proves (iii) too. B
(iv) Let |21 — 22] < 6, 21,20 € D. We get

B~ B <2 [ 11(ae)  feae o2
< (fi121 — =5 <00,
where from passing to supremum with |21 — 22| < 8, we obtain
W1 (Bo(f) : )5 < w(f;0)5, W6>0, ke
Then,
L (1) ~ Lig (1))

2k: +oo i . 2k
2 et (@), (—jv) v

2k
<by — —v = u>
J

oo (i (i
[ |€0(fk)(2kzle’(_27u)) - Eo(fk)(kaQez(_?u))|@(u) du
< wilfilar — 22l)p < wi(f;0)p,

IN

IN

where from passing to supremum with |z; — 22| <, we obtain

w1 (L, (f);0)p < wi(f;0)5-
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The inequality
w1(Teq(f);0)p < (27 = Dwi(f;6)p

follows immediately from the above inequality for L ; and from the relation

()

Jj=1
which proves the theorem. ]

Remark. Reasoning exactly as for Iy 4(f), we get

mqga +n

1Pl = F2)) < (2=t (5 2ER) . vaeD

and
w1 (Tr,q(f);0)p < (27 = Dwi(f;6)p, V6> 0.

3 Geometric Properties

In this section we will prove some geometric properties of By (f), Lk ;(f) and
It q(f) with respect to geometric function theory.
First, let us consider the following classes of functions:

S3={f € A(D); |/"(2)| < 1,Vz € D},

P = {f:D — C; f is analytic on D, f(0) = 1 and Re[f(z)] > 0, Vz € D},

Sy ={f € AD); |f'(z)| < M,¥z € D}, M > 1.

According to [10], if f € S3 then f is starlike (and univalent) in D and
by e.g. [9, p. 111, Exercise 5.4.1] if f € Sy, then f is univalent in {z € C;
|z2| < 4} € D.

‘We present

Theorem 3.1. (i) If f(z) = Y apzP is analytic in D and continuous in D,
p=0

then Bi(f)(2), Lk j(f)(2) and Iy 4(f)(2) are analytic in D and continuous in

D. The analyticity of Ly ;(f)(z) and Iy q(f)(2) is proved only for {o(f) = f.

Also we can write
Bi(f)(z) = Zapbp,kzp, z €D,
p=0

where

+0o pu
bnk:/_ (,‘05(2—]€)<p(u)alu7 p=0,1,..., keZ.
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If bo(f) = f then

Lij(£)(2) = apby;z", z€D, k€L, jEN
p=0

with - ,
U
bpkj = / cos (272‘7;!@) o(u) du,
and -
Ing(f)(2) = Zapcpyk’qu, z€D, ke€Z, qeN
p=0
with

q
j q
Cp,k,qg = Z(_l)]+1 (j> bp,k.j-

j=1
If@(ft) =l-z,z¢€ [0,1]7 So(x) =1l+uz, € [71,0]; QD(LU) =0,z € R\ (071);
then

1
bl,k = 22k+1 (1 — COS 2]@) >0, Vk € Z,

22k:+1 _7
b17k’j:<1—COS>>O, VkeZ, jeN,

j2 2k
g 2k+1 :
. 2
Clk,q = Z:(—l)JJr1 <3> 5 (1 — cos 2‘7]€> , VkeZ, geN.
j=1

(ii) It also holds that Bi(P) C P, Vk € N,

1 1
— B (S35, ) C S3, —Br(Sm) C Saaypp,,| Yk € Z.
b1k b1k '

If bo(f) = f then
1

Lig(P) € Py =L (Sabi,) © Ss.
sRsJ
41 .
b Ly j(Sa) C Smyipr sy, VREZ, jEN
1k,j

Here in all the cases we take p(x) =1—x, x € [0,1], p(x) =1+ 2z, z € [-1,0],
¢(r) =0, z € R\ (0,1) and we denote by S3.. = {f € S3; |f"(2)| < |al} and
Sp=A{f€AD); |f'(z)| < B, z € D}.
Proof. (i) Let 29,2, € D be with lim z, = 29. We get (as in the proof of
Theorem 2.1, (iv))
|Br(f)(zn) = Br(f)(20) < w1(f;lzn = 20]) 5
|Lk,i (f)(zn) = Lii () (20)] < wi(f;]2n — 20)) 5
kg (f)(2n) = L,q(f)(20)] < wi(fslzn — 20]) 5,
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which proves the continuity of these operators in D.
It remains to prove that By(f)(z), Lk ;(f)(2) and Ij 4(f)(2) are analytic in
D.

By hypothesis we have f(z) = 3 ap2?, z € D. Let z € D be fixed. We get
p=0

o0
f(ze™) = Z ape?’ 2P
p=0

. o0
and since |a,e™’| = |a,| for all v € R and the series Y a,z"

p=0

is convergent,

o0 .
it follows that the series > a,e’"zP is uniformly convergent with respect to
p=0
v € R. This immediately implies that the series can be integrated term by
term, i.e.

nne= [ (=00 oty
_ ga,} U:O i (=2) o) du] %
_ ::Oap [/_:O cos (—gi,j) o(u) du} P = gapbp,kzk,

since cos is even function.

If 4o(f) = f then £;(f)(2¥ze™) = f(ze") and we obtain

L) =2 [ s (—2';) dv

J Jeo

and reasoning as for By (f)(z) we immediately obtain

Lk,j(f)(z) = Zapbp,k,jzp, z e _D7
p=0

+oo m
brpj = / cos <p2]k> o(u) du.

The development for Iy ,(f)(z) follows easily from above, which proves (i).
For the particular choice of ¢(x), we have:

0 . 1 .
b1k = [1005 <‘;Z> (1+w) du+/0 cos <]2§:> (1 —u)du

1 . . k

Ju . [Ju 2
22/ 1—u cosdu:2{sm(>-}
0( ) cos o )

with
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2k+1 sin i -2 2% — €O ]u + ﬁ usin — Ju 1
g 2k 2 ok ok
22k+1 ,] .
= p (1—cos2)>() VkeZ, jeN.

For j =1 we get by g1 := by = 2271 (1 — cos 5 ) > 0. Therefore,

i = zq:(_l)m (J) - Z JH( )J (1 — 2J’“>

j=1

(ii) Since from (i) we have

—+o0
bO,k B bO,k,j ES / gp(u) du = 1, vk € Z, j S N,
it follows By (f)(0) = L ;(f)(0) = ao, ie. if f € P, f=U+iV then ag =1
and U > 0 on D, which implies By(f)(0) = Ly ;(f)(0) =1,

+o00
Re[By(f)(z)] = 2* / U(r cos(z 4 v), rsin(z + v))o(—2"v) dv > 0

,Vz =rei® € D, and for {o(f) = f,
2](3

+o0 ky
Re[L ;(f)(2)] = 7[ U(rcos(x + v),rsin(x + v))p <2]) dv > 0,

for all z = re’” € D, i.e. Bi(P), Ly ;(P) C P.
Let f(0) = f/(0) —1 = 0. From (i) we get

bL Bi(H)(0) = ka(f)(O)—lzo
Lk 1k
and if £o(f) = f then

mm,j(f)(o) e L (N0 =1=0

Also, for f € Sz, 1 we get

1 1 oo A
BUNG| < it [ 177G o2 do
b1k |01,k
“+oo
< 2’“/ o(—2"v) dv =1,

ie. ﬁBk(f) € S5, then for f € Sy, it follows

L pne <

b1,k

1
b1 k|

+o0 ) ) M
2’“/ | (ze™)e™|p(—2%v) dv < DAl z€D,
1,k
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ie. ﬁBk(f) S SM/\bl,k\'
The proof in the case of Ly ; is similar. The above proves the theorem. B

Remarks. 1) From the proof of Theorem 3.1 we obtain the following geometric
properties: if f € S3, , then By(f) is starlike (and univalent) on D, if f € Sy
then By(f) is univalent in

b 1
{zG(C; z|<|]1\’;|}c{z€(c; |z|<M},

—+oo
</
if £o(f) = f then f € S35, , , implies that Ly ;(f) is starlike (and univalent) on
D and f € Sy implies that Ly ;(f) is univalent in

b1 k. 1
{ZE(C; |z<|1]\;j|} C{zG(C; |z|<M},
since by (i)

+oo
b1,k,5] < /
—00

2) Let 4o(f) = f. If ¢1 1,4 # O then similarly we get
1

Cl,k,q

and by (i)

|61,k

cos@) ‘ () du < /m () du = 1;

— 00

Cos<ijku> ' o(u) du < /%o o(u)du = 1.

— 00

Lk, (Snr) C Su(aa-1)fler sqls
that if f € Sy implies Iy, 4(f) is univalent in

. |c1,k,q] . 1
{zeC, ‘Z|<M(2q—1) C ¢z €C; |z|<M ,

since by (i)

3) For p(z) = 1—x, Vo € [0,1], p(z) = 1+ z, Vx € [-1,0], ¢(x) = 0,
x € R\ (0,1), let us consider

1
by = inf{|b x|; k € N} = inf {2%“ (1 - C052k>;k € N} ,

by = inf{|b1 i k,j € N,j < 2"} and ¢, = inf{|cy 1 q|; k € N}.
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We have:
2
by x| = 22k +1 1 —cos o) = 22422 L (ghe1gy 1
Lk 2k 2k+1 2k+1 ’

. . . 2
. e 22k+1 - j _ 22k+2 o ] _ 2k+1 ) j
| 1J€7]| = 7 Ccos sz = j2 sin kTl ; - sin i1 ,

which by the fact that f(¢) = tsin } is increasing for ¢ > 1, f(1) = sin1, implies

0<b = lein1 2—16511121
e 1) — 4

ok+1

Also, since 1 < ,J=1,261 we get b} = sin® 1. Therefore, it is immediate

the following.

Corollary 3.2. (i) If f € A(D), |f"(z)| < 16sin® 1, Vz € D then By(f) € Ss,
for all k € N and if f € Sy, M > 1, then Bi(f) is univalent in {z e C;

16 sin? L

|2| < =572}, forallk € N;

(ii) If f € A(D), |f"(2)| <sin®1, Vz € D, then Ly, ;(f) € S3 and if f € Sur,
M > 1, then Ly ;(f) is univalent in {z e C |z < Si?él}, for all k,j € N,
]S 2k+1‘

Remarks. 1) Let {y(f) = f. Reasoning as in the case of Iy 4(f)(2) (see Remark
2 after the proof of Theorem 3.1), we get that f € Sy implies Ji q(f)(2) is

univalent in | |
CT k,q

€ Z; < ——— 3,

{rew <y

where 7 ;. . is the coefficient of 2 in the development in series of J q(f)(2).

2) Tt would be of interest to find other geometric properties of the operators
Bk, Lk’j, Ik)q an(LJk7q. -

3) Let f € A(D) we define f,(z) := f(az) for all a, z € D. The operator ®
is called rotation invariant iff ®(fo) = (P(f))a. We assume that

lo(f(27%))(az) = bo(f(27"ae))(2), k€ Z,

a condition fulfilled trivially by Bj operators, case of ¢y(f) = f. Then easily
one proves that i (fo) = (lk(f))a and Br(fo) = (Brf)as

(Li,j(fa)) = (Lk i (f)as Trg(fa) = Tk g(F))ar Tka(fa) = (Traf)a

So all operators we are dealing with here are rotation invariant.
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3 INTRODUCTION

In this note we combine a well known identity from the theory of approximation with
Bernstein polynomials | with other, of operational nature, involving classical

orthogonal polynomials 2.

We remind that the function 1
o/n]"
F (e =[(1-%)+xe®"] (1)

in the limit of large n, for xe (0,1) and lolI<1 converges to the exponential function,

namely

lim Fn(x,oc)=eax . 2)
n—oo

After this remark, we remind that a set of operational identities (O.1.), which will be
given in the following, have been proved to play a useful role within the context of the
theory of classical and generalized orthogonal polynomials 3.

a) O.1. and Hermite Polynomials

For variables x and ye C and ne N, the following identity holds 2,

82
Y— n
e *"x"=H (xy),
3
[If] Xn—ZSys )
H =n! y, —
o(%Y) S (=29

with H, (x,y) satisfying the properties



BERNSTEIN POLYNOMIALS... 371

H (xy)=(-ifoy) He | X J

o= e

Hn(2x,—1) = Hn(x) @
H (%) =He ()

o"H,_(x,y)=H_ (0x.0.°y)

b) O.1. and Laguerre Polynomials

Analogous formulae hold for Laguerre like polynomials too, in this case we have

il {L‘ £ (59
n!
(%)

£ (xy)= n'z L
=0 (n—s)(s))°

where the £ ,(x,y) are linked to the ordinary Laguerre by
N I IS
L (xy)=y Ln(yJ . (6)

It is also worth noting that

Q250 1
+y
_y X e
e " TeN o — (7)

I+y

Still within the context of Laguerre polynomials we must underline that the use of

operators involving the negative derivative 2

n

b= ®)

yields the further O.1. 2
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(y-97") =z,xy)
-1 ©
y-2

b )
e’ X (M=elJ 2Vx)
where J(x) denotes the 0™ order cylindrical Bessel Function.
In the following section we will exploit the previous identities to derive further
relations relevant to the families of polynomials we have dealt with. The possibility of
extending the results to Legendre and Jacobi-like polynomials will be discussed in the

concluding section.

4 OPERATIONAL IDENTITIES AND BERNSTEIN POLYNOMIALS
It is convenient, for the purposes of the present paper to recast Eq. (1) in the

polynomial form

F (xo)=2,
s=0

| S S
@ —né)!szx [@,@]

(10)

q)ﬂ(oc):e“/“—l

According to the identities relevant to Hermite-like polynomials we find (see Eq. (3))

2
y-L

e *'F (xo)= D, ( n!)v @ (@] H_(xy) (11)
n o (m=s)lstt 1 §

which, on account of the last of Egs. (4) and of the Hermite polynomials addition

theorem, yields

yi I n!Hs[Xq)n(O‘)’y[q)n(O‘)]ZJ 2
e "X F (x,0)= 2, =H (XCI) (@) +1Ly[® ()] ) . (12)
n =0 (n—s)!s! s n n
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Now since

2
y2=

2 2
e X ech :eOLX+OL y (13)

we end up with the following asymptotic property of Hermite-like polynomials

lim Hn(xCI)n(oc) + 1,y[CDn(0L)]2 J: QOXHO’y

n—eo

(14)

|0LX+OLZy|<1

Further relations involving generalized forms of Hermite polynomials will be discussed
in the following.

Let us now apply the developed technique to the case of Laguerre type polynomials.
The identities (5-7) yield

Ly n (e @]z
o Vox E (xoy=n Y, D°] n(oc)] (x)

_ (n—s)!
s=0 (15)
S
. i (-1 LS(XCIJH(oc),yCDn(oc))
=0 (n—s)!
and since
9 xd l_m_
— +oty
e T a0 _ Z (16)
I+ay
we end up with the asymptotic relation
0 ()L (xD (0),y® @) | oTos |
lim |n! D, s\ n n /- , Ixkl lylk— . (17)
e (n—s)! I+oy o
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The use of the first of the identities in Eq. (9), allows the derivation of the further
relations
S
n L (xy)|® ()] _

F (y-D_ Lo =n' X,
n X =0 (n—-s)!s!

£ (x® (a).y® (0)+1) . (18)

Therefore according to the second of Egs. (9), we obtain the aymptotic relation

lim Ln(xfl)n(oc),yq)n(oc)+ 1) =e°‘yJO(2‘/oK) (19)

n—oo

in the case of y=0 Eq. (19) reduces to

n—oo

lim Lan(e%—l)J:J 0(2\/&) . (20)

By recalling that 4
4L 0=D"L™ (x)
dx @1
41 V) =)"x 2 @R)
de m
we find from Eq. (20))
lim [© (0] L™ (x® ()= (o) 2 " @2vox) . (22)

n—oo

In the forthcoming section we will see how the so far obtained results can be

extended to other families of polynomials.
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S CONCLUDING REMARKS

In the previous section we have used the O.I. of Hermite and Laguerre-like
polynomials to obtain asymptotic relations in the polynomial index. In this section we
will see that the method can be extended to other families of polynomials.

Legendre type polynomials

[2] n-2r _r
$y X 23)

L =n!
25y V) 2

have been shown in ref. (5) to be derivable from the O.I.

[y+2f>;la—i]“(l>= (,£,(xy) (24)

and to satisfy the generating function

> %(an(x,y))zeytIO(Zt\/;) (25)

n=0

where I)(x) is the 0" order modified Bessel function. The use of the method described

before yields

n—

2
. _yo.
llmw[ZLn(x[QDH,oc)] yO_(0)+ 1J]_ e 10(20“/;) . (26)
By noting that the polynomials (23) reduce to the ordinary Legendre for
Li-ydy =P 27
2Ln| 70y DY SR 27)

we also find
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o i@ (o)
lim MP (cos(9)) |=e® cos@y (ousin(0)) . (28)
n—ed o (M=)l S 0

The results of the present investigation will be extended, in a forthcoming note, to many

index special polynomials.
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1. INTRODUCTION

In [5], A. Ostrowski proved the following inequality of Griiss type for the dif-
ference between the integral mean of the product and the product of the integral
means, or Cebysev’s difference, for short:

b b b
(L1) b%/ f(w)g(w)dx—ﬁ/ f<x>dx-ﬁ/g<x>dm

(b—a) (M —=m) || £'llj4,).00

<

co| —

provided g is measurable and satisfies the condition
(1.2) —co<m<g(x)<M<oo forae. z€la,bl;

and f is absolutely continuous on [a,b] with f’ € Lo [a,b].

The constant % is best possible in (1.1) in the sense that it cannot be replaced
by a smaller constant.

In this paper we establish some similar results. Applications for perturbed gen-
eralized Taylor’s formulae are also provided.

2. INTEGRAL INEQUALITIES

The following result holds.
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Theorem 1. Let [ : [a,b] — K (K=R,C) be an absolutely continuous function
with f' € Lo [a,b] and g € Ly [a,b]. Then one has the inequality

. /f dcc——/f )dx - / (x) dz

, 1 1
[a,b],oo'm/ T — g(x)—m/g(y)dy

The inequality (2.1) is sharp in the sense that the constant ¢ = 1 in the left hand
side cannot be replaced by a smaller one.

(2.1)

dz.

2

a—i—b‘

Proof. We observe, by simple computation, that one has the identity

(22) T(f.9)=;— /f 2)da — _a/f dz - / g (2) dx
=bfa/a [f(x)—f(“;bﬂ [g(x)—bia/:g(y)dyldx.

Since f is absolutely continuous, we have

/;f,(t)dtf(z)f(a—;b)

and thus, the following identity that is in itself of interest,

b T b
@3 T(o =5 [ (mf’(t)dt> [gw)—ﬁ/ g(y)dy] da

holds.
Since

a+b

b ess sup |f (t)] = ‘ ’ £ || 4] 00
te[x, 2EL]

(te[*3*.2])

for any x € [a,b], then taking the modulus in (2.3), we deduce

b b b
Tl < 5 [ o= 1 gy @) - 5 [ oty
b b b
R L e g LI
= max { Ll ez e 17 e ] }

a+b
2

1 b
z)—m/a g9 (y) dy| dx

1 b
x)—m/a g9 (y)dy| dx

1 b
xb—a/a .
1 b
!
||f||[a,b],oo'm/a T —

and the inequality (2.1) is proved.

a+b
2
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To prove the sharpness of the constant ¢ = 1, assume that (2.1) holds with a
positive constant D > 0, i.e.,

s f o [
SDIIf’I[a,b],oo'b_la/ab v (@b—la/abg(y)dy o

If we choose K=R, f(z) =2 — “t2 z € [a,b] and g : [a,b] — R,

a+b
2

-1 if xe[aﬁ%"b]
g(x) =
1 if xe (%50,

—a/f d:c——/f dx -

then

/ g (x)dzx

_a+b b—
= d =
b —a 2 ‘ v 4 ’
I a+b 1 b—a
b_a/ax 5 ‘ (x)*m/ag(y)dydxf T
1M (1,00
and by (2.4) we deduce
b—a b—a
<D-
4 - 4 7
giving D > 1, and the sharpness of the constant is proved. O

The following corollary may be useful in practice.

Corollary 1. Let f : [a,b] — K be an absolutely continuous function on [a,b] with
f' € Lla,b]. If g € Lo [a,b], then one has the inequality:

b—/f dxf—/f dx—/
fﬁ/ag(y)dy

The constant % 18 sharp in the sense that it cannot be replaced by a smaller constant.

(2.5)

1
< 2 (0= ) 1F 000

b],c0



382

DRAGOMIR

Proof. Obviously,
b

1 b a+b
2. - - dy| d
(2.6) b_a/al’ 5 ‘ z) b_aag(y)y z
1 h 1 h a+b
- . — d
g b_a/ag(y)dy b_a/a x ‘ x

[a,b],00

1 b
g—m/a 9(y)dy

Using (2.1) and (2 6) we deduce (2.5).
Assume that (2.5) holds with a constant E > 0 instead of 1, i.e.,

b—/f da;——/f dx—/
g—ﬁ/abgydy

If we choose the same functions as in Theorem 1, then we get from (2.7)
h—
¢ (b - Cl) )

.. 1
giving £ > 7. O

_b-a

b],00

(2.7)

<Eb=a)[f 00

a,b],00

Corollary 2. Let f be as in Theorem 1. If g € L, [a,b] where % + % =1,p>1,
then one has the inequality:

b b b
e [T@s@dr- o [ @de o [

_a)t b
b= ﬁ/ 9(y)dy

2(q+ 1)
The constant % 18 sharp in the sense that it cannot be replaced by a smaller constant.

(2.8)

IA

1M a,6],00

[a,b],p

Proof. By Hélder’s inequality for p > 1, l + l =1, one has

Yy g B[ S
bi@(/abx dx>_</ab 77/
bl l(b—a)qﬂ E(/:g(x)—ﬁ/:g(y)dy

24 (g +1)
M ’ oo L b ’ b
2(q+1)7 (/ g () b_a/ag(y)dy d) _

Using (2.1) and (2.9), we deduce (2.8).

2

a+b‘

a+b

IN

>%

dm)
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Now, if we assume that the inequality (2.8) holds with a constant F' > 0 instead
of % and choose the same functions f and g as in Theorem 1, we deduce

b— F
a < +(b—a), ¢>1
47 (g+ 1o
giving F > W for any ¢ > 1. Letting ¢ — 1+, we deduce F' > ;, and the
corollary is proved. ]

Finally, we also have

Corollary 3. Let f be as in Theorem 1. If g € L1 [a,b], then one has the inequality

o1 [ [ resea L [ row [
1 1
< 31 oo T_a/ 9(0) dy
@ [a,b],1
Proof. Since
I a+b I
b—a/ T ‘g(x)—m/ g (y) dy| d
a+b 1 b
< sup |z - — ’|g—b_a/g(y)dy
z€Ja,b] a [a,5],1
b—a 1 b
= - — d
5 |19 b_a/a g9(y)dy
la,b],1
the inequality (2.10) follows by (2.1). O

Remark 1. Similar inequalities may be stated for weighted integrals. These in-

equalities and their applications in connection to Schwartz’s inequality will be con-
sidered in [3].

3. APPLICATIONS TO TAYLOR’'S FORMULA

In the recent paper [4], M. Matié, J. E. Pecari¢ and N. Ujevié proved the following
generalized Taylor formula.

Theorem 2. Let {P,}, oy be a harmonic sequence of polynomials, that is, Py, (t) =
Po_1(t) forn>1,neN, Py(t)=1,t €R. Further, let I C R be a closed interval
anda € I. If f: I — R is a function such that for some n € N, f is absolutely
continuous, then

(31) f(:E)ZTn(f;a,x)+]~%n(f;a,x)7 zel,

where

(32)  Tu(fia2) = f(@)+ 3 (D" [Pl@) fY @) = Pi(a) S (0)]
k=1

and

(3.3) Ro(fia,2) = (—1)" / "B (1) £ (1) dr.

383



384 DRAGOMIR

For some particular instances of harmonic sequences, they obtained the following
Taylor-like expansions:

(3.4) f(a) =T (fra,2) + RO (fia,2), wel,
where
35 T (faw) = S+ ””2;,3 [/ (@) + (=) 1O (@)]

(36) RO (fraz) = U / <t—m> FOHD ()

n! 2
and
(3.7) f@) =T (fra.2) + R (fra.2), z€l,
where
38 TP (fraw) = fl)+ 5 @+ f (@)
(3] a2k
-2 @(T)?B% 729 (@) = £ (a)]

k=1
and [r] is the integer part of r. Here, By, are the Bernoulli numbers, and
n _ n x t _
B9 R (faa) = 0 I [ (I20) 50 gan
n! a T —a

where B, () are the Bernoulli polynomials, respectively.
In addition, they proved that

(3.10) f@) =T (fia,z) + RP) (fia,2), z€l,
where
(3.11) 75 (f;a,2)

[”“]

_ @) (b
= fla)+2 Z )(4 U, 757D (@) + £ ()

and
312 AP (e = O e (20 e g a

where E, (-) are the Euler polynomials.
In [1], S.S. Dragomir was the first author to introduce the perturbed Taylor

formula,
o n+1
(313)  [@) =T (fa0)+ (xm)l), [15a.2] + G (fr0,2),
where
(3.14) W (fram) =Y (z—a) 1®) (a)
k=0
and

[150,0] o= £ =70 a),

3
r—a
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and had the idea to estimate the remainder G,, (f;a, x) by using Griiss and Cebysev
type inequalities.

In [4], the authors generalized and improved the results from [1]. We mention
here the following result obtained via a pre-Griiss inequality (see [4, Theorem 3]).

Theorem 3. Let {P,}, oy be a harmonic sequence of polynomials. Let I C R be
a closed interval and a € I. Suppose f : I — R is as in Theorem 2. Then for all
x € I we have the perturbed generalized Taylor formula:

(315)  f(&) = Tu(fia,@)+(=1)" [Pus (@) = Pusr (@) [fsa,2]
+Gy (f;a, ).

For x > a, the remainder G (f;a,z) satisfies the estimate

(3.16) G (Fi0,2)| < 2V T (P P T (@) = (2]

provided that f"tY) is bounded and

(3.17) [(z):= sup fPD (1) <00, 7(zx):= i[nf ] FOH (1) > —oo,
t€la,z] t€la,x

where T (-,-) is the Cebysev functional on the interval [a,z], that is, we recall

xla/:g(t)h(t)dt—xla/:g(t)dtﬁ/jh(t)dt.

In [2], the author has proved the following result improving the estimate (3.16).

(3.18) T(g,h):=

Theorem 4. Assume that {P,}, y is a sequence of harmonic polynomials and
f:I =R is such that f™ is absolutely continuous and f™*tY € Ly (I). If z > a,
then we have the inequality

(3.19) ’én (f:a, x)’

< (@—a)[T(Py, P} [xia Hﬂnﬂ)Hj - ([ﬂn);a,xbjg

=

(<530 E PP @ - @), i f € Lo faa])

where ||-||5 is the usual Euclidean norm on [a, ], i.e.,

Hf(n+1)H2 — (/z f(n+1) (t)‘z dt)% ]

Remark 2. If f*YD is unbounded on (a,z) but f*+Y) € Ly (a,x), then the first
inequality in (8.19) can still be applied, but not the Matié-Pecarié-Ujevié result
(8.16) which requires the boundedness of the derivative f+1).

The following corollary [2] improves Corollary 3 of [4], which deals with the
estimation of the remainder for the particular perturbed Taylor-like formulae (3.4),
(3.7) and (3.10).

385
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Corollary 4. With the assumptions in Theorem 4, we have the following inequal-

ities
B _ n+1
(3.20) GSIM) (f;a,x)‘ < 11(!;"7\/% Xa(f("H);a,x),
~ n B n % n
B2y (6P )| £ @oat [G5] xo (10 ia)
(3.22) P (f:a,)|
et | (4 = 1) |Bonsal  [2(22 —1)Boin ]’
< 2@-a ent2l R
X0 (f("+1);a,x) ,
and
) n(x— a)"+1 (n+1).
(3.23) |Gn(f,a,a:)|§(n+1)!—2n+1xg<f ia,2),
where, as in [4],
_ _ n+1 14 (—1 n N
G (fra) = £ ) =T (o) - = L CU [0, 0],
G (fia,2) = f (@) = T2 (fra,2);
N 4(-1)" (z —a)"" (2772 — 1) Bpo
(B) (fra,2) = f(x) — (). g, x
GO (fia,x) = f (@) T [75a,]

G, (f;a,x) is as defined by (3.13),
1 2 272
(n+1). — (n+1) _ (n+1).
20 o (1) = | e - ([ se])
and z > a, f*) € Ly [a, z].

Note that for all the examples considered in [1] and [4] for f, the quantity
o (f"*V;a,z) can be completely computed and then those particular inequalities
may be improved accordingly. We omit the details.

Now, observe that (for z > a)

én (f;a,x) = (71)”’ (‘T - a) Tn (Pnaf(nJrl);avx) )

where T), (-, -; a,z) is the Cebysev’s functional on [a, 7], i.e.,

1 x
(n+1), _ (n+1)
T, (Pn,f ,a,x) x_a/a P, (t) £V (£) dt
1 xr 1 x

— P, (t)dt - (1) () dt
[ Pwar = [ 0
1 x

_ (4D () df— [P ().
x_a/a P, (1) D (1) dt — [Prgrza.a) [/®5a,a]

In what follows we will use the following lemma that summarizes some integral
inequalities obtained in the previous section.



CORRECTION

Lemma 1. Let h : [z,b] — R be an absolutely continuous function on [a,b] with
K € Ly [a,b]. Then

(3.25)  |T (h,g;a,b)|

b .
=) Wl o 755 Loy g€ Loclat)
oy} b
< T d fp>1, 241 =1
<Y oot P lhes ong v Jo 9 (W) dy oy TP st
and g € Ly [a,b];
b .
1 LI R O\ if g € L [a.b]:
where
b 1 b 1 b
T hgiand) = = [ h@g@de— = [h@de 2 [g@n

Using the above lemma, we may obtain the following new bounds for the re-
mainder G,, (f;a,z) in the Taylor’s perturbed formula (3.15).

Theorem 5. Assume that {P,}, y is a sequence of harmonic polynomials and
f: 1 — R is such that f is absolutely continuous on any compact subinterval of
1. Then, for x,a € I,x > a, we have that

(3:26) |G (f50,)]
% (Z‘ — a)2 ||Pn—1||[a,gg],oo Hf(n-i—l) - [f(n)7 a,x} H[a,x],oo Zf f(n-l—l) € Loo [CL,J)] 5

e
(;T#)l ”Pn 1”[“96 o0 ||f(”+1) o [f(n);a,x] H[a,z],p ifp>1, % =1

and f( "*1 € Ly la,x];
3 @ = a) [ Pacilljg g 00 1S = [£); 0, 2] H[a,z],1 .

IN

The proof follows by Lemma 1 on choosing h = P,, g = f" Y, b = z.
The dual result is incorporated in the following theorem.

Theorem 6. Assume that {P,}, y is a sequence of harmonic polynomials and
f:I— R is such that ™Y is absolutely continuous on any compact subinterval
of I. Then, for x,a € I,z > a, we have that

(3.27) ]én (f:a, x)‘

i(x _ a)2 Hf(n+2)||[a,w], | P — [Pry1;a, »T]H [a,2],00

1
(z—a) a n+2) _ .
(328) S 2( +1)§ H‘f * Haz 00|an [Pn+1vavx]||[ :r]

. 1
ifp>1, 5T

|

1_
q

% (x—a) ||f(n+2)H[a7w]7oo [ Pn — [P""‘l;a’x]”[avw]:l ’
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DRAGOMIR

The proof follows by Lemma 1.

The interested reader may obtain different particular instances of integral in-
equalities on choosing the harmonic polynomials mentioned at the beginning of
this section. We omit the details.
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